
   Dynamical Systems with Multiplicative Noise: 
Control, Sparse Design, and Learning 

Tyler Summers 

April 12, 2019 

Workshop on Innovative  
Optimization & Control Methods for  
Highly Distributed Autonomous Systems 



collaborators 

funding 

Ben Gravell Yi Guo 

Peyman M. Esfahani Wouter Jongeneel 



                        

          

                

<latexit sha1_base64="fR7dX90IybbWF6xqtn6GLT3qvN8=">AAAB/XicbVDLSgMxFL3js9ZXfezcBIvgqsyIoMuiG5dV7AM6tWTSTBuayQzJHbEOxV9x40IRt/6HO//G9LHQ1gOBwzn3ck9OkEhh0HW/nYXFpeWV1dxafn1jc2u7sLNbM3GqGa+yWMa6EVDDpVC8igIlbySa0yiQvB70L0d+/Z5rI2J1i4OEtyLaVSIUjKKV2oX9hzYSXyjiRxR7QZjdDO+sXHRL7hhknnhTUoQpKu3Cl9+JWRpxhUxSY5qem2AroxoFk3yY91PDE8r6tMublioacdPKxumH5MgqHRLG2j6FZKz+3shoZMwgCuzkKKOZ9Ubif14zxfC8lQmVpMgVmxwKU0kwJqMqSEdozlAOLKFMC5uVsB7VlKEtLG9L8Ga/PE9qJyXPLXnXp8XyxbSOHBzAIRyDB2dQhiuoQBUYPMIzvMKb8+S8OO/Ox2R0wZnu7MEfOJ8/P3GVFQ==</latexit><latexit sha1_base64="fR7dX90IybbWF6xqtn6GLT3qvN8=">AAAB/XicbVDLSgMxFL3js9ZXfezcBIvgqsyIoMuiG5dV7AM6tWTSTBuayQzJHbEOxV9x40IRt/6HO//G9LHQ1gOBwzn3ck9OkEhh0HW/nYXFpeWV1dxafn1jc2u7sLNbM3GqGa+yWMa6EVDDpVC8igIlbySa0yiQvB70L0d+/Z5rI2J1i4OEtyLaVSIUjKKV2oX9hzYSXyjiRxR7QZjdDO+sXHRL7hhknnhTUoQpKu3Cl9+JWRpxhUxSY5qem2AroxoFk3yY91PDE8r6tMublioacdPKxumH5MgqHRLG2j6FZKz+3shoZMwgCuzkKKOZ9Ubif14zxfC8lQmVpMgVmxwKU0kwJqMqSEdozlAOLKFMC5uVsB7VlKEtLG9L8Ga/PE9qJyXPLXnXp8XyxbSOHBzAIRyDB2dQhiuoQBUYPMIzvMKb8+S8OO/Ox2R0wZnu7MEfOJ8/P3GVFQ==</latexit><latexit sha1_base64="fR7dX90IybbWF6xqtn6GLT3qvN8=">AAAB/XicbVDLSgMxFL3js9ZXfezcBIvgqsyIoMuiG5dV7AM6tWTSTBuayQzJHbEOxV9x40IRt/6HO//G9LHQ1gOBwzn3ck9OkEhh0HW/nYXFpeWV1dxafn1jc2u7sLNbM3GqGa+yWMa6EVDDpVC8igIlbySa0yiQvB70L0d+/Z5rI2J1i4OEtyLaVSIUjKKV2oX9hzYSXyjiRxR7QZjdDO+sXHRL7hhknnhTUoQpKu3Cl9+JWRpxhUxSY5qem2AroxoFk3yY91PDE8r6tMublioacdPKxumH5MgqHRLG2j6FZKz+3shoZMwgCuzkKKOZ9Ubif14zxfC8lQmVpMgVmxwKU0kwJqMqSEdozlAOLKFMC5uVsB7VlKEtLG9L8Ga/PE9qJyXPLXnXp8XyxbSOHBzAIRyDB2dQhiuoQBUYPMIzvMKb8+S8OO/Ox2R0wZnu7MEfOJ8/P3GVFQ==</latexit><latexit sha1_base64="fR7dX90IybbWF6xqtn6GLT3qvN8=">AAAB/XicbVDLSgMxFL3js9ZXfezcBIvgqsyIoMuiG5dV7AM6tWTSTBuayQzJHbEOxV9x40IRt/6HO//G9LHQ1gOBwzn3ck9OkEhh0HW/nYXFpeWV1dxafn1jc2u7sLNbM3GqGa+yWMa6EVDDpVC8igIlbySa0yiQvB70L0d+/Z5rI2J1i4OEtyLaVSIUjKKV2oX9hzYSXyjiRxR7QZjdDO+sXHRL7hhknnhTUoQpKu3Cl9+JWRpxhUxSY5qem2AroxoFk3yY91PDE8r6tMublioacdPKxumH5MgqHRLG2j6FZKz+3shoZMwgCuzkKKOZ9Ubif14zxfC8lQmVpMgVmxwKU0kwJqMqSEdozlAOLKFMC5uVsB7VlKEtLG9L8Ga/PE9qJyXPLXnXp8XyxbSOHBzAIRyDB2dQhiuoQBUYPMIzvMKb8+S8OO/Ox2R0wZnu7MEfOJ8/P3GVFQ==</latexit> <latexit sha1_base64="VlZPEAy3hDqrWl5GfM6U2V2ieiQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7AOaGCbTSTt0MgkzN0INxV9x40IRt/6HO//GSduFth4YOJxzL/fMCVPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weFX47QemNE/kHYxS5sekL3nEKQEjBfZBFgD2uMReTGAQRvnt+D4O7KpTcybAi8SdkSqaoRHYX14voVnMJFBBtO66Tgp+ThRwKti44mWapYQOSZ91DZUkZtrPJ+nH+NgoPRwlyjwJeKL+3shJrPUoDs1kkVHPe4X4n9fNILrwcy7TDJik00NRJjAkuKgC97hiFMTIEEIVN1kxHRBFKJjCKqYEd/7Li6R1WnOdmntzVq1fzuooo0N0hE6Qi85RHV2jBmoiih7RM3pFb9aT9WK9Wx/T0ZI129lHf2B9/gA5KJUR</latexit><latexit sha1_base64="VlZPEAy3hDqrWl5GfM6U2V2ieiQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7AOaGCbTSTt0MgkzN0INxV9x40IRt/6HO//GSduFth4YOJxzL/fMCVPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weFX47QemNE/kHYxS5sekL3nEKQEjBfZBFgD2uMReTGAQRvnt+D4O7KpTcybAi8SdkSqaoRHYX14voVnMJFBBtO66Tgp+ThRwKti44mWapYQOSZ91DZUkZtrPJ+nH+NgoPRwlyjwJeKL+3shJrPUoDs1kkVHPe4X4n9fNILrwcy7TDJik00NRJjAkuKgC97hiFMTIEEIVN1kxHRBFKJjCKqYEd/7Li6R1WnOdmntzVq1fzuooo0N0hE6Qi85RHV2jBmoiih7RM3pFb9aT9WK9Wx/T0ZI129lHf2B9/gA5KJUR</latexit><latexit sha1_base64="VlZPEAy3hDqrWl5GfM6U2V2ieiQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7AOaGCbTSTt0MgkzN0INxV9x40IRt/6HO//GSduFth4YOJxzL/fMCVPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weFX47QemNE/kHYxS5sekL3nEKQEjBfZBFgD2uMReTGAQRvnt+D4O7KpTcybAi8SdkSqaoRHYX14voVnMJFBBtO66Tgp+ThRwKti44mWapYQOSZ91DZUkZtrPJ+nH+NgoPRwlyjwJeKL+3shJrPUoDs1kkVHPe4X4n9fNILrwcy7TDJik00NRJjAkuKgC97hiFMTIEEIVN1kxHRBFKJjCKqYEd/7Li6R1WnOdmntzVq1fzuooo0N0hE6Qi85RHV2jBmoiih7RM3pFb9aT9WK9Wx/T0ZI129lHf2B9/gA5KJUR</latexit><latexit sha1_base64="VlZPEAy3hDqrWl5GfM6U2V2ieiQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7AOaGCbTSTt0MgkzN0INxV9x40IRt/6HO//GSduFth4YOJxzL/fMCVPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weFX47QemNE/kHYxS5sekL3nEKQEjBfZBFgD2uMReTGAQRvnt+D4O7KpTcybAi8SdkSqaoRHYX14voVnMJFBBtO66Tgp+ThRwKti44mWapYQOSZ91DZUkZtrPJ+nH+NgoPRwlyjwJeKL+3shJrPUoDs1kkVHPe4X4n9fNILrwcy7TDJik00NRJjAkuKgC97hiFMTIEEIVN1kxHRBFKJjCKqYEd/7Li6R1WnOdmntzVq1fzuooo0N0hE6Qi85RHV2jBmoiih7RM3pFb9aT9WK9Wx/T0ZI129lHf2B9/gA5KJUR</latexit>

<latexit sha1_base64="ooBro1cCjc4l2tIjBfnJEZ8Nv6E=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7APaWCbTSTt0MgkzN0IMxV9x40IRt/6HO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fJX77QemNI/kHaQx80IylDzglICR+vZB2gfc4xL3QgIjP8huJ/eib1edmjMFXiRuQaqoQKNvf/UGEU1CJoEKonXXdWLwMqKAU8EmlV6iWUzomAxZ11BJQqa9bJp+go+NMsBBpMyTgKfq742MhFqnoW8m84x63svF/7xuAsGFl3EZJ8AknR0KEoEhwnkVeMAVoyBSQwhV3GTFdEQUoWAKq5gS3PkvL5LWac11au7NWbV+WdRRRofoCJ0gF52jOrpGDdREFD2iZ/SK3qwn68V6tz5moyWr2NlHf2B9/gA+AJUU</latexit><latexit sha1_base64="ooBro1cCjc4l2tIjBfnJEZ8Nv6E=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7APaWCbTSTt0MgkzN0IMxV9x40IRt/6HO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fJX77QemNI/kHaQx80IylDzglICR+vZB2gfc4xL3QgIjP8huJ/eib1edmjMFXiRuQaqoQKNvf/UGEU1CJoEKonXXdWLwMqKAU8EmlV6iWUzomAxZ11BJQqa9bJp+go+NMsBBpMyTgKfq742MhFqnoW8m84x63svF/7xuAsGFl3EZJ8AknR0KEoEhwnkVeMAVoyBSQwhV3GTFdEQUoWAKq5gS3PkvL5LWac11au7NWbV+WdRRRofoCJ0gF52jOrpGDdREFD2iZ/SK3qwn68V6tz5moyWr2NlHf2B9/gA+AJUU</latexit><latexit sha1_base64="ooBro1cCjc4l2tIjBfnJEZ8Nv6E=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7APaWCbTSTt0MgkzN0IMxV9x40IRt/6HO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fJX77QemNI/kHaQx80IylDzglICR+vZB2gfc4xL3QgIjP8huJ/eib1edmjMFXiRuQaqoQKNvf/UGEU1CJoEKonXXdWLwMqKAU8EmlV6iWUzomAxZ11BJQqa9bJp+go+NMsBBpMyTgKfq742MhFqnoW8m84x63svF/7xuAsGFl3EZJ8AknR0KEoEhwnkVeMAVoyBSQwhV3GTFdEQUoWAKq5gS3PkvL5LWac11au7NWbV+WdRRRofoCJ0gF52jOrpGDdREFD2iZ/SK3qwn68V6tz5moyWr2NlHf2B9/gA+AJUU</latexit><latexit sha1_base64="ooBro1cCjc4l2tIjBfnJEZ8Nv6E=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5dV7APaWCbTSTt0MgkzN0IMxV9x40IRt/6HO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fJX77QemNI/kHaQx80IylDzglICR+vZB2gfc4xL3QgIjP8huJ/eib1edmjMFXiRuQaqoQKNvf/UGEU1CJoEKonXXdWLwMqKAU8EmlV6iWUzomAxZ11BJQqa9bJp+go+NMsBBpMyTgKfq742MhFqnoW8m84x63svF/7xuAsGFl3EZJ8AknR0KEoEhwnkVeMAVoyBSQwhV3GTFdEQUoWAKq5gS3PkvL5LWac11au7NWbV+WdRRRofoCJ0gF52jOrpGDdREFD2iZ/SK3qwn68V6tz5moyWr2NlHf2B9/gA+AJUU</latexit>

