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10,000-feet view 

Physical system

xt+1 = f(xt, ut, wt)
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Cost, constraints, wt
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Computation 

known

xt+1 = f(xt, ut, wt)
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yt = h(xt, wt)
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Cost, constraints, wt
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repeat
<latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit><latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit><latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit><latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit>

until convergence
<latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit><latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit><latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit><latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit>

uk+1 = T (uk, w)
<latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit><latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit><latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit><latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit>

y = M(u,w)
<latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit>

Time 
constant

wt
<latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit>
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10,000-feet view 

1
<latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit>Plant     -fast

Computation 

known

repeat
<latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit><latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit><latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit><latexit sha1_base64="Ygy+3+RlD++r3wzamjC4x9r6oa8="></latexit>

until convergence
<latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit><latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit><latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit><latexit sha1_base64="o74zSgHMwGkupYlHXkwDilVY7fs="></latexit>

uk+1 = T (uk, w)
<latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit><latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit><latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit><latexit sha1_base64="lbSGvIq3Qqg8lOz3Cx37oLFjOPk="></latexit>

y = M(u,w)
<latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit>

wt
<latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit>

Fast Slow

Steady-state
optimization

Physical system

xt+1 = f(xt, ut, wt)
<latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit>

yt = h(xt, wt)
<latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="RmJbH33JchDIEkrWOkIbc/6iluc="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="gWLLg2THaZTWkXOXLkdUibKjYDs="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit>

Cost, constraints, wt
<latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit>

Time 
constant
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Feedback-based Optimization 

1
<latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit>Plant     -fast

Computation 

knownwt
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Fast Slow

Steady-state
optimization

Physical system

xt+1 = f(xt, ut, wt)
<latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit>

yt = h(xt, wt)
<latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="RmJbH33JchDIEkrWOkIbc/6iluc="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="gWLLg2THaZTWkXOXLkdUibKjYDs="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit>

Cost, constraints, wt
<latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit>

Time 
constant

online algorithm
<latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit><latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit><latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit><latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit>

y = M(u,w)
<latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit><latexit sha1_base64="Wgb1JDj5ifWLzUZv0lufEL+3QEo="></latexit>

ut+1 = C(ut, yt)
<latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit><latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit><latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit><latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit>
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Feedback-based Optimization 

1
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knownwt
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Slow

Time 
constant

Fast

Optimization

Physical system

xt+1 = f(xt, ut, wt)
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<latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="RmJbH33JchDIEkrWOkIbc/6iluc="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="gWLLg2THaZTWkXOXLkdUibKjYDs="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit>
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<latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit>
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Online Optimization as Feedback Control 

1
<latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit><latexit sha1_base64="T0o6msyUXIYgn5dUERKxOEI4sbE="></latexit>Plant     -fast

Computation 

knownwt
<latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit>

Slow

Time 
constant

Fast

Optimization

Physical system

xt+1 = f(xt, ut, wt)
<latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit>

yt = h(xt, wt)
<latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="RmJbH33JchDIEkrWOkIbc/6iluc="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="gWLLg2THaZTWkXOXLkdUibKjYDs="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit>

Cost, constraints, wt
<latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit><latexit sha1_base64="9BbTVrnk9oLdiIcPGP9FlAHqljM="></latexit>

online algorithm
<latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit><latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit><latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit><latexit sha1_base64="jl7/VXHxLROpWSDAxehFf3NQX54="></latexit>

xt+1 = f(xt, ut, wt)
<latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit><latexit sha1_base64="kis0foXU+X+4Z8me+whb3uU+DXg="></latexit>

yt = h(xt, wt)
<latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="RmJbH33JchDIEkrWOkIbc/6iluc="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="P7FIUWeZSBKhw/+l+rVSq42b/t0="></latexit><latexit sha1_base64="gWLLg2THaZTWkXOXLkdUibKjYDs="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit><latexit sha1_base64="DMeUUDG+xlrfqWjwoo9dSeBsnRg="></latexit>

