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Background

Node or
vertex or
busbar or bus

Solar/wind power plant or —

FACTS*

Nuclear/coal/gas/hydro
power plant or condenser

U
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or link
or line

Node - Substation
Edge -2 Transmission line

Assumptions:

1. Nodes and edges are passive elements

2. The dynamics are mainly driven by generators
responding to events

Fact:
* Complex nonlinear dynamics might

*FACTS: Flexible Alternating Current Transmission System

Lumped load

= emerge from the interaction of

v, multiple elements coupled through a

meshed network
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* First-principles models available for offline planning and design V

e These models are reliable but not suitable for real-time control —
nonlinear models with thousands of state variables [§ E

» Skepticism on the application of black-box approaches to critical E—
infrastructures

(We learned later that) the above holds for other engineering systems than
power systems, e.g., robotic systems

Koopman operator formalism is attractive because

* |t offers a linear representation of the underlying nonlinear dynamics —
suitable for real-time control

* This linear representation preserves physical interpretability
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M Ot I Vat I O n Lifted system | x Infinite dimensional

\/ Linear

Original system | \/Finitedimensional | XNonIinear

Consider the nonlinear dynamical system

dx

— . —_ 2
= A1 (x —y7),
dy
—_— . ]-

x =[x y]" € R? is the state, A1, \» are scalars.

Define observables dw dx
B N (x—yD) = A (wa — ws),
(O, gl(x) = w; = X, dt dt
dwy dy
g2( ) 2 =Y, — ot o 2y 2 - Wo,

_ 2
-—‘.-_«,_‘“A — W3 = y N dW d
T c R3 d_t3:zy'd_};:2}’-()\2')/):2)\2'}’2:2)‘2""’3’
- .

'(O‘

ghave the linear dynamical system

dwy M0 =\ [wm
dwy = 0 )\2 0 W2 (2)
m 0 O 2)\2 w3

NREL | 4



Discrete time dynamical system

Consider the discrete time dynamical system
Xip1 = T (x«) (3)
where:
x is the state, an element of the state space S C R"

T:S5S+— Sisamap
k € Z* U {0} is the time index

Define:

g:S—R! (4)

an observable on this dynamical system. The space of observables is infinite

NREL | 5



Koopman operator

The Koopman operator, U, is a linear transformation
on the vector space of observables

Ug(x) = g o T(x) (5)

The KO is infinite-dimensional because the space of observables is infinite

The KO is linear because of the linearity of the composition operation

U(gr +&)(x) = (g1 +g2) o T(x) =gioT(x)+g2o T(x) = Ugi(x) + Uga(x)

The KO exists as long as T exists, and it is unique as long as T is unique

(Koopman, 1932) for original notion of KO for Hamiltonian systems NREL | 6



Numerical estimation of the Koopman operator — EDMD method

Define:

= Data matrices:
X=[x1..xy] and X =[x2...xn11] (6)

= Vector of observable functions:

g (x) = [g (%) ; i &q (x)]" (7)
g:R" =R g>n.

= Observable /”
Ox+ = [g(x2) ... g (xn+1)] (8)

A finite-dimensional approximation to the Koopman operator is estimated as

K =0x.0,, KeR (9)
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A few observations

The former numerical procedure

* performs well when the underlying nonlinear dynamics are
polynomial

* has challenges identifying more general dynamics, especially
when it involves the composition of nonlinear functions
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Questions

e (Can we take advantage of first-principles models to guide the
selection of observable functions?

* |If affirmative, is there any advantage in this physics-aware
selection of observable functions?
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 Find an intermediate transformation to eliminate non-
polynomial terms without approximations
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Main result

Consider a dynamical system of this form:
i = kyx + kihy(x) + -+ kb ()
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Ma | N resu It Elementary functions

h(x) = &*
h(x) = %{
Consider a dynamical system of this form: :8 z f;b(x)
i = kyx + kihy(x) + -+ kb () h(x) = sin (x)

Composition of elementary functions

h(x) = 1+i—x <+ Sigmoid function

h(x) = x1 - cos (x2)

h(x) = />4 + %
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Main result

Consider a dynamical system of this form:

i = ko + ki () - + kb ()