<latexit sha1_base64="TYIze+CjucWnKDOyQNfbH4S3x7c=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4KGVXBD3W9uKxgv2AdinZNNuGZpM1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut7O2vrG5tV3YKe7u7R8clo6O21omitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZW6t5WUL2CGsVBqexW3TnQKvFyUoYczUHpqz+UJImoMIRjrXueGxs/xcowwums2E80jTGZ4BHtWSpwRLWfzu+doXOrDFEolS1h0Fz9PZHiSOtpFNjOCJuxXvYy8T+vl5jwxk+ZiBNDBVksChOOjETZ82jIFCWGTy3BRDF7KyJjrDAxNqIsBG/55VXSvqx6btW7vyrX6nkcBTiFM7gAD66hBnfQhBYQ4PAMr/DmPDovzrvzsWhdc/KZE/gD5/MHWgqOMg==</latexit><latexit sha1_base64="TYIze+CjucWnKDOyQNfbH4S3x7c=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4KGVXBD3W9uKxgv2AdinZNNuGZpM1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut7O2vrG5tV3YKe7u7R8clo6O21omitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZW6t5WUL2CGsVBqexW3TnQKvFyUoYczUHpqz+UJImoMIRjrXueGxs/xcowwums2E80jTGZ4BHtWSpwRLWfzu+doXOrDFEolS1h0Fz9PZHiSOtpFNjOCJuxXvYy8T+vl5jwxk+ZiBNDBVksChOOjETZ82jIFCWGTy3BRDF7KyJjrDAxNqIsBG/55VXSvqx6btW7vyrX6nkcBTiFM7gAD66hBnfQhBYQ4PAMr/DmPDovzrvzsWhdc/KZE/gD5/MHWgqOMg==</latexit><latexit sha1_base64="TYIze+CjucWnKDOyQNfbH4S3x7c=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4KGVXBD3W9uKxgv2AdinZNNuGZpM1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut7O2vrG5tV3YKe7u7R8clo6O21omitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZW6t5WUL2CGsVBqexW3TnQKvFyUoYczUHpqz+UJImoMIRjrXueGxs/xcowwums2E80jTGZ4BHtWSpwRLWfzu+doXOrDFEolS1h0Fz9PZHiSOtpFNjOCJuxXvYy8T+vl5jwxk+ZiBNDBVksChOOjETZ82jIFCWGTy3BRDF7KyJjrDAxNqIsBG/55VXSvqx6btW7vyrX6nkcBTiFM7gAD66hBnfQhBYQ4PAMr/DmPDovzrvzsWhdc/KZE/gD5/MHWgqOMg==</latexit><latexit sha1_base64="TYIze+CjucWnKDOyQNfbH4S3x7c=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4KGVXBD3W9uKxgv2AdinZNNuGZpM1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut7O2vrG5tV3YKe7u7R8clo6O21omitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZW6t5WUL2CGsVBqexW3TnQKvFyUoYczUHpqz+UJImoMIRjrXueGxs/xcowwums2E80jTGZ4BHtWSpwRLWfzu+doXOrDFEolS1h0Fz9PZHiSOtpFNjOCJuxXvYy8T+vl5jwxk+ZiBNDBVksChOOjETZ82jIFCWGTy3BRDF7KyJjrDAxNqIsBG/55VXSvqx6btW7vyrX6nkcBTiFM7gAD66hBnfQhBYQ4PAMr/DmPDovzrvzsWhdc/KZE/gD5/MHWgqOMg==</latexit>

<latexit sha1_base64="pt/OumpVhKGNgMqXgNZA8UqJSlM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0IWy223bpZhN3J5US+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6SGS6F4HQVK3ko0p1EoeTMc3k795ohrI2L1gOOE+xHtK9ETjKKVWk8BnpNRgEGp7FbcGcgy8XJShhy1oPTV6cYsjbhCJqkxbc9N0M+oRsEknxQ7qeEJZUPa521LFY248bPZvRNyapUu6cXalkIyU39PZDQyZhyFtjOiODCL3lT8z2un2Lv2M6GSFLli80W9VBKMyfR50hWaM5RjSyjTwt5K2IBqytBGVLQheIsvL5PGRcVzK979Zbl6k8dRgGM4gTPw4AqqcAc1qAMDCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AlyCPqQ==</latexit><latexit sha1_base64="pt/OumpVhKGNgMqXgNZA8UqJSlM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0IWy223bpZhN3J5US+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6SGS6F4HQVK3ko0p1EoeTMc3k795ohrI2L1gOOE+xHtK9ETjKKVWk8BnpNRgEGp7FbcGcgy8XJShhy1oPTV6cYsjbhCJqkxbc9N0M+oRsEknxQ7qeEJZUPa521LFY248bPZvRNyapUu6cXalkIyU39PZDQyZhyFtjOiODCL3lT8z2un2Lv2M6GSFLli80W9VBKMyfR50hWaM5RjSyjTwt5K2IBqytBGVLQheIsvL5PGRcVzK979Zbl6k8dRgGM4gTPw4AqqcAc1qAMDCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AlyCPqQ==</latexit><latexit sha1_base64="pt/OumpVhKGNgMqXgNZA8UqJSlM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0IWy223bpZhN3J5US+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6SGS6F4HQVK3ko0p1EoeTMc3k795ohrI2L1gOOE+xHtK9ETjKKVWk8BnpNRgEGp7FbcGcgy8XJShhy1oPTV6cYsjbhCJqkxbc9N0M+oRsEknxQ7qeEJZUPa521LFY248bPZvRNyapUu6cXalkIyU39PZDQyZhyFtjOiODCL3lT8z2un2Lv2M6GSFLli80W9VBKMyfR50hWaM5RjSyjTwt5K2IBqytBGVLQheIsvL5PGRcVzK979Zbl6k8dRgGM4gTPw4AqqcAc1qAMDCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AlyCPqQ==</latexit><latexit sha1_base64="pt/OumpVhKGNgMqXgNZA8UqJSlM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0IWy223bpZhN3J5US+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6SGS6F4HQVK3ko0p1EoeTMc3k795ohrI2L1gOOE+xHtK9ETjKKVWk8BnpNRgEGp7FbcGcgy8XJShhy1oPTV6cYsjbhCJqkxbc9N0M+oRsEknxQ7qeEJZUPa521LFY248bPZvRNyapUu6cXalkIyU39PZDQyZhyFtjOiODCL3lT8z2un2Lv2M6GSFLli80W9VBKMyfR50hWaM5RjSyjTwt5K2IBqytBGVLQheIsvL5PGRcVzK979Zbl6k8dRgGM4gTPw4AqqcAc1qAMDCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AlyCPqQ==</latexit>

<latexit sha1_base64="SPcnr4jJXvpMlO4dOy1H1XW2WqQ=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgQcquCHosevFYwbZCu5RsNtuGJtkl+VYoSx/Ai6/ixYMiXn0Ab76N6XYRbR0ITGbmI/kmSAQ34LpfTmlpeWV1rbxe2djc2t6p7u61TZxqylo0FrG+C4hhgivWAg6C3SWaERkI1glGV1O/c8+04bG6hXHCfEkGikecErBSv1rrhUwA6WfAJye4NyBS/lySIc+pTbl1NwdeJF5BaqhAs1/97IUxTSVTQAUxpuu5CfgZ0cCpYJNKLzUsIXREBqxrqSKSGT/Ll5ngI6uEOIq1PQpwrv6eyIg0ZiwDm5QEhmbem4r/ed0Uogs/4ypJgSk6eyhKBYYYT5vBIdeMghhbQqjm9q+YDokmFGx/FVuCN7/yImmf1j237t2c1RqXRR1ldIAO0THy0DlqoGvURC1E0QN6Qi/o1Xl0np03530WLTnFzD76A+fjGxMHm58=</latexit><latexit sha1_base64="SPcnr4jJXvpMlO4dOy1H1XW2WqQ=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgQcquCHosevFYwbZCu5RsNtuGJtkl+VYoSx/Ai6/ixYMiXn0Ab76N6XYRbR0ITGbmI/kmSAQ34LpfTmlpeWV1rbxe2djc2t6p7u61TZxqylo0FrG+C4hhgivWAg6C3SWaERkI1glGV1O/c8+04bG6hXHCfEkGikecErBSv1rrhUwA6WfAJye4NyBS/lySIc+pTbl1NwdeJF5BaqhAs1/97IUxTSVTQAUxpuu5CfgZ0cCpYJNKLzUsIXREBqxrqSKSGT/Ll5ngI6uEOIq1PQpwrv6eyIg0ZiwDm5QEhmbem4r/ed0Uogs/4ypJgSk6eyhKBYYYT5vBIdeMghhbQqjm9q+YDokmFGx/FVuCN7/yImmf1j237t2c1RqXRR1ldIAO0THy0DlqoGvURC1E0QN6Qi/o1Xl0np03530WLTnFzD76A+fjGxMHm58=</latexit><latexit sha1_base64="SPcnr4jJXvpMlO4dOy1H1XW2WqQ=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgQcquCHosevFYwbZCu5RsNtuGJtkl+VYoSx/Ai6/ixYMiXn0Ab76N6XYRbR0ITGbmI/kmSAQ34LpfTmlpeWV1rbxe2djc2t6p7u61TZxqylo0FrG+C4hhgivWAg6C3SWaERkI1glGV1O/c8+04bG6hXHCfEkGikecErBSv1rrhUwA6WfAJye4NyBS/lySIc+pTbl1NwdeJF5BaqhAs1/97IUxTSVTQAUxpuu5CfgZ0cCpYJNKLzUsIXREBqxrqSKSGT/Ll5ngI6uEOIq1PQpwrv6eyIg0ZiwDm5QEhmbem4r/ed0Uogs/4ypJgSk6eyhKBYYYT5vBIdeMghhbQqjm9q+YDokmFGx/FVuCN7/yImmf1j237t2c1RqXRR1ldIAO0THy0DlqoGvURC1E0QN6Qi/o1Xl0np03530WLTnFzD76A+fjGxMHm58=</latexit><latexit sha1_base64="SPcnr4jJXvpMlO4dOy1H1XW2WqQ=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgQcquCHosevFYwbZCu5RsNtuGJtkl+VYoSx/Ai6/ixYMiXn0Ab76N6XYRbR0ITGbmI/kmSAQ34LpfTmlpeWV1rbxe2djc2t6p7u61TZxqylo0FrG+C4hhgivWAg6C3SWaERkI1glGV1O/c8+04bG6hXHCfEkGikecErBSv1rrhUwA6WfAJye4NyBS/lySIc+pTbl1NwdeJF5BaqhAs1/97IUxTSVTQAUxpuu5CfgZ0cCpYJNKLzUsIXREBqxrqSKSGT/Ll5ngI6uEOIq1PQpwrv6eyIg0ZiwDm5QEhmbem4r/ed0Uogs/4ypJgSk6eyhKBYYYT5vBIdeMghhbQqjm9q+YDokmFGx/FVuCN7/yImmf1j237t2c1RqXRR1ldIAO0THy0DlqoGvURC1E0QN6Qi/o1Xl0np03530WLTnFzD76A+fjGxMHm58=</latexit> <latexit sha1_base64="iWZ/SLTM+7ZgmscmyqvkuU8kKA4=">AAACAnicbZDNSgMxFIXv1L9a/0ZdiZtgEVxImRFBl0U3LivYWugMQybNtKGZTEgyQinFja/ixoUibn0Kd76NaTsLbT0Q+Dj3Xm7uiSVn2njet1NaWl5ZXSuvVzY2t7Z33N29ls5yRWiTZDxT7RhrypmgTcMMp22pKE5jTu/jwfWkfv9AlWaZuDNDScMU9wRLGMHGWpF7EGAu+zhipyiIqZmB1CxikVv1at5UaBH8AqpQqBG5X0E3I3lKhSEca93xPWnCEVaGEU7HlSDXVGIywD3asShwSnU4mp4wRsfW6aIkU/YJg6bu74kRTrUeprHtTLHp6/naxPyv1slNchmOmJC5oYLMFiU5RyZDkzxQlylKDB9awEQx+1dE+lhhYmxqFRuCP3/yIrTOar5X82/Pq/WrIo4yHMIRnIAPF1CHG2hAEwg8wjO8wpvz5Lw4787HrLXkFDP78EfO5w8cOJaX</latexit><latexit sha1_base64="iWZ/SLTM+7ZgmscmyqvkuU8kKA4=">AAACAnicbZDNSgMxFIXv1L9a/0ZdiZtgEVxImRFBl0U3LivYWugMQybNtKGZTEgyQinFja/ixoUibn0Kd76NaTsLbT0Q+Dj3Xm7uiSVn2njet1NaWl5ZXSuvVzY2t7Z33N29ls5yRWiTZDxT7RhrypmgTcMMp22pKE5jTu/jwfWkfv9AlWaZuDNDScMU9wRLGMHGWpF7EGAu+zhipyiIqZmB1CxikVv1at5UaBH8AqpQqBG5X0E3I3lKhSEca93xPWnCEVaGEU7HlSDXVGIywD3asShwSnU4mp4wRsfW6aIkU/YJg6bu74kRTrUeprHtTLHp6/naxPyv1slNchmOmJC5oYLMFiU5RyZDkzxQlylKDB9awEQx+1dE+lhhYmxqFRuCP3/yIrTOar5X82/Pq/WrIo4yHMIRnIAPF1CHG2hAEwg8wjO8wpvz5Lw4787HrLXkFDP78EfO5w8cOJaX</latexit><latexit sha1_base64="iWZ/SLTM+7ZgmscmyqvkuU8kKA4=">AAACAnicbZDNSgMxFIXv1L9a/0ZdiZtgEVxImRFBl0U3LivYWugMQybNtKGZTEgyQinFja/ixoUibn0Kd76NaTsLbT0Q+Dj3Xm7uiSVn2njet1NaWl5ZXSuvVzY2t7Z33N29ls5yRWiTZDxT7RhrypmgTcMMp22pKE5jTu/jwfWkfv9AlWaZuDNDScMU9wRLGMHGWpF7EGAu+zhipyiIqZmB1CxikVv1at5UaBH8AqpQqBG5X0E3I3lKhSEca93xPWnCEVaGEU7HlSDXVGIywD3asShwSnU4mp4wRsfW6aIkU/YJg6bu74kRTrUeprHtTLHp6/naxPyv1slNchmOmJC5oYLMFiU5RyZDkzxQlylKDB9awEQx+1dE+lhhYmxqFRuCP3/yIrTOar5X82/Pq/WrIo4yHMIRnIAPF1CHG2hAEwg8wjO8wpvz5Lw4787HrLXkFDP78EfO5w8cOJaX</latexit><latexit sha1_base64="iWZ/SLTM+7ZgmscmyqvkuU8kKA4=">AAACAnicbZDNSgMxFIXv1L9a/0ZdiZtgEVxImRFBl0U3LivYWugMQybNtKGZTEgyQinFja/ixoUibn0Kd76NaTsLbT0Q+Dj3Xm7uiSVn2njet1NaWl5ZXSuvVzY2t7Z33N29ls5yRWiTZDxT7RhrypmgTcMMp22pKE5jTu/jwfWkfv9AlWaZuDNDScMU9wRLGMHGWpF7EGAu+zhipyiIqZmB1CxikVv1at5UaBH8AqpQqBG5X0E3I3lKhSEca93xPWnCEVaGEU7HlSDXVGIywD3asShwSnU4mp4wRsfW6aIkU/YJg6bu74kRTrUeprHtTLHp6/naxPyv1slNchmOmJC5oYLMFiU5RyZDkzxQlylKDB9awEQx+1dE+lhhYmxqFRuCP3/yIrTOar5X82/Pq/WrIo4yHMIRnIAPF1CHG2hAEwg8wjO8wpvz5Lw4787HrLXkFDP78EfO5w8cOJaX</latexit>