ut+1 = C(ut, yt)
<latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit><latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit><latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit><latexit sha1_base64="jKemXILXbqzDwvzV6ZftVd91J2c="></latexit>

yt
<latexit sha1_base64="lRbqXo6u4Uhk9qIQqcIlD7Fc4do="></latexit><latexit sha1_base64="lRbqXo6u4Uhk9qIQqcIlD7Fc4do="></latexit><latexit sha1_base64="lRbqXo6u4Uhk9qIQqcIlD7Fc4do="></latexit><latexit sha1_base64="lRbqXo6u4Uhk9qIQqcIlD7Fc4do="></latexit>

ut
<latexit sha1_base64="HsjHWWug8RAcavusxnlwT7Os95Y="></latexit><latexit sha1_base64="HsjHWWug8RAcavusxnlwT7Os95Y="></latexit><latexit sha1_base64="HsjHWWug8RAcavusxnlwT7Os95Y="></latexit><latexit sha1_base64="HsjHWWug8RAcavusxnlwT7Os95Y="></latexit>
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A Sample of Works 
System as algebraic map: 
• [Bolognani et.al.’13] Static, applications to voltage control 
• [Bernstein et al’14] Online gradient, applications to voltage control 
• [Dall’Anese-Simonetto’16] Online primal-dual, application to voltage control 
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A Sample of Works 
System as algebraic map: 
• [Bolognani et.al.’13] Static, applications to voltage control 
• [Bernstein et al’14] Online gradient, applications to voltage control 
• [Dall’Anese-Simonetto’16] Online primal-dual, application to voltage control 

Dynamical system model: 
• [Jokic et al’09]: Static cost, KKT controller 
• [Brunner et.al.’12]: Input affine systems, static cost, outp constraints 
• [Colombino et al’18]: LTI systems, time-varying cost, exponential ISS 
• [Lawrence et al’18]: LTI systems, static cost, joint stabilization + optimizat. 
• [Menta et al’19]: LTI systems, static cost, power system application 
• [Hauswirth et al’20]: Nonlinear sys., static cost, asymptotic stability 
• [Bianchin et al’20]: Switched LTI, time-varying, E-ISS, hybrid Nesterov 
• [Bianchin et al’21]: LTI systems, time-varying, projected primal-dual, E-ISS 

This work: Unknown LTI systems, unknown disturbances, 
data-driven control synthesis, exponential ISS 
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System Model 

Linear plant with unknown (A, B, C, D, E) 

xk+1 = Axk + Buk + Ewk, uk ∈ Rm → Control input 
yk = Cxk + Dwk, wk ∈ Rr → Unknown, with distrib. Wk 

yk ∈ Rp → Output 
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yk ∈ Rp → Output 

(As.) System: Controllable + Observable + A is Schur stable 
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System Model 

Linear plant with unknown (A, B, C, D, E) 

xk+1 = Axk + Buk + Ewk, uk ∈ Rm → Control input 
yk = Cxk + Dwk, wk ∈ Rr → Unknown, with distrib. Wk 

yk ∈ Rp → Output 

(As.) System: Controllable + Observable + A is Schur stable 

⇒ Steady-state output: y = C(I − A)−1B u + (D + C(I − A)−1E) w. | {z } | {z } 
:=G :=H 
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Problem Formulation 

Equilibrium-selection problem: 
∗ uk ∈ arg min Ewk∼Wk [φ(ū, ȳ)] u,¯ ȳ  

s.t. ȳ = Gū+ Hwk 
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Problem Formulation 

Equilibrium-selection problem: 

∗ uk ∈ arg min Ewk∼Wk [φ(ū, Gū+ Hwk)] 
ū 

Goal: Design a feedback controller uk+1 = C(uk, yk) to drive the input 
and output of the unknown system 

xk+1 = Axk + Buk + Ewk 

yk = Cxk + Dwk 

∗ ∗ ∗to ξ∗ := (uk, y ), y = Gu∗ + Hwk.k k k k 

E. Dall’Anese (CU Boulder) Online Stochastic Optimiz. of LTI Systems Sep. 8, 2021 8 / 23 



Problem Formulation 

Equilibrium-selection problem: 