The lifting procedure is as follows:

i; = kix +k ot K Zm,s
Gi)= Lhi(),

TABLE I

TRANSFORMATIONS FOR UNIVARIATE ELEMENTARY FUNCTIONS

Elementary function New variable(s) New differential equation(s)

h(z) = e* z=e” Z=e"r = z&

S — T D S O
hz) = 535 = Tra T T hrat T TF®
h(z) =Inz 21 =Inzx Z=x 1% = 220

20 = a1 29 = —x %4 = —22%
h(x) =sinz z1 = sinx Z1 = (cosx)x = zo@
Z9 = COS T 29 = (—sinx)t = —z14&
TABLE II

EXAMPLES OF POLYNOMIALIZATION OF SYSTEMS GIVEN BY
COMPOSITION OF ELEMENTARY FUNCTIONS

Original system New variables Lifted system

1

X = m T = z9
z1 =e % Z1 = —e % H_i_l, = —2z129
z9 = ﬁ 29 = —m(—zlzg) = zlzg’
T = T COSXx T = z2
z1 =cosx 21 = —sinz(rcosr) = —z223 = —2124
2o = 21 %9 = x COST COST — T2 sin x cos

= %122 — 2224
z3 =sinx  Z3 = cosz(xzcosx) = z122
Z4 = T23 %4 = xcoszsinz + x2 cosx cos x
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Main result

=
Consider a dynamical system of this form: £
3
i = kyx + kihy(x) + -+ kb ()
Example with simplified power system model: o
5 = w, -20 :\ £
5= = (e + ks cos 6 + kg sing — 2 | *
= — COS SIN0 — —
w M 1 2 3 wsw
‘Learning’ on a
21 = 2o, z1:=290 linear region of the
, 1 D 29 1= W state space
= — (kK +k kzzg — — ,
2N ( L Rz e W ZQ) z3:=sind  Testing on a nonlinear region
, , Osind . Osind . 2 — coss Of the state space, close to
= = - 4 = COS ’
% = Lysino 96 o+ dw - the stability boundary
734:£fcos5=8(50;554—82085@:—@23, — {0,w,sind, cosd, wcosd, —wsind } N
w




Numerical 1

results o

o
S
Lie —proposed method  *° - f
6 observable functions
-3
p2 —monomials up to order 2-4
p3 —monomials up to order 3
2
rbf6 — 4 radial basis functions

rbf19 — 17 radial basis functions

*Lie is more accurate than g y
p2, p3,and p4inall cases. "

*Lie achieves same level of
accuracy of rbfé and rbf19 30!
with less or equal number 4

of observable functions.
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Example of a robotic system

& = vy cos (¢) — vy sin (¢),
U sin (1) + vy, cos (¥),
IL = W,

N-
I

Uy = k1vyw + kovg /02 + vg + ksv,

Uy = ksvew + kgvy V2 + V2 + krv,

2

w= kg?}mvy -+ klosgn(w)w —+ kll’MQ,

17

v
v2 + U; arctan (—y) + kquq,
Uy

v
vZ2 + vZ arctan ( y) + kguo,

Vg

& = vy cos (1) — vy sin (),
5 Ve sin (’l/)) + Uy COs (¢)7
@b = w,

| cos (vy /vy

—k kaVay[VF + 0] + kavyyJv} + v 2o o R,
(% 1UyW + KU [V + Uy + 3Vyy/ Yz + Yy S (Uy/'Ux e
| cos (Vg /Uy

—k Kovy [V + v + krvayfud + v 2 o K,
B, 5VzW + ReUyy/ Vg + Uy & KUz [ V3 + V5 sin (vy /vg) Rt

2w
g —1

m + k11ueg,

w= kgvmvy -+ k’lou)

[1] G. Mamakoukas, M. Castano, X. Tan, and T. D. Murphey, “Local Koopman operators for data-driven control of robotic systems,” in Robotics: Science and Systems, 2019, p. 54.