<latexit sha1_base64="xIiBwJXI9lTRi2orFrPD+rKmrnk="></latexit><latexit sha1_base64="xIiBwJXI9lTRi2orFrPD+rKmrnk="></latexit><latexit sha1_base64="xIiBwJXI9lTRi2orFrPD+rKmrnk="></latexit><latexit sha1_base64="xIiBwJXI9lTRi2orFrPD+rKmrnk="></latexit>

<latexit sha1_base64="f9V6iAJ8UeqpkbXxYsB2cGuuMmQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD+2LVr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/D8I1x</latexit><latexit sha1_base64="f9V6iAJ8UeqpkbXxYsB2cGuuMmQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD+2LVr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/D8I1x</latexit><latexit sha1_base64="f9V6iAJ8UeqpkbXxYsB2cGuuMmQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD+2LVr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/D8I1x</latexit><latexit sha1_base64="f9V6iAJ8UeqpkbXxYsB2cGuuMmQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosevFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD+2LVr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWZdVzq959rVK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/D8I1x</latexit>

� � � �  

 
�

 
�

 
�

dynamical systems with multiplicative noise 

xt+1 = A + 
pX 

i=1 

tiAi 

! 
xt + B + 

qX 

i=1 

tiBi 

! 
ut + wt 

yt = C + 
rX 

i=1 

tiCi 

! 
xt + vt 

• state xt 2 Rn , input ut 2 Rm , output yt 2 Rl 

• nominal system matrices A, B, C 

• additive noises wt, vt with covariances W, V 

• multiplicative noises ti, ti, ti with variances ↵i, i, i 
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optimal control optimal estimation 
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dynamical systems with multiplicative noise 
not a new topic… 
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1.1 Basic system model

To set up a framework for the dissertation, we give the general system model (Fig. 1.1).
Elements on the observation and control side mirror each other.

This thesis considers three types of channels in the system: communication channels,
sensing channels, and actuation channels. Communication channels are the channels that
are traditionally considered in information theory, and may occur on the input or on the
output side of the plant. These model unreliability and noise introduced after the data
collection process is completed or before the actuation has started. As a result, encoders
and decoders can be used to combat the uncertainty of these channels. The remaining two are
illustrated in the figure below. The bottlenecks presented by the sensing and the actuation
channels are related to the physical limitations of the devices.

Figure 1.1: A general model for control and estimation of a system over networks.

• System/plant: The system determines the physical evolution of the system state.

• Observer/controller: This is a box with computational power that can estimate the
system state and compute controls. The desired control actions are sent to the actuator
via the actuation channel. There might be communication channels inside this box that
use encoding and decoding.

• Sensors and sensing channels: The sensors and sensing channel is the output interface
of the system to the rest of the world. The sensing channel has access to (noisy) mea-
surements of the system state, but has little to no computational power. It transmits
the observations out of the system. In a sense, decoding of these transmissions by the
controller is possible, but encoding isn’t. This might also be a network. We can think
of this as the physical sensor that is actually collecting the data.

• Actuators and actuation channels: The actuation channel is the input interface for the
controller to interact with the system. Control signals are transmitted over this to the
system actuators. This also has little to no computational power and can only execute
the controls sent to it by the controller. This represents the physical actuator that is
implementing the control. So here, encoding might be possible, but decoding isn’t.
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dynamical systems with multiplicative noise 
… but increasingly relevant in emerging  
highly distributed autonomous systems 

Y [n] 

X[n]
X[n] 

U [n] 

System/Plant 

Observer/ 
Controller 

Actuation 
channel 

Sensing 
channel 

networked control systems data-driven/adaptive/learning 

complex processes + sensors uncertainty and robustness 



talk outline 
• exact global convergence of policy gradient 

• sparse control architecture design 

• data-driven control 

• extensions and variations 

• conclusions 



exact global convergence
of policy gradient 
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optimal control assumption: 

minimize 

E 
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t Qxt + u T 

t Rut) 
mean square stabilizability 
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optimal control of dynamical systems  
with multiplicative noise 

• exact solution via dynamic programming yields 
generalized Riccati equation 
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optimal control of dynamical systems  
with multiplicative noise 

• alternative: fix linear policy  ut = Kxt , define cost 
1

C(K) =  E 
X 

x T (Q +KT RK)xtt 
x0, i, i 

t=0 

= trace(PK X0) 

    where  PK solves generalized Lyapunov equation 

PK = Q +KT RK + (A +BK)T PK (A +BK) 
p q

+
X 

↵iAi
T PK Ai +

X 
j K

T Bj
T PK Bj K 

i=1 j=1 



<latexit sha1_base64="TnslhTYY15WUXxB5eMHumb31IHs="></latexit><latexit sha1_base64="TnslhTYY15WUXxB5eMHumb31IHs="></latexit><latexit sha1_base64="TnslhTYY15WUXxB5eMHumb31IHs="></latexit><latexit sha1_base64="TnslhTYY15WUXxB5eMHumb31IHs="></latexit>

                          
<latexit sha1_base64="XT2DL1YvZcg0QphrASSQi7UCE/o=">AAACHnicbVBNS8NAEN34WetX1aOXxSJ4KokoeikURRC8KFoVmjZstpu6dHcTdidiCfklXvwrXjwoInjSf+Om9qDVBwOP92aYmRcmghtw3U9nYnJqema2NFeeX1hcWq6srF6aONWUNWksYn0dEsMEV6wJHAS7TjQjMhTsKuwfFv7VLdOGx+oCBglrS9JTPOKUgJWCyq5/znuSBNlJjus48yWBmzDKjvIc+yaVQQZ1N+/4XEUwwHcBFNW5CCpVt+YOgf8Sb0SqaITToPLud2OaSqaACmJMy3MTaGdEA6eC5WU/NSwhtE96rGWpIpKZdjZ8L8ebVuniKNa2FOCh+nMiI9KYgQxtZ3G+GfcK8T+vlUK03864SlJgin4vilKBIcZFVrjLNaMgBpYQqrm9FdMbogkFm2jZhuCNv/yXXG7XPLfmne1UGwejOEpoHW2gLeShPdRAx+gUNRFF9+gRPaMX58F5cl6dt+/WCWc0s4Z+wfn4Al+ToqE=</latexit><latexit sha1_base64="XT2DL1YvZcg0QphrASSQi7UCE/o=">AAACHnicbVBNS8NAEN34WetX1aOXxSJ4KokoeikURRC8KFoVmjZstpu6dHcTdidiCfklXvwrXjwoInjSf+Om9qDVBwOP92aYmRcmghtw3U9nYnJqema2NFeeX1hcWq6srF6aONWUNWksYn0dEsMEV6wJHAS7TjQjMhTsKuwfFv7VLdOGx+oCBglrS9JTPOKUgJWCyq5/znuSBNlJjus48yWBmzDKjvIc+yaVQQZ1N+/4XEUwwHcBFNW5CCpVt+YOgf8Sb0SqaITToPLud2OaSqaACmJMy3MTaGdEA6eC5WU/NSwhtE96rGWpIpKZdjZ8L8ebVuniKNa2FOCh+nMiI9KYgQxtZ3G+GfcK8T+vlUK03864SlJgin4vilKBIcZFVrjLNaMgBpYQqrm9FdMbogkFm2jZhuCNv/yXXG7XPLfmne1UGwejOEpoHW2gLeShPdRAx+gUNRFF9+gRPaMX58F5cl6dt+/WCWc0s4Z+wfn4Al+ToqE=</latexit><latexit sha1_base64="XT2DL1YvZcg0QphrASSQi7UCE/o=">AAACHnicbVBNS8NAEN34WetX1aOXxSJ4KokoeikURRC8KFoVmjZstpu6dHcTdidiCfklXvwrXjwoInjSf+Om9qDVBwOP92aYmRcmghtw3U9nYnJqema2NFeeX1hcWq6srF6aONWUNWksYn0dEsMEV6wJHAS7TjQjMhTsKuwfFv7VLdOGx+oCBglrS9JTPOKUgJWCyq5/znuSBNlJjus48yWBmzDKjvIc+yaVQQZ1N+/4XEUwwHcBFNW5CCpVt+YOgf8Sb0SqaITToPLud2OaSqaACmJMy3MTaGdEA6eC5WU/NSwhtE96rGWpIpKZdjZ8L8ebVuniKNa2FOCh+nMiI9KYgQxtZ3G+GfcK8T+vlUK03864SlJgin4vilKBIcZFVrjLNaMgBpYQqrm9FdMbogkFm2jZhuCNv/yXXG7XPLfmne1UGwejOEpoHW2gLeShPdRAx+gUNRFF9+gRPaMX58F5cl6dt+/WCWc0s4Z+wfn4Al+ToqE=</latexit><latexit sha1_base64="XT2DL1YvZcg0QphrASSQi7UCE/o=">AAACHnicbVBNS8NAEN34WetX1aOXxSJ4KokoeikURRC8KFoVmjZstpu6dHcTdidiCfklXvwrXjwoInjSf+Om9qDVBwOP92aYmRcmghtw3U9nYnJqema2NFeeX1hcWq6srF6aONWUNWksYn0dEsMEV6wJHAS7TjQjMhTsKuwfFv7VLdOGx+oCBglrS9JTPOKUgJWCyq5/znuSBNlJjus48yWBmzDKjvIc+yaVQQZ1N+/4XEUwwHcBFNW5CCpVt+YOgf8Sb0SqaITToPLud2OaSqaACmJMy3MTaGdEA6eC5WU/NSwhtE96rGWpIpKZdjZ8L8ebVuniKNa2FOCh+nMiI9KYgQxtZ3G+GfcK8T+vlUK03864SlJgin4vilKBIcZFVrjLNaMgBpYQqrm9FdMbogkFm2jZhuCNv/yXXG7XPLfmne1UGwejOEpoHW2gLeShPdRAx+gUNRFF9+gRPaMX58F5cl6dt+/WCWc0s4Z+wfn4Al+ToqE=</latexit>