∗ uk ∈ arg min Ewk∼Wk [φ(ū, Gū+ Hwk)] 
ū 

Goal: Design a feedback controller uk+1 = C(uk, yk) to drive the input 
and output of the unknown system 

xk+1 = Axk + Buk + Ewk 

yk = Cxk + Dwk 

∗ ∗ ∗to ξ∗ := (uk, y ), y = Gu∗ + Hwk.k k k k 

Stochastic, steady-state regulation problem 

Goal ⇒ E[kξk −ξ∗k] ≤ β(k, kξ0 −ξ0 
∗k)+γ(sup{kξ∗ −ξ∗ k})k k k−1 
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Assumptions 

Problem 

∗ uk ∈ arg min Ewk∼Wk [φ(ū, Gū+ Hwk)] 
ū 
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Assumptions 

Problem 

∗ uk ∈ arg min Ewk∼Wk [φ(ū, Gū+ Hwk)] 
ū 

(As.) 

(i) u 7→ φ(u, y) is µ-strongly convex 

(ii) y 7→ φ(u, y) is `-Lipschitz 

(iii) u 7→ rφ(u, y) is `r-Lipschitz, y 7→ rφ(u, y) is `r-Lipschitzu y 
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Unknown System 

Challenge: G is unknown. 

∗ uk ∈ arg min Ewk∼Wk [φ(ū, Gū+ Hwk)] 
ū 
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Unknown System 

ˆChallenge: G is unknown. Suppose G is an estimate of G; then h i 
u ∗ 
k ∈ arg min Ezk ∼Zk(ū) φ(ū, Ĝū+ zk) 

ū 

zk := (G − Ĝ)ū + Hwk 
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Unknown System 

ˆChallenge: G is unknown. Suppose G is an estimate of G; then h i 
∗ uk ∈ arg min Ezk ∼Zk(ū) φ(ū, Ĝū+ zk) 

ū 

zk := (G − Ĝ)ū + Hwk 

Challenges: 

(C1) Distribution of z̄  is parametrized by the ū [Drusvyatskiy-Xiao’20] 

(C2) Zk(ū) is unknown; how to design the controller? 

ˆ(C3) How to obtain G (without estimating A, B, and C)? 
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Optimization with Decision-Dependent Distributions 

(C1) Distribution of z̄  is parametrized by ū 
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Optimization with Decision-Dependent Distributions 

(C1) Distribution of z̄  is parametrized by ū 

soDefinition [Perdomo et al’20]. u is a stable optimizer at time k if:k h i 
souk = arg minū EZk (u

so) φ(ū, Ĝū+ z̄)
k 

soMoreover, let x := (I − A)−1(Buso + Ewk)k k 
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Optimization with Decision-Dependent Distributions 

(C1) Distribution of z̄  is parametrized by ū 

soDefinition [Perdomo et al’20]. u is a stable optimizer at time k if:k h i 
souk = arg minū EZk (u

so) φ(ū, Ĝū+ z̄)
k 

soMoreover, let x := (I − A)−1(Buso + Ewk)k k 

Stable optimizers are optimal with respect to
the distribution they induce 

Prop. If y 7→ φ(u, y) in Lipschitz and u 7→ φ(u, y) is µ-strongly convex, 
then 

2`kG−Ĝk∗ soku − u k ≤ k k µσ2 G)min(
ˆ 

where σ2 G) is smallest singular value of Gmin(
ˆ ˆ 

E. Dall’Anese (CU Boulder) Online Stochastic Optimiz. of LTI Systems Sep. 8, 2021 11 / 23 



Synthesizing Controllers with Unknown Disturbance 

(C2) Zk(ū) is unknown; how to design the controller? 

If Zk(ū) is known: open-loop gradient-based controller: 
ˆ GT ˆuk+1 = uk − ηEz̄∼Zk(ū)[ruφ(uk, Guk + z̄) + ˆ ryφ(uk, Guk + z̄)] 
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(C2) Zk(ū) is unknown; how to design the controller? 