[2] Supplementary material for M. Netto, Y. Susuki, V. Krishnan and Y. Zhang, "On Analytical Construction of Observable Functions in Extended Dynamic Mode Decomposition for

Nonlinear Estimation and Prediction," in IEEE Control Systems Letters, vol. 5, no. 6, pp. 1868-1873, Dec. 2021.
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Example of a robotic system — Summary

* QOriginal system is of dimension 6
e Lifted system is of dimension 23
 Atthe end, we obtained 102 observable functions

Any dynamical system of this form

Zi?@' = k-(l)_ili + klhl(m) + -+ kmhm(w)

can be lifted into a quadratic polynomial system
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Example of a multimachine power system

37> do; — 3
4 = Wi,
€9 &
<25> <26> [ ] <28> | <29>
< >

VY, | I B &% _ Do Pag— Gu?
<2> _% <38> Tl’f[, (lt ookl mi 1ty
10
AL e 1 —_—2 © — Y EiB;{Gijcos(6i — §;) + Bijsin(8i — 8)}
<> ! _ j=1,j%i 2
<3>| @
16: <35> ——
v
<15> l <21> ,—|<22> B 5
—T o mcs ey e,
41 <14> v GLD
B o | [mmes, mes, me,,
—
<5> T g 3 | | DE(S?) -659 -€w6
< <z o <] % mc;s, D€, e,
= <13> <20> <365 g 2 | | -655 -sz DGWg
<g> <11> -
v <31> <10 MV s <33 g 1+ H -656 -EUJS -Ewg
<9>|
v @ l %<32> @ @ (EU O O I I I
<Bus #>
EDMD-Lie EDMD-p2 EDMD-rbf311
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Ongoing work based on industry models

dE’ . / ro /
T —= = — (Xai — X0) Z Gred [Ely, cos (6 — 6;) — Eppsin (0p — 6;)] — B.‘fd (Bl sin (6 — 6;) + Epy, cos (0p — 6;)]
k 1 ’L 7
—E~+Efdi 1=1,....m (1)
/ dEZZ'L / / :
Thoi— i Z Gr:d Edk sin (0, — 0;) + B, cos (0 — 0; )] + Br}fd [Edk cos (0 — 0;) — E, sin (0x — 52)}
k 1 7 KA
E, i=1,...,m (2)
d—di:wi—ws i:1,...,m (3)

dt

2Hi dwi i / /

" dt = — Z Gred [EdlEdk COS (5k — 6 ) EdlEqk sin (5k — 6 )] — red [EdZEdk sin (5k — 6 ) + EdiEqk COS (6k — 57/)j|
s k—1 ik ik

— (Z Grea | EqiEgy sin (0p — 6;) + By Epy cos (6 — 6;)] + Bred (B Yy, cos (8, — 0;) — By By sin (6, — 51)]>
k=1

ik
+ Ty —Trw; i=1,...,m (4)
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Ongoing work based on industry models

dFE ¢4 B

TEi% = — KpiEpai — AwiBraie”* 514 + Vg i=1,...,m (5)
dRy; Kpi .
Tr; T ——sz—l— Tr Efdz 1=1,....m (6)
dVri "
T a; Zl/f - _ KAi{ El — (Z R Gl oy [Edk cos (0 — 0;) — E(;k sin (0 — 51)] — RgiBlog [E(’ik sin (0 — 0;) + Erlzk cos (0, — (50})
k=1 ik ik
2
(Z X} Groq [ By, sin (6, — 0;) + Eyy, cos (6 — 6;)] + X} Brog [Edy, cos (6, — 0;) — Eyy. sin (6 — 61)]> ]
ik ik
<zy@ my%ﬁmwhﬂm+E&wM%—&ﬂ+R#ﬂdW@wM%—&)a%wahﬂm0
ik
1/2
(Z Xl red Edk cos (0, — 8;) — E(']k sin (6, — (51)} — X, Bioq [E('lk sin (0, — &;) + E(’Jk cos (0, — (51)]> ] }
ik
KA Krp; .
- VRi + KAzsz _ ol Efdz + KAZ‘/;efz 1= 17 ey T (7)
F
dT v .
Tewi d]f =—Tyi+ Psyi i=1,...m (8)
dPsvi 1 (wi .

Tsvi T Psyi + Pci R (ws 1> 1=1,...,m 9)
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Conclusions and ongoing work

We developed and demonstrated an analytical procedure to construct
observable functions for extended dynamic mode decomposition.

Beyond Koopman operator theory, the lifting method based on Lie
derivatives is a general mathematical tool and might have interesting
applications in other domains.

— Example: Convexification of nonlinear, non-convex problems.

We are developing a general routine in MATLAB using the Symbolic Math
Toolbox. This computational tool will automate the analytical
construction of observable functions.

Soon, we expect to have a numerical example with an industry-based
power system model that includes synchronous and doubly-fed
induction generators.
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Thank you
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