<latexit sha1_base64="87DlqjYZw5C1zv8sJFRomLDX9v4="></latexit><latexit sha1_base64="87DlqjYZw5C1zv8sJFRomLDX9v4="></latexit><latexit sha1_base64="87DlqjYZw5C1zv8sJFRomLDX9v4="></latexit><latexit sha1_base64="87DlqjYZw5C1zv8sJFRomLDX9v4="></latexit>

<latexit sha1_base64="WGOj4Dzpwk4F1tx4Bpr5tPxqc10=">AAACCnicbVA9SwNBEN3zM8avqKXNahC0MNyJoGXQRkijYEwgF8LcZk4X9/aO3TklhNQ2/hUbC0Vs/QV2/hs3MYVfDwYe780wMy/KlLTk+x/exOTU9MxsYa44v7C4tFxaWb2waW4E1kWqUtOMwKKSGuskSWEzMwhJpLARXR8P/cYNGitTfU69DNsJXGoZSwHkpE5po8ZDhTGBMektr/FdHiIBDzVECvjxdm2nUyr7FX8E/pcEY1JmY5x2Su9hNxV5gpqEAmtbgZ9Ruw+GpFA4KIa5xQzENVxiy1ENCdp2f/TKgG85pcvj1LjSxEfq94k+JNb2ksh1JkBX9rc3FP/zWjnFh+2+1FlOqMXXojhXnFI+zIV3pUFBqucICCPdrVxcgQFBLr2iCyH4/fJfcrFXCfxKcLZfrh6N4yiwdbbJtlnADliVnbBTVmeC3bEH9sSevXvv0XvxXr9aJ7zxzBr7Ae/tE+z6mHk=</latexit><latexit sha1_base64="WGOj4Dzpwk4F1tx4Bpr5tPxqc10=">AAACCnicbVA9SwNBEN3zM8avqKXNahC0MNyJoGXQRkijYEwgF8LcZk4X9/aO3TklhNQ2/hUbC0Vs/QV2/hs3MYVfDwYe780wMy/KlLTk+x/exOTU9MxsYa44v7C4tFxaWb2waW4E1kWqUtOMwKKSGuskSWEzMwhJpLARXR8P/cYNGitTfU69DNsJXGoZSwHkpE5po8ZDhTGBMektr/FdHiIBDzVECvjxdm2nUyr7FX8E/pcEY1JmY5x2Su9hNxV5gpqEAmtbgZ9Ruw+GpFA4KIa5xQzENVxiy1ENCdp2f/TKgG85pcvj1LjSxEfq94k+JNb2ksh1JkBX9rc3FP/zWjnFh+2+1FlOqMXXojhXnFI+zIV3pUFBqucICCPdrVxcgQFBLr2iCyH4/fJfcrFXCfxKcLZfrh6N4yiwdbbJtlnADliVnbBTVmeC3bEH9sSevXvv0XvxXr9aJ7zxzBr7Ae/tE+z6mHk=</latexit><latexit sha1_base64="WGOj4Dzpwk4F1tx4Bpr5tPxqc10=">AAACCnicbVA9SwNBEN3zM8avqKXNahC0MNyJoGXQRkijYEwgF8LcZk4X9/aO3TklhNQ2/hUbC0Vs/QV2/hs3MYVfDwYe780wMy/KlLTk+x/exOTU9MxsYa44v7C4tFxaWb2waW4E1kWqUtOMwKKSGuskSWEzMwhJpLARXR8P/cYNGitTfU69DNsJXGoZSwHkpE5po8ZDhTGBMektr/FdHiIBDzVECvjxdm2nUyr7FX8E/pcEY1JmY5x2Su9hNxV5gpqEAmtbgZ9Ruw+GpFA4KIa5xQzENVxiy1ENCdp2f/TKgG85pcvj1LjSxEfq94k+JNb2ksh1JkBX9rc3FP/zWjnFh+2+1FlOqMXXojhXnFI+zIV3pUFBqucICCPdrVxcgQFBLr2iCyH4/fJfcrFXCfxKcLZfrh6N4yiwdbbJtlnADliVnbBTVmeC3bEH9sSevXvv0XvxXr9aJ7zxzBr7Ae/tE+z6mHk=</latexit><latexit sha1_base64="WGOj4Dzpwk4F1tx4Bpr5tPxqc10=">AAACCnicbVA9SwNBEN3zM8avqKXNahC0MNyJoGXQRkijYEwgF8LcZk4X9/aO3TklhNQ2/hUbC0Vs/QV2/hs3MYVfDwYe780wMy/KlLTk+x/exOTU9MxsYa44v7C4tFxaWb2waW4E1kWqUtOMwKKSGuskSWEzMwhJpLARXR8P/cYNGitTfU69DNsJXGoZSwHkpE5po8ZDhTGBMektr/FdHiIBDzVECvjxdm2nUyr7FX8E/pcEY1JmY5x2Su9hNxV5gpqEAmtbgZ9Ruw+GpFA4KIa5xQzENVxiy1ENCdp2f/TKgG85pcvj1LjSxEfq94k+JNb2ksh1JkBX9rc3FP/zWjnFh+2+1FlOqMXXojhXnFI+zIV3pUFBqucICCPdrVxcgQFBLr2iCyH4/fJfcrFXCfxKcLZfrh6N4yiwdbbJtlnADliVnbBTVmeC3bEH9sSevXvv0XvxXr9aJ7zxzBr7Ae/tE+z6mHk=</latexit>

�

 

 �

policy gradient algorithm 
Lemma (policy gradient expression) 
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Algorithm (policy gradient) 

K K ⌘rC(K) 

one small problem… 
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gradient domination 
Definition (gradient domination) 
A function is called gradient dominated iff : Rn ! R 

9� > 0 :  krf(x)k2 �(f(x) f(x ⇤)) 8x 2 Rn 

• gradient grows faster than quadratic away from 
optimal value 

• every stationary point is a global minimum 

• includes many non-convex functions 

• easy to prove gradient descent converges globally 
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minimum point z* (if such exists). 

We shall assume everywhere below that the function is continuously 
differentiable, i.e. for any x, y 

f lx + Y> = f (4 + @ (47 ld + 0 (II Y II), (1) 

where h(x) E H is the gradient of the functional f(x) at the point x 
and is assumed to depend continuously on x. 

Gradient minimisation methods consist in constructing 
sequence ~9, x1, . . . , n”, . . . according to the formula 

zn+i = Cl? - a& (sn) . 

the minimising 

The size of the step a,>0 can be chosen in various ways. Thus, in the 
simple iteration method a, = const. In the method of fastest descent a, 
is chosen to minimise the functional at each step, i.e.. a,, gives the 
minimum 9 (a) = f (zn - ah (rn)). 

When f(n) is a quadratic functional, the minimisation problem is 
equivalent to the solution of the linear equation h(x) = 0. This case 
has received detailed study, and a survey of this work can be found in 
[I]. Although gradient methods are widely used in the practical solution 

•• Zh. uych. rat. 3, No. 4, 643-653, 1963. 
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GRADIENT METHODS FOR TEE MINIMISATION 
OF FUNCTIONALS* 

B. T. POLYAK 

(MOSCOW) 

(Received 2 July 1962) 

Let f(t) be a functional defined in the (real) Hilbert space H. The 
problem consists in finding its minimum value f* = inf f(x) and some 

gradient domination 
Definition (gradient domination) 
A function is called gradient dominated iff : Rn ! R 

9� > 0 :  krf(x)k2 �(f(x) f(x ⇤)) 8x 2 Rn 

• also an old topic! 
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multiplicative LQR cost is gradient dominated 

Theorem (Gravell + Summers 2019) 
There exists  such that 
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• generalizes recent deterministic result (Fazel et al. 2018) 
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policy gradient converges globally 

Theorem (Gravell + Summers 2019) 
For any initial gain there is a constant step 
size and linear rate such that 

Algorithm (policy gradient) 

Ks+1 = Ks ⌘rC(Ks) 

K0 2 domC 
⌘(K0, problem data) ⇢ < 1 

C(Ks+1) C(K⇤)  ⇢(C(Ks) C(K⇤)) 

• generalizes recent deterministic result (Fazel et al. 2018) 



<latexit sha1_base64="ziRJM06N4U6L1mGA4LMdWP+m4zw="></latexit><latexit sha1_base64="ziRJM06N4U6L1mGA4LMdWP+m4zw="></latexit><latexit sha1_base64="ziRJM06N4U6L1mGA4LMdWP+m4zw="></latexit><latexit sha1_base64="ziRJM06N4U6L1mGA4LMdWP+m4zw="></latexit>

                     
          

<latexit sha1_base64="PFOoTajZWfB+HaYD50MtBHQXyQM=">AAAB/HicbVBNSwMxEM3Wr1q/Vnv0EiyCp7Irgh6LvQheKtgPaJeSTdM2NMkuyay4LPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWEsuAHP+3YKa+sbm1vF7dLO7t7+gXt41DJRoilr0khEuhMSwwRXrAkcBOvEmhEZCtYOJ/WZ335g2vBI3UMas0CSkeJDTglYqe+Wb/se7nGFe8AeIRtEclrvuxWv6s2BV4mfkwrK0ei7X71BRBPJFFBBjOn6XgxBRjRwKti01EsMiwmdkBHrWqqIZCbI5sdP8alVBngYaVsK8Fz9PZERaUwqQ9spCYzNsjcT//O6CQyvgoyrOAGm6GLRMBEYIjxLAg+4ZhREagmhmttbMR0TTSjYvEo2BH/55VXSOq/6XtW/u6jUrvM4iugYnaAz5KNLVEM3qIGaiKIUPaNX9OY8OS/Ou/OxaC04+UwZ/YHz+QP0dJRS</latexit><latexit sha1_base64="PFOoTajZWfB+HaYD50MtBHQXyQM=">AAAB/HicbVBNSwMxEM3Wr1q/Vnv0EiyCp7Irgh6LvQheKtgPaJeSTdM2NMkuyay4LPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWEsuAHP+3YKa+sbm1vF7dLO7t7+gXt41DJRoilr0khEuhMSwwRXrAkcBOvEmhEZCtYOJ/WZ335g2vBI3UMas0CSkeJDTglYqe+Wb/se7nGFe8AeIRtEclrvuxWv6s2BV4mfkwrK0ei7X71BRBPJFFBBjOn6XgxBRjRwKti01EsMiwmdkBHrWqqIZCbI5sdP8alVBngYaVsK8Fz9PZERaUwqQ9spCYzNsjcT//O6CQyvgoyrOAGm6GLRMBEYIjxLAg+4ZhREagmhmttbMR0TTSjYvEo2BH/55VXSOq/6XtW/u6jUrvM4iugYnaAz5KNLVEM3qIGaiKIUPaNX9OY8OS/Ou/OxaC04+UwZ/YHz+QP0dJRS</latexit><latexit sha1_base64="PFOoTajZWfB+HaYD50MtBHQXyQM=">AAAB/HicbVBNSwMxEM3Wr1q/Vnv0EiyCp7Irgh6LvQheKtgPaJeSTdM2NMkuyay4LPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWEsuAHP+3YKa+sbm1vF7dLO7t7+gXt41DJRoilr0khEuhMSwwRXrAkcBOvEmhEZCtYOJ/WZ335g2vBI3UMas0CSkeJDTglYqe+Wb/se7nGFe8AeIRtEclrvuxWv6s2BV4mfkwrK0ei7X71BRBPJFFBBjOn6XgxBRjRwKti01EsMiwmdkBHrWqqIZCbI5sdP8alVBngYaVsK8Fz9PZERaUwqQ9spCYzNsjcT//O6CQyvgoyrOAGm6GLRMBEYIjxLAg+4ZhREagmhmttbMR0TTSjYvEo2BH/55VXSOq/6XtW/u6jUrvM4iugYnaAz5KNLVEM3qIGaiKIUPaNX9OY8OS/Ou/OxaC04+UwZ/YHz+QP0dJRS</latexit><latexit sha1_base64="PFOoTajZWfB+HaYD50MtBHQXyQM=">AAAB/HicbVBNSwMxEM3Wr1q/Vnv0EiyCp7Irgh6LvQheKtgPaJeSTdM2NMkuyay4LPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWEsuAHP+3YKa+sbm1vF7dLO7t7+gXt41DJRoilr0khEuhMSwwRXrAkcBOvEmhEZCtYOJ/WZ335g2vBI3UMas0CSkeJDTglYqe+Wb/se7nGFe8AeIRtEclrvuxWv6s2BV4mfkwrK0ei7X71BRBPJFFBBjOn6XgxBRjRwKti01EsMiwmdkBHrWqqIZCbI5sdP8alVBngYaVsK8Fz9PZERaUwqQ9spCYzNsjcT//O6CQyvgoyrOAGm6GLRMBEYIjxLAg+4ZhREagmhmttbMR0TTSjYvEo2BH/55VXSOq/6XtW/u6jUrvM4iugYnaAz5KNLVEM3qIGaiKIUPaNX9OY8OS/Ou/OxaC04+UwZ/YHz+QP0dJRS</latexit>