If Zk(ū) is known: open-loop gradient-based controller: 
ˆ ˆuk+1 = uk − ηE¯ u)[ruφ(uk, Guk + z̄) + ĜTryφ(uk, Guk + z̄)]z∼Zk(¯ 

Idea: just close the loop! 

uk+1 = uk − η(ruφ(uk, yk) + ĜT ryφ(uk, yk)) 

xk+1 = Axk + Buk + Ewk, yk = Cxk + Dwk 
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Synthesizing Controllers with Unknown Disturbance 

(C2) Zk(ū) is unknown; how to design the controller? 

If Zk(ū) is known: open-loop gradient-based controller: 
ˆ ˆuk+1 = uk − ηE¯ u)[ruφ(uk, Guk + z̄) + ĜTryφ(uk, Guk + z̄)]z∼Zk(¯ 

Idea: just close the loop! 

uk+1 = uk − η(ruφ(uk, yk) + ĜT ryφ(uk, yk)) 

xk+1 = Axk + Buk + Ewk, yk = Cxk + Dwk 

Key features: 

• Map Guk + Hwk replaced by yk → Online + feedback 

• Expectation replaced by one sample → Stochastic gradient 
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Data-Driven Transfer Function 

ˆ(C3) How to obtain G (without estimating A, B, and C)? 
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Data-Driven Transfer Function 

ˆ(C3) How to obtain G (without estimating A, B, and C)? 

• For signal z[k,k+T ] = (zk, . . . , zk+T ), zk ∈ Rσ, define the Hankel matrix: 

⎤⎡ 

Zt,q = 
⎢⎢⎢⎣ 

z0 

z1 
... 

z1 

z2 
... 

. . . 

. . . 

. . . 

zq−1 

zq 
... 

zt−1 zt . . . zq+t−2 

⎥⎥⎥⎦ ∈ Rσt×q 
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Data-Driven Transfer Function 

ˆ(C3) How to obtain G (without estimating A, B, and C)? 

• For signal z[k,k+T ] = (zk, . . . , zk+T ), zk ∈ Rσ, define the Hankel matrix: 

⎤⎡ 

Zt,q = 
⎢⎢⎢⎣ 

z0 

z1 
... 

z1 

z2 
... 

. . . 

. . . 

. . . 

zq−1 

zq 
... 

zt−1 zt . . . zq+t−2 

⎥⎥⎥⎦ ∈ Rσt×q 

Def. [Willems et al’05] The signal z[0,T −1], zk ∈ Rσ , ∀k ∈ {0, . . . , T − 1}
is persistently exciting (or sufficiently rich) of order t if Zt,q has 
full row rank σt. 
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Data-Driven Transfer Function 

ˆ(C3) How to obtain G (without estimating A, B, and C)? 

• Assume availability of set of sample data y[0,T ], u[0,T ], w[0,T ] 
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Data-Driven Transfer Function 

ˆ(C3) How to obtain G (without estimating A, B, and C)? 

• Assume availability of set of sample data y[0,T ], u[0,T ], w[0,T ] 

diff y := (y1 − y0, y2 − y1, . . . , yT − yT −1), 
• Define diff w := (w1 − w0, w2 − w1, . . . , wT − wT −1), 
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Data-Driven Transfer Function 

ˆ(C3) How to obtain G (without estimating A, B, and C)? 

• Assume availability of set of sample data y[0,T ], u[0,T ], w[0,T ] 

diff y := (y1 − y0, y2 − y1, . . . , yT − yT −1), 
• Define diff w := (w1 − w0, w2 − w1, . . . , wT − wT −1), 

Theorem. Suppose the inputs are PE of order n + ν (ν = obs. index). 
Let q := T − ν + 1. Then: 

diff diff (i) ∃ M ∈ Rq×mν : Yν,q M = 0, Wν,q M = 0, 

Uν,qM = 1ν ⊗ Im, Wν,qM = 0, 

(ii) G = [Yν,q]iM 
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Data-Driven Transfer Function (2) 

ˆ(CH3) How to approximate G, since it depends on (A, B, C) 

If disturbance is unknown, W diff = 0 may not hold ν,q M = 0 and Wν,qM 
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Data-Driven Transfer Function (2) 

ˆ(CH3) How to approximate G, since it depends on (A, B, C) 

If disturbance is unknown, W diff = 0 and Wν,qM = 0 may not hold ν,q M 

Theorem Assume u[0,T −1] and w[0,T −1] are (n + ν)-PE. 