<latexit sha1_base64="evMyElnFq0Nb/lqyMHiVVlvWQog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zSZZsrd77s4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0qksOj7315hZXVtfaO4Wdra3tndK+8fNK1ODeMNpqU2rYhaLoXiDRQoeSsxnMaR5A/R6GbqPzxxY4VW9zhOeBjTgRJ9wSg6qdUxQ02uSNAtV/yqPwNZJkFOKpCj3i1/dXqapTFXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKIxt2E2u3dCTpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3LMBMqSZErNl/UTyVBTabPk54wnKEcO0KZEe5WwobUUIYuopILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCABdQg1uoQwMYSHiGV3jzHr0X7937mLcWvHzmEP7A+/wBwS+PHA==</latexit><latexit sha1_base64="evMyElnFq0Nb/lqyMHiVVlvWQog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zSZZsrd77s4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0qksOj7315hZXVtfaO4Wdra3tndK+8fNK1ODeMNpqU2rYhaLoXiDRQoeSsxnMaR5A/R6GbqPzxxY4VW9zhOeBjTgRJ9wSg6qdUxQ02uSNAtV/yqPwNZJkFOKpCj3i1/dXqapTFXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKIxt2E2u3dCTpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3LMBMqSZErNl/UTyVBTabPk54wnKEcO0KZEe5WwobUUIYuopILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCABdQg1uoQwMYSHiGV3jzHr0X7937mLcWvHzmEP7A+/wBwS+PHA==</latexit><latexit sha1_base64="evMyElnFq0Nb/lqyMHiVVlvWQog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zSZZsrd77s4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0qksOj7315hZXVtfaO4Wdra3tndK+8fNK1ODeMNpqU2rYhaLoXiDRQoeSsxnMaR5A/R6GbqPzxxY4VW9zhOeBjTgRJ9wSg6qdUxQ02uSNAtV/yqPwNZJkFOKpCj3i1/dXqapTFXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKIxt2E2u3dCTpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3LMBMqSZErNl/UTyVBTabPk54wnKEcO0KZEe5WwobUUIYuopILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCABdQg1uoQwMYSHiGV3jzHr0X7937mLcWvHzmEP7A+/wBwS+PHA==</latexit><latexit sha1_base64="evMyElnFq0Nb/lqyMHiVVlvWQog=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zSZZsrd77s4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0qksOj7315hZXVtfaO4Wdra3tndK+8fNK1ODeMNpqU2rYhaLoXiDRQoeSsxnMaR5A/R6GbqPzxxY4VW9zhOeBjTgRJ9wSg6qdUxQ02uSNAtV/yqPwNZJkFOKpCj3i1/dXqapTFXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKIxt2E2u3dCTpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3LMBMqSZErNl/UTyVBTabPk54wnKEcO0KZEe5WwobUUIYuopILIVh8eZk0z6qBXw3uziu16zyOIhzBMZxCABdQg1uoQwMYSHiGV3jzHr0X7937mLcWvHzmEP7A+/wBwS+PHA==</latexit>

<latexit sha1_base64="1BPKpduihfiZkNhggTWtr7BTllA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAitYkmKoMtiN4KbCvYBTQyT6aQdOpnEmYlQQv/Djb/ixoUirgQX/o3TNovaeuDCmXPuZe49fsyoVJb1Yywtr6yurec28ptb2zu75t5+U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+oDb2W49ESBrxOzWMiRuiHqcBxUhpyTMrteKNl8pTe1SCZ1A/7k9K0GHkATqiH8EinPozbskzC1bZmgAuEjsjBZCh7plfTjfCSUi4wgxJ2bGtWLkpEopiRkZ5J5EkRniAeqSjKUchkW46uW0Ej7XShUEkdHEFJ+rsRIpCKYehrztDpPpy3huL/3mdRAWXbkp5nCjC8fSjIGFQRXAcFOxSQbBiQ00QFlTvCnEfCYSVjjOvQ7DnT14kzUrZtsr27XmhepXFkQOH4AgUgQ0uQBVcgzpoAAyewAt4A+/Gs/FqfBif09YlI5s5AH9gfP8CbJ2cCQ==</latexit><latexit sha1_base64="1BPKpduihfiZkNhggTWtr7BTllA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAitYkmKoMtiN4KbCvYBTQyT6aQdOpnEmYlQQv/Djb/ixoUirgQX/o3TNovaeuDCmXPuZe49fsyoVJb1Yywtr6yurec28ptb2zu75t5+U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+oDb2W49ESBrxOzWMiRuiHqcBxUhpyTMrteKNl8pTe1SCZ1A/7k9K0GHkATqiH8EinPozbskzC1bZmgAuEjsjBZCh7plfTjfCSUi4wgxJ2bGtWLkpEopiRkZ5J5EkRniAeqSjKUchkW46uW0Ej7XShUEkdHEFJ+rsRIpCKYehrztDpPpy3huL/3mdRAWXbkp5nCjC8fSjIGFQRXAcFOxSQbBiQ00QFlTvCnEfCYSVjjOvQ7DnT14kzUrZtsr27XmhepXFkQOH4AgUgQ0uQBVcgzpoAAyewAt4A+/Gs/FqfBif09YlI5s5AH9gfP8CbJ2cCQ==</latexit><latexit sha1_base64="1BPKpduihfiZkNhggTWtr7BTllA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAitYkmKoMtiN4KbCvYBTQyT6aQdOpnEmYlQQv/Djb/ixoUirgQX/o3TNovaeuDCmXPuZe49fsyoVJb1Yywtr6yurec28ptb2zu75t5+U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+oDb2W49ESBrxOzWMiRuiHqcBxUhpyTMrteKNl8pTe1SCZ1A/7k9K0GHkATqiH8EinPozbskzC1bZmgAuEjsjBZCh7plfTjfCSUi4wgxJ2bGtWLkpEopiRkZ5J5EkRniAeqSjKUchkW46uW0Ej7XShUEkdHEFJ+rsRIpCKYehrztDpPpy3huL/3mdRAWXbkp5nCjC8fSjIGFQRXAcFOxSQbBiQ00QFlTvCnEfCYSVjjOvQ7DnT14kzUrZtsr27XmhepXFkQOH4AgUgQ0uQBVcgzpoAAyewAt4A+/Gs/FqfBif09YlI5s5AH9gfP8CbJ2cCQ==</latexit><latexit sha1_base64="1BPKpduihfiZkNhggTWtr7BTllA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAitYkmKoMtiN4KbCvYBTQyT6aQdOpnEmYlQQv/Djb/ixoUirgQX/o3TNovaeuDCmXPuZe49fsyoVJb1Yywtr6yurec28ptb2zu75t5+U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+oDb2W49ESBrxOzWMiRuiHqcBxUhpyTMrteKNl8pTe1SCZ1A/7k9K0GHkATqiH8EinPozbskzC1bZmgAuEjsjBZCh7plfTjfCSUi4wgxJ2bGtWLkpEopiRkZ5J5EkRniAeqSjKUchkW46uW0Ej7XShUEkdHEFJ+rsRIpCKYehrztDpPpy3huL/3mdRAWXbkp5nCjC8fSjIGFQRXAcFOxSQbBiQ00QFlTvCnEfCYSVjjOvQ7DnT14kzUrZtsr27XmhepXFkQOH4AgUgQ0uQBVcgzpoAAyewAt4A+/Gs/FqfBif09YlI5s5AH9gfP8CbJ2cCQ==</latexit>

<latexit sha1_base64="v5NqwJuVTFyOdL/wE1XT2h3Xjdw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9CIUvXisYD+wDWWznbRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKj100lFwT77zaK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteG7Fu78o127yOApwDCdwBh5cQg3uoA4NYCDhGV7hzdHOi/PufMxbV5x85gj+wPn8AY1fj4M=</latexit><latexit sha1_base64="v5NqwJuVTFyOdL/wE1XT2h3Xjdw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9CIUvXisYD+wDWWznbRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKj100lFwT77zaK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteG7Fu78o127yOApwDCdwBh5cQg3uoA4NYCDhGV7hzdHOi/PufMxbV5x85gj+wPn8AY1fj4M=</latexit><latexit sha1_base64="v5NqwJuVTFyOdL/wE1XT2h3Xjdw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9CIUvXisYD+wDWWznbRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKj100lFwT77zaK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteG7Fu78o127yOApwDCdwBh5cQg3uoA4NYCDhGV7hzdHOi/PufMxbV5x85gj+wPn8AY1fj4M=</latexit><latexit sha1_base64="v5NqwJuVTFyOdL/wE1XT2h3Xjdw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9CIUvXisYD+wDWWznbRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKj100lFwT77zaK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpFmteG7Fu78o127yOApwDCdwBh5cQg3uoA4NYCDhGV7hzdHOi/PufMxbV5x85gj+wPn8AY1fj4M=</latexit>

 

�

� �

policy iteration (a.k.a. Gauss-Newton) 

Algorithm (policy iteration) 

Ks+1 = Ks ⌘R�1 
Ks 

rC(Ks)⌃
�1 
Ks 

Theorem (Gravell + Summers 2019) 
For any initial gain with a constant step size
                there is a (faster) linear rate  such that 

K0 2 domC 
⇢ < 1 

C(Ks+1) C(K⇤)  ⇢(C(Ks) C(K⇤)) 

⌘ = 1/2 

• essentially a Newton algorithm (in function space) 



policy iteration far faster than policy gradient 
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Convergence results using policy descent, first 30 iterations 
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multiplicative noise awareness can be 
crucial for good control performance 

noise-aware 
control 

noise-ignorant 
control 

noisy
system 484 ∞ 

noise-free 
system 27.5 26.3 

gain
matrix 
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2.62 0.06 

�0.001 0.00 

LQR cost 

• failing to account for multiplicative noise can destabilize an
otherwise (mean square) stable system! 



sparse control  
architecture design 
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sparse gain design 
minimize C(K) + �g(K) 

multiplicative sparsity-promoting 
LQR cost regularizer 

� > 0 trades off performance and controller sparsity 

cf. Lin, Fardad, Jovanovic, Dörfler, et al. for additive case 



<latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit><latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit><latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit><latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit>

<latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit>
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<latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit><latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit><latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit><latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit>

<latexit sha1_base64="NrnJFnQip0mnCQuMQd53f76pYSs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+ClBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKIFjM8=</latexit><latexit sha1_base64="NrnJFnQip0mnCQuMQd53f76pYSs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+ClBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKIFjM8=</latexit><latexit sha1_base64="NrnJFnQip0mnCQuMQd53f76pYSs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+ClBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKIFjM8=</latexit><latexit sha1_base64="NrnJFnQip0mnCQuMQd53f76pYSs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+ClBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKIFjM8=</latexit>
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<latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit><latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit><latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit><latexit sha1_base64="nMhn92/ZN3khBYMuhGrsc7PrQdA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMiKDHoBfBSwSzQCaEnk4ladKz0F0TDJMc/BUvHhTx6m9482/sLAdNfFDweK+Kqnp+LIVGx/m2Miura+sb2c3c1vbO7p69f1DVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v38z8WsDUFpE4QMOY2gGrBuKjuAMjdSyj7wR9RAeMR0AH9PC3Rn1Ri23ZeedojMFXSbunOTJHOWW/eW1I54EECKXTOuG68TYTJlCwSWMc16iIWa8z7rQMDRkAehmOr1/TE+N0qadSJkKkU7V3xMpC7QeBr7pDBj29KI3Ef/zGgl2rpqpCOMEIeSzRZ1EUozoJAzaFgo4yqEhjCthbqW8xxTjaCLLmRDcxZeXSfW86DpF9/4iX7qex5Elx+SEFIhLLkmJ3JIyqRBORuSZvJI368l6sd6tj1lrxprPHJI/sD5/AIJXlRo=</latexit>

<latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit>
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<latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit><latexit sha1_base64="PfL1Bl5OZPDh6woOdSmE0J2OTRc=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVmiqAboehCwU0Fe4GZccikmTY0yQxJRihjwY2v4saFIm59CXe+jelloa0/BD7+cw4n549SRpV2nG+rsLC4tLxSXC2trW9sbtnbO02VZBKTBk5YItsRUoRRQRqaakbaqSSIR4y0ov7FqN66J1LRRNzqQUoCjrqCxhQjbazQ3vNVxsOcnrnDu0voP0DvOgipgbAa2mWn4owF58GdQhlMVQ/tL7+T4IwToTFDSnmuk+ogR1JTzMiw5GeKpAj3UZd4BgXiRAX5+IYhPDROB8aJNE9oOHZ/T+SIKzXgkenkSPfUbG1k/lfzMh2fBjkVaaaJwJNFccagTuAoENihkmDNBgYQltT8FeIekghrE1vJhODOnjwPzWrFdSruzXG5dj6Nowj2wQE4Ai44ATVwBeqgATB4BM/gFbxZT9aL9W59TFoL1nRmF/yR9fkDSC+Wnw==</latexit>
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<latexit sha1_base64="cTg6JROaeEnqU8tsS3YIQEhE0oc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY7EXwUsF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99spbGxube8Ud0t7+weHR+Xjk46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wbSZ+d0nqjSL5KOZxdQXeCxZyAg2mdSs3l8OyxW35i6A1omXkwrkaA3LX4NRRBJBpSEca9333Nj4KVaGEU7npUGiaYzJFI9p31KJBdV+urh1ji6sMkJhpGxJgxbq74kUC61nIrCdApuJXvUy8T+vn5jwxk+ZjBNDJVkuChOOTISyx9GIKUoMn1mCiWL2VkQmWGFibDwlG4K3+vI66VzVPLfmPdQrjds8jiKcwTlUwYNraMAdtKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/APJ6jYE=</latexit><latexit sha1_base64="cTg6JROaeEnqU8tsS3YIQEhE0oc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY7EXwUsF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99spbGxube8Ud0t7+weHR+Xjk46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wbSZ+d0nqjSL5KOZxdQXeCxZyAg2mdSs3l8OyxW35i6A1omXkwrkaA3LX4NRRBJBpSEca9333Nj4KVaGEU7npUGiaYzJFI9p31KJBdV+urh1ji6sMkJhpGxJgxbq74kUC61nIrCdApuJXvUy8T+vn5jwxk+ZjBNDJVkuChOOTISyx9GIKUoMn1mCiWL2VkQmWGFibDwlG4K3+vI66VzVPLfmPdQrjds8jiKcwTlUwYNraMAdtKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/APJ6jYE=</latexit><latexit sha1_base64="cTg6JROaeEnqU8tsS3YIQEhE0oc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY7EXwUsF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99spbGxube8Ud0t7+weHR+Xjk46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wbSZ+d0nqjSL5KOZxdQXeCxZyAg2mdSs3l8OyxW35i6A1omXkwrkaA3LX4NRRBJBpSEca9333Nj4KVaGEU7npUGiaYzJFI9p31KJBdV+urh1ji6sMkJhpGxJgxbq74kUC61nIrCdApuJXvUy8T+vn5jwxk+ZjBNDJVkuChOOTISyx9GIKUoMn1mCiWL2VkQmWGFibDwlG4K3+vI66VzVPLfmPdQrjds8jiKcwTlUwYNraMAdtKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/APJ6jYE=</latexit><latexit sha1_base64="cTg6JROaeEnqU8tsS3YIQEhE0oc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY7EXwUsF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99spbGxube8Ud0t7+weHR+Xjk46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wbSZ+d0nqjSL5KOZxdQXeCxZyAg2mdSs3l8OyxW35i6A1omXkwrkaA3LX4NRRBJBpSEca9333Nj4KVaGEU7npUGiaYzJFI9p31KJBdV+urh1ji6sMkJhpGxJgxbq74kUC61nIrCdApuJXvUy8T+vn5jwxk+ZjBNDJVkuChOOTISyx9GIKUoMn1mCiWL2VkQmWGFibDwlG4K3+vI66VzVPLfmPdQrjds8jiKcwTlUwYNraMAdtKANBCbwDK/w5gjnxXl3PpatBSefOYU/cD5/APJ6jYE=</latexit>

<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

<latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit><latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit><latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit><latexit sha1_base64="57XoneBY3S21iAqRGIT3CHMJb8w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXgQvFewHpKFMtpt06W427G6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKa+sbm1vl7crO7t7+QfXwqKNlpghtE8ml6oWgKWcJbRtmOO2lioIIOe2G49uZ332iSjOZPJpJSgMBccIiRsBYye/HIATguH5/PqjW3IY7B14lXkFqqEBrUP3qDyXJBE0M4aC177mpCXJQhhFOp5V+pmkKZAwx9S1NQFAd5POTp/jMKkMcSWUrMXiu/p7IQWg9EaHtFGBGetmbif95fmai6yBnSZoZmpDFoijj2Eg8+x8PmaLE8IklQBSzt2IyAgXE2JQqNgRv+eVV0rloeG7De7isNW+KOMroBJ2iOvLQFWqiO9RCbUSQRM/oFb05xnlx3p2PRWvJKWaO0R84nz8HCZBq</latexit>
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proximal algorithms 
C(K) + �g(K) 

smooth non-smooth 

minimize 

• proximal/operator splitting methods  
• nice review by Parikh + Boyd 2014, nice recent work 

by Jovanovic et al. 

Algorithm (proximal gradient) 

K prox⌘� g(K ⌘rC(K)) 
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proximal operators 
• some proximal operators doable in closed form:               

e.g., for kvec(K)k1 (elementwise) soft thresholding 

prox⌘� (K) = (K � ⌘� )+ � (�K + ⌘� )g + 

• others can be evaluated efficiently 



inter-area oscillations in power networks

8/10/1996 blackout due to instability of 0.25 Hz inter-area mode

Experimental validation of control & opt. algorithms

in collaboration with microgrid research program @ University of Aalborg
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Ongoing work & next steps:

I time-domain modeling & control design

I integrate market/load dynamics & control

16 / 22

distributed decision making:

wide-area control

Inter-area oscillations in power networks

Blackout of August 10, 1996, resulted from instability of the 0.25 Hz mode

17 / 22

34 / 43

 

wide area control of power networks 
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Remedies against inter-area oscillations
conventional control

Physical layer: interconnected generators

Fully decentralized control:

e↵ective against local oscillations

ine↵ective against inter-area oscillations
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identification of architecture? sparse control design? optimality?
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Trade-o↵: control performance vs sparsity of architecture

K (�) = argmin
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optimal control = closed-loop performance + � · sparse architecture
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Case Study: IEEE 39 New England Power Grid
single wide-area control link =) nearly centralized performance
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Fig. 9. The New England test system [10], [11]. The system includes
10 synchronous generators and 39 buses. Most of the buses have constant
active and reactive power loads. Coupled swing dynamics of 10 generators
are studied in the case that a line-to-ground fault occurs at point F near bus
16.

test system can be represented by

˙
i = !i,

Hi

fs
!̇i = Di!i + Pmi GiiE

2
i

10X

j=1,j=i

EiEj ·

· {Gij cos( i j) + Bij sin( i j)},

(11)

where i = 2, . . . , 10. i is the rotor angle of generator i with
respect to bus 1, and !i the rotor speed deviation of generator
i relative to system angular frequency (2 fs = 2 60Hz).
1 is constant for the above assumption. The parameters

fs, Hi, Pmi, Di, Ei, Gii, Gij , and Bij are in per unit
system except for Hi and Di in second, and for fs in Helz.
The mechanical input power Pmi to generator i and the
magnitude Ei of internal voltage in generator i are assumed
to be constant for transient stability studies [1], [2]. Hi is
the inertia constant of generator i, Di its damping coefficient,
and they are constant. Gii is the internal conductance, and
Gij + jBij the transfer impedance between generators i
and j; They are the parameters which change with network
topology changes. Note that electrical loads in the test system
are modeled as passive impedance [11].

B. Numerical Experiment

Coupled swing dynamics of 10 generators in the
test system are simulated. Ei and the initial condition
( i(0), !i(0) = 0) for generator i are fixed through power
flow calculation. Hi is fixed at the original values in [11].
Pmi and constant power loads are assumed to be 50% at their
ratings [22]. The damping Di is 0.005 s for all generators.
Gii, Gij , and Bij are also based on the original line data
in [11] and the power flow calculation. It is assumed that
the test system is in a steady operating condition at t = 0 s,
that a line-to-ground fault occurs at point F near bus 16 at
t = 1 s 20/(60Hz), and that line 16–17 trips at t = 1 s. The
fault duration is 20 cycles of a 60-Hz sine wave. The fault
is simulated by adding a small impedance (10 7j) between
bus 16 and ground. Fig. 10 shows coupled swings of rotor
angle i in the test system. The figure indicates that all rotor
angles start to grow coherently at about 8 s. The coherent
growing is global instability.

C. Remarks

It was confirmed that the system (11) in the New Eng-
land test system shows global instability. A few comments
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Fig. 10. Coupled swing of phase angle �i in New England test system.
The fault duration is 20 cycles of a 60-Hz sine wave. The result is obtained
by numerical integration of eqs. (11).

are provided to discuss whether the instability in Fig. 10
occurs in the corresponding real power system. First, the
classical model with constant voltage behind impedance is
used for first swing criterion of transient stability [1]. This is
because second and multi swings may be affected by voltage
fluctuations, damping effects, controllers such as AVR, PSS,
and governor. Second, the fault durations, which we fixed at
20 cycles, are normally less than 10 cycles. Last, the load
condition used above is different from the original one in
[11]. We cannot hence argue that global instability occurs in
the real system. Analysis, however, does show a possibility
of global instability in real power systems.

IV. TOWARDS A CONTROL FOR GLOBAL SWING

INSTABILITY

Global instability is related to the undesirable phenomenon
that should be avoided by control. We introduce a key
mechanism for the control problem and discuss control
strategies for preventing or avoiding the instability.

A. Internal Resonance as Another Mechanism

Inspired by [12], we here describe the global instability
with dynamical systems theory close to internal resonance
[23], [24]. Consider collective dynamics in the system (5).
For the system (5) with small parameters pm and b, the set
{( , !) S1 R | ! = 0} of states in the phase plane is
called resonant surface [23], and its neighborhood resonant
band. The phase plane is decomposed into the two parts:
resonant band and high-energy zone outside of it. Here the
initial conditions of local and mode disturbances in Sec. II
indeed exist inside the resonant band. The collective motion
before the onset of coherent growing is trapped near the
resonant band. On the other hand, after the coherent growing,
it escapes from the resonant band as shown in Figs. 3(b),
4(b), 5, and 8(b) and (c). The trapped motion is almost
integrable and is regarded as a captured state in resonance
[23]. At a moment, the integrable motion may be interrupted
by small kicks that happen during the resonant band. That is,
the so-called release from resonance [23] happens, and the
collective motion crosses the homoclinic orbit in Figs. 3(b),
4(b), 5, and 8(b) and (c), and hence it goes away from
the resonant band. It is therefore said that global instability
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Ongoing work & next steps:

cyber-physical security: corruption of wide-area signals

data-driven & learning: what if we don’t have a model?
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Fig. 9. The New England test system [10], [11]. The system includes
10 synchronous generators and 39 buses. Most of the buses have constant
active and reactive power loads. Coupled swing dynamics of 10 generators
are studied in the case that a line-to-ground fault occurs at point F near bus
16.

test system can be represented by

˙
i = !i,

Hi

fs
!̇i = Di!i + Pmi GiiE
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j=1,j=i

EiEj ·

· {Gij cos( i j) + Bij sin( i j)},

(11)

where i = 2, . . . , 10. i is the rotor angle of generator i with
respect to bus 1, and !i the rotor speed deviation of generator
i relative to system angular frequency (2 fs = 2 60Hz).
1 is constant for the above assumption. The parameters

fs, Hi, Pmi, Di, Ei, Gii, Gij , and Bij are in per unit
system except for Hi and Di in second, and for fs in Helz.
The mechanical input power Pmi to generator i and the
magnitude Ei of internal voltage in generator i are assumed
to be constant for transient stability studies [1], [2]. Hi is
the inertia constant of generator i, Di its damping coefficient,
and they are constant. Gii is the internal conductance, and
Gij + jBij the transfer impedance between generators i
and j; They are the parameters which change with network
topology changes. Note that electrical loads in the test system
are modeled as passive impedance [11].

B. Numerical Experiment

Coupled swing dynamics of 10 generators in the
test system are simulated. Ei and the initial condition
( i(0), !i(0) = 0) for generator i are fixed through power
flow calculation. Hi is fixed at the original values in [11].
Pmi and constant power loads are assumed to be 50% at their
ratings [22]. The damping Di is 0.005 s for all generators.
Gii, Gij , and Bij are also based on the original line data
in [11] and the power flow calculation. It is assumed that
the test system is in a steady operating condition at t = 0 s,
that a line-to-ground fault occurs at point F near bus 16 at
t = 1 s 20/(60Hz), and that line 16–17 trips at t = 1 s. The
fault duration is 20 cycles of a 60-Hz sine wave. The fault
is simulated by adding a small impedance (10 7j) between
bus 16 and ground. Fig. 10 shows coupled swings of rotor
angle i in the test system. The figure indicates that all rotor
angles start to grow coherently at about 8 s. The coherent
growing is global instability.