M̂ ∈ Rq×mν ˆ ˆLet be such that Y diffM = 0 and Uν,qM = 1ν ⊗ Im.ν,q 

Let Ĝ = [Yν,q]iM̂ . Then � � 
C(I − A)−1E[Wν,q]i + D[Wν,q]i + C(I − A)−1C†D[W diff G − G = Mˆ 

ν,q ]i ˆ 
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Synthesizing Controllers with Unknown Disturbance 

Interconnected system: 

uk+1 = uk − η(ruφ(uk, yk) + ĜT ryφ(uk, yk)) 

xk+1 = Axk + Buk + Ewk, yk = Cxk + Dwk 
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Synthesizing Controllers with Unknown Disturbance 

Theorem. Let {ξk}k∈Z+ be a sequence of the interconnected system. 
Under the current (As), the following holds for any k ≥ 1: 

so soE[kξk+1 − ξk 
so 
+1k] ≤ β1E [kuk − uk k] + β2E [kxk − xk k] 

so so so so+ γ1E[kekk] + γ2kuk+1 − uk k + γ3E[sup kxt+1 − xt k] 
t≥0 r � � 

λ(P ) λ(Q)
β1 = 

√ 
1 − ηµ + η`̂rkG − Ĝk β2 = 

¯ 
1 − (1−κ) ̄  + η`̂rkCk

λ(P ) λ(P ) q 
2λ̄(P ) 4kATP kγ1 = η, γ2 = 1, γ3 = max{ , }
κλ(Q) κλ(Q) 
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Synthesizing Controllers with Unknown Disturbance 

Theorem. Let {ξk}k∈Z+ be a sequence of the interconnected system. 
Under the current (As), the following holds for any k ≥ 1: 

so soE[kξk+1 − ξk 
so 
+1k] ≤ β1E [kuk − uk k] + β2E [kxk − xk k] 

so so so so+ γ1E[kekk] + γ2kuk+1 − uk k + γ3E[sup kxt+1 − xt k] 
t≥0 r � � 

λ(P ) λ(Q)
β1 = 

√ 
1 − ηµ + η`̂rkG − Ĝk β2 = 

¯ 
1 − (1−κ) ̄  + η`̂rkCk

λ(P ) λ(P ) q 
2λ̄(P ) 4kATP kγ1 = η, γ2 = 1, γ3 = max{ , }
κλ(Q) κλ(Q) 

Corollary: ∃ η such that β1, β2 ∈ (0, 1) and ∃ σe > 0, σx > 0 : 

E[kξk − ξso kkξ0 − ξsok] ≤ c supt≥0 Eketk]k 0 k + σe 

− ξso+σxE[supt≥0 kξso k]t+1 t 
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Building Blocks of the Proof 
Bounding controller error: 

• Let Cθ(u) := u − ηEz∼Z(θ) [rΦ(u, z)] (true-gradient update) 

• Let Ĉ(u, y) := u − ηrΦ(u, y) (sample-gradient update) 
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Building Blocks of the Proof 
Bounding controller error: 

• Let Cθ(u) := u − ηEz∼Z(θ) [rΦ(u, z)] (true-gradient update) 

• Let Ĉ(u, y) := u − ηrΦ(u, y) (sample-gradient update) 

E[kuk+1 − uso 
k k] ≤ E[k ̂C(uk, x̃) − Cuk (uk, x̃)k] + kCuk (uk, x̃) − Cuso 

k 
(uk, x̃k)k 

Gradient Error Distributional Shift Error 

so so so so+kCu (uk, x̃k) − Cu (uk, 0)k + kCu (uk, 0) − Cu (uk 
so , 0)k 

k k k k 

System Dynamics Error Contractivity 
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Building Blocks of the Proof 
Bounding controller error: 