C. Remarks

It was confirmed that the system (11) in the New Eng-
land test system shows global instability. A few comments
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The fault duration is 20 cycles of a 60-Hz sine wave. The result is obtained
by numerical integration of eqs. (11).

are provided to discuss whether the instability in Fig. 10
occurs in the corresponding real power system. First, the
classical model with constant voltage behind impedance is
used for first swing criterion of transient stability [1]. This is
because second and multi swings may be affected by voltage
fluctuations, damping effects, controllers such as AVR, PSS,
and governor. Second, the fault durations, which we fixed at
20 cycles, are normally less than 10 cycles. Last, the load
condition used above is different from the original one in
[11]. We cannot hence argue that global instability occurs in
the real system. Analysis, however, does show a possibility
of global instability in real power systems.

IV. TOWARDS A CONTROL FOR GLOBAL SWING

INSTABILITY

Global instability is related to the undesirable phenomenon
that should be avoided by control. We introduce a key
mechanism for the control problem and discuss control
strategies for preventing or avoiding the instability.

A. Internal Resonance as Another Mechanism

Inspired by [12], we here describe the global instability
with dynamical systems theory close to internal resonance
[23], [24]. Consider collective dynamics in the system (5).
For the system (5) with small parameters pm and b, the set
{( , !) S1 R | ! = 0} of states in the phase plane is
called resonant surface [23], and its neighborhood resonant
band. The phase plane is decomposed into the two parts:
resonant band and high-energy zone outside of it. Here the
initial conditions of local and mode disturbances in Sec. II
indeed exist inside the resonant band. The collective motion
before the onset of coherent growing is trapped near the
resonant band. On the other hand, after the coherent growing,
it escapes from the resonant band as shown in Figs. 3(b),
4(b), 5, and 8(b) and (c). The trapped motion is almost
integrable and is regarded as a captured state in resonance
[23]. At a moment, the integrable motion may be interrupted
by small kicks that happen during the resonant band. That is,
the so-called release from resonance [23] happens, and the
collective motion crosses the homoclinic orbit in Figs. 3(b),
4(b), 5, and 8(b) and (c), and hence it goes away from
the resonant band. It is therefore said that global instability
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wide area control of power networks 

conventional primary frequency vs. distributed wide area control 
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Case�study:�IEEE�New�England�Power�Grid�

• MO�D�E�L�F�E�AT�U�R�E�S�

? detailed�sub-transient�generator�models�

? exciters�

? carefully�tuned�PSS�data�

g. . e ew ng a test system , . e system nc es
10 synchronous generators and 39 buses. Most of the buses have constant
active and reactive power loads. Coupled swing dynamics of 10 generators
are studied in the case that a line-to-ground fault occurs at point F near bus
16.

test system can be represented by

˙
i = !i,

Hi

⇡fs

!̇i = Di!i + Pmi GiiE
2

i

10X

j=1,j 6=i

EiEj ·

· {Gij cos( i j) + Bij sin( i j)},

(11)

where i = 2, . . . , 10. i is the rotor angle of generator i with
respect to bus 1, and !i the rotor speed deviation of generator
i relative to system angular frequency (2⇡fs = 2⇡ 60Hz).
1 is constant for the above assumption. The parameters

fs, Hi, Pmi, Di, Ei, Gii, Gij , and Bij are in per unit
system except for Hi and Di in second, and for fs in Helz.
The mechanical input power Pmi to generator i and the
magnitude Ei of internal voltage in generator i are assumed
to be constant for transient stability studies [1], [2]. Hi is
the inertia constant of generator i, Di its damping coefficient,
and they are constant. Gii is the internal conductance, and
Gij + jBij the transfer impedance between generators i

and j; They are the parameters which change with network
topology changes. Note that electrical loads in the test system
are modeled as passive impedance [11].

B. Numerical Experiment

Coupled swing dynamics of 10 generators in the
test system are simulated. Ei and the initial condition
( i(0), !i(0) = 0) for generator i are fixed through power
flow calculation. Hi is fixed at the original values in [11].
Pmi and constant power loads are assumed to be 50% at their
ratings [22]. The damping Di is 0.005 s for all generators.
Gii, Gij , and Bij are also based on the original line data
in [11] and the power flow calculation. It is assumed that
the test system is in a steady operating condition at t = 0 s,
that a line-to-ground fault occurs at point F near bus 16 at
t = 1 s 20/(60Hz), and that line 16–17 trips at t = 1 s. The
fault duration is 20 cycles of a 60-Hz sine wave. The fault
is simulated by adding a small impedance (10

7
j) between

bus 16 and ground. Fig. 10 shows coupled swings of rotor
angle i in the test system. The figure indicates that all rotor
angles start to grow coherently at about 8 s. The coherent
growing is global instability.

C. Remarks

It was confirmed that the system (11) in the New Eng-
land test system shows global instability. A few comments
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Fig. 10. Coupled swing of phase angle �i in New England test system.
The fault duration is 20 cycles of a 60-Hz sine wave. The result is obtained
by numerical integration of eqs. (11).

are provided to discuss whether the instability in Fig. 10
occurs in the corresponding real power system. First, the
classical model with constant voltage behind impedance is
used for first swing criterion of transient stability [1]. This is
because second and multi swings may be affected by voltage
fluctuations, damping effects, controllers such as AVR, PSS,
and governor. Second, the fault durations, which we fixed at
20 cycles, are normally less than 10 cycles. Last, the load
condition used above is different from the original one in
[11]. We cannot hence argue that global instability occurs in
the real system. Analysis, however, does show a possibility
of global instability in real power systems.

IV. TOWARDS A CONTROL FOR GLOBAL SWING

INSTABILITY

Global instability is related to the undesirable phenomenon
that should be avoided by control. We introduce a key
mechanism for the control problem and discuss control
strategies for preventing or avoiding the instability.

A. Internal Resonance as Another Mechanism

Inspired by [12], we here describe the global instability
with dynamical systems theory close to internal resonance
[23], [24]. Consider collective dynamics in the system (5).
For the system (5) with small parameters pm and b, the set
{( , !) 2 S

1 R | ! = 0} of states in the phase plane is
called resonant surface [23], and its neighborhood resonant
band. The phase plane is decomposed into the two parts:
resonant band and high-energy zone outside of it. Here the
initial conditions of local and mode disturbances in Sec. II
indeed exist inside the resonant band. The collective motion
before the onset of coherent growing is trapped near the
resonant band. On the other hand, after the coherent growing,
it escapes from the resonant band as shown in Figs. 3(b),
4(b), 5, and 8(b) and (c). The trapped motion is almost
integrable and is regarded as a captured state in resonance
[23]. At a moment, the integrable motion may be interrupted
by small kicks that happen during the resonant band. That is,
the so-called release from resonance [23] happens, and the
collective motion crosses the homoclinic orbit in Figs. 3(b),
4(b), 5, and 8(b) and (c), and hence it goes away from
the resonant band. It is therefore said that global instability
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Fi 9 Th N E l nd [10] [11] Th i lud 
• linearized swing dynamics, with multiplicative inertia noise 
• quadratic network coherency performance metric to 

penalize relative angle differences and frequency deviations 
• proximal policy iteration for noise-aware architecture design 



noise-aware architecture design 

significantly lower cost with noise-aware architecture 



0 50 100 150 200
turbine

2

4

6

8

10

12

14

w
in

d 
ve

lo
ci

ty

data-driven control 



 

data-driven, learning-based control 
• recent undeniable successes, along with massively 

(over?)hyped efforts in ML/RL/AI + control 

• unclear if/how these can be transferred to large, complex, 
safety critical systems 

• false dichotomy: model-free vs. model-based 
• how best to combine? 

• despite long history, still many fundamental open 
problems, opportunities to exploit spectacular modern 
computation and data resources 



linearization principle 

“If a machine learning algorithm does crazy things 
when restricted to linear models, it’s going to do 
crazy things on complex nonlinear models too” 



linearization principle 

“What is frustrating about machine learning is that the 
algorithms can’t articulate what they’re thinking. We don’t 
know why they work, so we don’t know if they can be 
trusted… As human beings, we want more than answers. 
We want insight. This is going to be a source of tension 
in our interactions with computers from now on.” 



linearization principle 

• LQR as an important theoretical benchmark 
• multiplicative noise LQR as an interesting elaboration that 

explicitly incorporates model uncertainty, robustness issues 



data efficiency trade offs 
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<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

<latexit sha1_base64="/iDe4AYuWIv/58lSs4fRyXNGusY=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIoJdCsRePFewHtDFstpt26W4SdidCCT148a948aCIV3+EN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3v6BfXjU1nGqKGvRWMSqGxDNBI9YCzgI1k0UIzIQrBOMGzO/88CU5nF0B5OEeZIMIx5ySsBIvl3ujwjghs9xDfd1Kv0Mau70XmDqg29XnKozB14lbk4qKEfTt7/6g5imkkVABdG65zoJeBlRwKlg01I/1SwhdEyGrGdoRCTTXjZ/YopPjTLAYaxMRYDn6u+JjEitJzIwnZLASC97M/E/r5dCeOVlPEpSYBFdLApTgSHGs0TwgCtGQUwMIVRxcyumI6IIBZNbyYTgLr+8StrnVdepurcXlfp1HkcRldEJOkMuukR1dIOaqIUoekTP6BW9WU/Wi/VufSxaC1Y+c4z+wPr8AfeflwQ=</latexit><latexit sha1_base64="/iDe4AYuWIv/58lSs4fRyXNGusY=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIoJdCsRePFewHtDFstpt26W4SdidCCT148a948aCIV3+EN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3v6BfXjU1nGqKGvRWMSqGxDNBI9YCzgI1k0UIzIQrBOMGzO/88CU5nF0B5OEeZIMIx5ySsBIvl3ujwjghs9xDfd1Kv0Mau70XmDqg29XnKozB14lbk4qKEfTt7/6g5imkkVABdG65zoJeBlRwKlg01I/1SwhdEyGrGdoRCTTXjZ/YopPjTLAYaxMRYDn6u+JjEitJzIwnZLASC97M/E/r5dCeOVlPEpSYBFdLApTgSHGs0TwgCtGQUwMIVRxcyumI6IIBZNbyYTgLr+8StrnVdepurcXlfp1HkcRldEJOkMuukR1dIOaqIUoekTP6BW9WU/Wi/VufSxaC1Y+c4z+wPr8AfeflwQ=</latexit><latexit sha1_base64="/iDe4AYuWIv/58lSs4fRyXNGusY=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIoJdCsRePFewHtDFstpt26W4SdidCCT148a948aCIV3+EN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3v6BfXjU1nGqKGvRWMSqGxDNBI9YCzgI1k0UIzIQrBOMGzO/88CU5nF0B5OEeZIMIx5ySsBIvl3ujwjghs9xDfd1Kv0Mau70XmDqg29XnKozB14lbk4qKEfTt7/6g5imkkVABdG65zoJeBlRwKlg01I/1SwhdEyGrGdoRCTTXjZ/YopPjTLAYaxMRYDn6u+JjEitJzIwnZLASC97M/E/r5dCeOVlPEpSYBFdLApTgSHGs0TwgCtGQUwMIVRxcyumI6IIBZNbyYTgLr+8StrnVdepurcXlfp1HkcRldEJOkMuukR1dIOaqIUoekTP6BW9WU/Wi/VufSxaC1Y+c4z+wPr8AfeflwQ=</latexit><latexit sha1_base64="/iDe4AYuWIv/58lSs4fRyXNGusY=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIoJdCsRePFewHtDFstpt26W4SdidCCT148a948aCIV3+EN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3v6BfXjU1nGqKGvRWMSqGxDNBI9YCzgI1k0UIzIQrBOMGzO/88CU5nF0B5OEeZIMIx5ySsBIvl3ujwjghs9xDfd1Kv0Mau70XmDqg29XnKozB14lbk4qKEfTt7/6g5imkkVABdG65zoJeBlRwKlg01I/1SwhdEyGrGdoRCTTXjZ/YopPjTLAYaxMRYDn6u+JjEitJzIwnZLASC97M/E/r5dCeOVlPEpSYBFdLApTgSHGs0TwgCtGQUwMIVRxcyumI6IIBZNbyYTgLr+8StrnVdepurcXlfp1HkcRldEJOkMuukR1dIOaqIUoekTP6BW9WU/Wi/VufSxaC1Y+c4z+wPr8AfeflwQ=</latexit>

<latexit sha1_base64="OKN1QkLN4NyZuANswA4GTbzoHTA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KokIeix68VjBfkBbymY7aZduNmF3Uiyh/8SLB0W8+k+8+W/cpjlo64OBx3szzMwLEikMet63s7a+sbm1Xdop7+7tHxy6R8dNE6eaQ4PHMtbtgBmQQkEDBUpoJxpYFEhoBeO7ud+agDYiVo84TaAXsaESoeAMrdR33S7CEwZhBmpAw1jP+m7Fq3o56CrxC1IhBep996s7iHkagUIumTEd30uwlzGNgkuYlbupgYTxMRtCx1LFIjC9LL98Rs+tku+1pZDm6u+JjEXGTKPAdkYMR2bZm4v/eZ0Uw5teJlSSIii+WBSmkmJM5zHQgdDAUU4tYVwLeyvlI6YZRxtW2YbgL7+8SpqXVd+r+g9XldptEUeJnJIzckF8ck1q5J7USYNwMiHP5JW8OZnz4rw7H4vWNaeYOSF/4Hz+ANyTk8o=</latexit><latexit sha1_base64="OKN1QkLN4NyZuANswA4GTbzoHTA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KokIeix68VjBfkBbymY7aZduNmF3Uiyh/8SLB0W8+k+8+W/cpjlo64OBx3szzMwLEikMet63s7a+sbm1Xdop7+7tHxy6R8dNE6eaQ4PHMtbtgBmQQkEDBUpoJxpYFEhoBeO7ud+agDYiVo84TaAXsaESoeAMrdR33S7CEwZhBmpAw1jP+m7Fq3o56CrxC1IhBep996s7iHkagUIumTEd30uwlzGNgkuYlbupgYTxMRtCx1LFIjC9LL98Rs+tku+1pZDm6u+JjEXGTKPAdkYMR2bZm4v/eZ0Uw5teJlSSIii+WBSmkmJM5zHQgdDAUU4tYVwLeyvlI6YZRxtW2YbgL7+8SpqXVd+r+g9XldptEUeJnJIzckF8ck1q5J7USYNwMiHP5JW8OZnz4rw7H4vWNaeYOSF/4Hz+ANyTk8o=</latexit><latexit sha1_base64="OKN1QkLN4NyZuANswA4GTbzoHTA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KokIeix68VjBfkBbymY7aZduNmF3Uiyh/8SLB0W8+k+8+W/cpjlo64OBx3szzMwLEikMet63s7a+sbm1Xdop7+7tHxy6R8dNE6eaQ4PHMtbtgBmQQkEDBUpoJxpYFEhoBeO7ud+agDYiVo84TaAXsaESoeAMrdR33S7CEwZhBmpAw1jP+m7Fq3o56CrxC1IhBep996s7iHkagUIumTEd30uwlzGNgkuYlbupgYTxMRtCx1LFIjC9LL98Rs+tku+1pZDm6u+JjEXGTKPAdkYMR2bZm4v/eZ0Uw5teJlSSIii+WBSmkmJM5zHQgdDAUU4tYVwLeyvlI6YZRxtW2YbgL7+8SpqXVd+r+g9XldptEUeJnJIzckF8ck1q5J7USYNwMiHP5JW8OZnz4rw7H4vWNaeYOSF/4Hz+ANyTk8o=</latexit><latexit sha1_base64="OKN1QkLN4NyZuANswA4GTbzoHTA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KokIeix68VjBfkBbymY7aZduNmF3Uiyh/8SLB0W8+k+8+W/cpjlo64OBx3szzMwLEikMet63s7a+sbm1Xdop7+7tHxy6R8dNE6eaQ4PHMtbtgBmQQkEDBUpoJxpYFEhoBeO7ud+agDYiVo84TaAXsaESoeAMrdR33S7CEwZhBmpAw1jP+m7Fq3o56CrxC1IhBep996s7iHkagUIumTEd30uwlzGNgkuYlbupgYTxMRtCx1LFIjC9LL98Rs+tku+1pZDm6u+JjEXGTKPAdkYMR2bZm4v/eZ0Uw5teJlSSIii+WBSmkmJM5zHQgdDAUU4tYVwLeyvlI6YZRxtW2YbgL7+8SpqXVd+r+g9XldptEUeJnJIzckF8ck1q5J7USYNwMiHP5JW8OZnz4rw7H4vWNaeYOSF/4Hz+ANyTk8o=</latexit>

<latexit sha1_base64="yyxkOZNQT2PHQZFp2IYieRV38Ww="></latexit><latexit sha1_base64="yyxkOZNQT2PHQZFp2IYieRV38Ww="></latexit><latexit sha1_base64="yyxkOZNQT2PHQZFp2IYieRV38Ww="></latexit><latexit sha1_base64="yyxkOZNQT2PHQZFp2IYieRV38Ww="></latexit>
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“model-free” policy gradient 
Algorithm (“model-free” policy gradient) 

K K ⌘ \rC(K) 

• can estimate policy gradient via zeroth order optimization 

Algorithm (“model-free” policy gradient estimate)
 ( trajectory rollouts, length  )

sample policy:
simulate steps, record empirical costs 

return estimate 

for i = 1, ...,m  m l 

l Ĉi = 
lX 

t=1 

ct 
end for 

\rC(K) =  
1 
m 

mX 

i=1 

n 
r2 

ĈiUi 

K̂i = K + Ui, Ui ⇠ Uk·kF ,r 
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“model-free” policy gradient converges globally 
for multiplicative noise LQR 

Algorithm (“model-free” policy gradient) 

K K ⌘ \rC(K) 

Theorem (Gravell + Summers 2019) 
For any initial stabilizing gain, there is an exploration radius, 
a number and length of trajectory rollouts of polynomial size 
in problem data, and constant step size such that gradient 
descent converges globally to the optimal gain matrix. 

• multiplicative noise generalization of Fazel et al. 
• i.e., policy gradient provably “works” 
• however, extremely data inefficient 
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policy iteration via Q-learning 
Algorithm (“model-free” policy iteration via Q-learning) 

Ks+1 = Ks ⌘R�1 
Ks 

rC(Ks)⌃
�1 
Ks 

• update equivalent to = �Q�1QT where Ks+1 uu xu 


x 

T 
Q +AT PKs A +

Pp ↵iAT
i PKs Ai AT PKs B 

�
xi=1QKs (x, u) =  

u BT PKs A R +BT PK B +
Pq

j Bj
T PKs Bj uj=1 

• just need Q-function estimate to implement policy iteration! 
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For the N rollouts we generate samples x(i) and u(i) and simply stack the equations as

2

664

QK(x(1), u(1))
QK(x(2), u(2))

· · ·
QK(x(l), u(l))

3

775 =

2

6664

x(1)
T ⌦ x(1)

T
, 2x(1)

T ⌦ u(1)
T
, u(1)

T ⌦ u(1)
T

x(2)
T ⌦ x(2)

T
, 2x(2)

T ⌦ u(2)
T
, u(2)

T ⌦ u(2)
T

· · ·
x(l)

T ⌦ x(l)
T
, 2x(l)

T ⌦ u(l)
T
, u(l)

T ⌦ u(l)
T

3

7775

2

4
vec(Qxx)
vec(Qux)
vec(Quu)

3

5 (60)

which is the standard matrix form for linear least squares.
So far we have produced estimates for the policy iteration step. For the Gauss-Newton step,

we additionally need an estimate for the policy gradient rKC(K) and the state covariance matrix
⌃K , which could be obtained via the method described earlier. However it is not clear why a
smaller step size than 1

2 i.e. a Gauss-Newton step over a policy iteration step would ever be chosen,
since convergence is slower under such a choice and accordingly the extra computational expense
of estimating the policy gradient and state covariance matrix not justified.

[BG]: TODO: Give proof of convergence to the optimum using model-free Gauss-Newton or
policy iteration step. Should be able to follow Bradtke’s proof (no rate) and/or Fazel’s proof
combining the exact convergence proof with the proofs about gradient error (linear rate)

[YG]: this might be a paper which is interesting to read. “ADAM: AMETHOD FOR STOCHAS-
TIC OPTIMIZATION”

10 Unknown dynamics: model-based control design

This section will be inspired by Ben Recht “Coarse-ID”. Paper is “On the Sample Complexity of
the Linear Quadratic Regulator”.
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policy iteration via Q-learning 
Algorithm (“model-free” policy iteration via Q-learning) 

Ks+1 = � Q̂�1 
uu Q̂T 

xu 

Algorithm 1 Estimation of policy iteration parameters 
1: for l from 1 to N do 

(l) 22: x ⇠ N (0, In)0 x } exploration noise 
(l) 23: u ⇠ N (0, Im)0 u

4: for t from 0 to T 1 do 
5: Ae = A + 

P
i
p 
=1 iAi with i ⇠ Di 

6: Be = B + 
P

j
q 
=1 j Bj with i ⇠ Gi 

7: if t >  0 then } rollout trajectories (l) (l)
8: ut = Kxt 
9: end if 

(l) (l) (l)
10: x = Ax But+1 

e
t + e t least squares11: end for 

(l) (l) (l) (l) (l) (l)
12: QK (x , u ) =  

PT Qx + u Ru0 0 t=0 xt t t t 
ˆ

T T 

Q function estimate 
13: end for 

2 
N

0 " 
(l) QT 

" 
(l)
#1 

ˆ ˆ 0 ux 014: (Q̂xx, Qux, Quu) 2 arg min 
P @Q̂K (x

(l), u(l)) 
x

#T 
Qxx x

0 0 (l) (l) 
A

(Qxx,Qux,Quu) l=0 u0 
Qux Quu u0 
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policy iteration via Q-learning converges 
globally for multiplicative noise LQR 

Algorithm (“model-free” policy iteration via Q-learning) 

Ks+1 = � Q̂�1 
uu Q̂T 

xu 

Theorem (Gravell + Summers 2019) 
For any initial stabilizing gain, there is a persistently exciting 
exploration noise and a number of trajectory rollouts and 
length of polynomial size in problem data such that policy 
iteration converges globally to the optimal gain matrix. 

• multiplicative noise generalization of BradtkeYdstieBarto 1994 
• i.e., policy iteration via Q-learning provably “works” 
• however, somewhat data inefficient 
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sys ID + model-based control 
• traditional alternative: system ID + (robust) model-based control 

• cf. recent sample complexity results from “coarse ID” 
framework of Dean, Mania, Matni, Recht, Tu 

• how to estimate multiplicative noise model from data? 

xt+1 = A + 
pX 

i=1 

tiAi 

! 
xt + B + 

qX 

i=1 

tiBi 

! 
ut 

• assume Ai, Bi given, want to estimate A, B, ↵i, i 
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sys ID + model-based control 

• traditional alternative: system ID + (robust) model-based control 

• how to estimate multiplicative noise model from data? 
• first moment (mean) dynamics µt = Ext 

µt+1 = Aµt + But 

T T• second moment dynamics Xt = Extxt Ut = Eutut 

Xt+1 = AXtA
T + BUtB

T + 
pX 

i=1 

↵iAiXtA
T 
i + 

qX 

j=1 

j Bj UtB
T 
j 
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sys ID + model-based control 

• two-stage least squares estimation algorithm 

Stage 1 

{ Â, B̂} = argmin 
A,B 

( 
lX 

t=0 
2

µt+1  (Aµt + But) 
2
) 

Stage 2 

{↵̂, ˆ} = argmin 
↵>0, >0 

8
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lX 
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Xt+1  ( ÂXt Â
T + B̂Ut B̂
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sys ID + model-based control 
• two-stage least squares estimation algorithm 
• using rollout trajectory data 
Stage 1 

{ Â, B̂} = argmin 
A,B 

( 
nrX 

i=1 

l�1X 
x̄it+1 it it 

t=0 

(l) � (Ax̄(l) + Bu(l)) 
2 

2

) 

Stage 2 

{↵̂, ˆ} = argmin 
↵ 0, 0 

8
< 

: 

nrX 
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npX 
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l 1X 
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sys ID + model-based control: 
data efficiency 

• with model estimates, simply use model-based design
procedure to compute (approximate) optimal controller 

• or via robust variants 

• preliminary numerical experiments indicate that sys ID + 
model-based control is far more data efficient than policy 
gradient/iteration for multiplicative noise models 

• at least when # of multiplicative noise terms is small 

• working on theoretical non-asymptotic sample complexity 
results that generalize Recht et al. to multiplicative noise 

• however, data efficiency trade offs will take a different 
shape and may depend on # of multiplicative noise terms 
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summary & conclusions 
• multiplicative noise systems deserve more attention in 

context of highly distributed autonomous systems 
exact global convergence data-driven control 

control architecture design 

• preliminary results here; a lot of exciting work ahead! 



extensions and variations 



ongoing and future work 
• data-drive control architecture design 
• (multiplicative noise) dynamic games 
• continuous time (stochastic differential equations) 
• state estimation 
• accelerated and robust gradient methods 
• static output feedback 
• non-asymptotic sample complexity for sys ID + control 
• regret analysis for adaptive control 
• learning in nonlinear systems via local linear approximation 
• applications, e.g.: 

• low- and variable-inertia power networks 
• networked autonomous robot teams 
• turbulent fluid flow 
• soft robots 
• neuronal brain networks 



thank you! 

questions? 