• Let Cθ(u) := u − ηEz∼Z(θ) [rΦ(u, z)] (true-gradient update) 

• Let Ĉ(u, y) := u − ηrΦ(u, y) (sample-gradient update) 

so so so so+kCu (uk, x̃k) − Cu (uk, 0)k + kCu (uk, 0) − Cu (uk 
so , 0)k 

k k k k 

≤ c2kx̃k k “Ease” ≤ c3kuk − uk 
sok “Contraction” 

E[kuk+1 − uso 
k k] ≤ E[k ̂C(uk, x̃) − Cuk (uk, x̃)k] + kCuk (uk, x̃) − Cuso 

k 
(uk, x̃k)k 

Gradient Error ≤ c1kuk − u so 
k k “Calmness” 
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Building Blocks of the Proof 

E[kuk+1 − uso 
k k] ≤ E[k ̂C(uk, x̃) − Cuk (uk, x̃)k] + kCuk (uk, x̃) − Cuso 

k 
(uk, x̃k)k 

Gradient Error ≤ c1kuk − u so 
k k “Calmness” 

Bounding controller error: 

• Let Cθ(u) := u − ηEz∼Z(θ) [rΦ(u, z)] (true-gradient update) 

• Let Ĉ(u, y) := u − ηrΦ(u, y) (sample-gradient update) 

so so so so+kCu (uk, x̃k) − Cu (uk, 0)k + kCu (uk, 0) − Cu (uk 
so , 0)k 

k k k k 

≤ c2kx̃k k “Ease” ≤ c3kuk − uk 
sok “Contraction” 

Bounding plant error (a.s.): 

“Transient Effect” “Equilibrium Shift” 

kx̃k+1k ≤ c4kx̃kk + c5 supt≥0 kxso 
k+1 − xso 

k k 
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Application to Electric Ride Service 

Fleet of (electric) vehicles of a ride service provider 
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Application to Electric Ride Service 

Fleet of (electric) vehicles of a ride service provider � � 
ij ij 1 − θij pk• Elasticity of the demand: d = δ 

ij 

ijk k pmax 

i• Idle-vehicle occupancy in region i at time k: x ∈ R≥0k 

ij,τ • Travel time from i to j: σk 
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Application to Electric Ride Service 

Fleet of (electric) vehicles of a ride service provider � ij � 
ij ij 1 − θij pk• Elasticity of the demand: d = δ ijk k pmax 

i• Idle-vehicle occupancy in region i at time k: x ∈ R≥0k 

ij,τ • Travel time from i to j: σk 

P P P
i i i j dijDynamics: xk+1 = xk − j∈V aij xk + j∈V ajixk − j∈V k 

k−1X X 
σji,k−τ dji i+ + mτ τ k 

j∈V τ =k−T| {z } 
i=wk 
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Application to Electric Ride Service 

Fleet of (electric) vehicles of a ride service provider 

Problem XX 
ij dij − pij dij ch min c + %kx − x k2 ,k 

p,x,d 
i∈V j∈VX X X 

i dij ij − 
j∈V j∈V j∈V 

s.t. 0 = − aij x + ajix + wk, � � 
dij ij 1 − θij ij /pij= δ p ,k max 

dij ≥ 0, x i ≥ 0, ∀i, j, ∈ V, 
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Boundedness of the Error 
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Application to Electric Ride Service 
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Conclusions 

• Stochastic gradient as feedback controller for LTI systems 

• Estimate of the steady-state transfer function using recorded data 

• Estimates for the error evolution and E-ISS in expectation 
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Conclusions 

• Stochastic gradient as feedback controller for LTI systems 

• Estimate of the steady-state transfer function using recorded data 

• Estimates for the error evolution and E-ISS in expectation 

• Application to EV fleets for ride sharing 

• Future app: electrified transportation and autonomous energy systems 
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Conclusions 

• Stochastic gradient as feedback controller for LTI systems 

• Estimate of the steady-state transfer function using recorded data 

• Estimates for the error evolution and E-ISS in expectation 

• Application to EV fleets for ride sharing 

• Future app: electrified transportation and autonomous energy systems 

Thanks! 
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