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Background

Node or 
vertex or 
busbar or bus

Edge or link
or line

Node → Substation
Edge  → Transmission line

Assumptions:
1. Nodes and edges are passive elements
2. The dynamics are mainly driven by generators 

responding to events

Fact:
• Complex nonlinear dynamics might 

emerge from the interaction of 
multiple elements coupled through a 
meshed network

Nuclear/coal/gas/hydro 
power plant or condenser

*FACTS: Flexible Alternating Current Transmission System

Solar/wind power plant or 
FACTS*
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Motivation

• First-principles models available for offline planning and design

• These models are reliable but not suitable for real-time control ––
nonlinear models with thousands of state variables

• Skepticism on the application of black-box approaches to critical 
infrastructures

(We learned later that) the above holds for other engineering systems than 
power systems, e.g., robotic systems

Koopman operator formalism is attractive because

• It offers a linear representation of the underlying nonlinear dynamics ––
suitable for real-time control

• This linear representation preserves physical interpretability
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Original system

Lifting

Finite dimensional Nonlinear

Lifted system Infinite dimensional Linear
Motivation
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Discrete time dynamical system
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Koopman operator
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Numerical estimation of the Koopman operator – EDMD method
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The former numerical procedure

• performs well when the underlying nonlinear dynamics are 
polynomial

• has challenges identifying more general dynamics, especially 
when it involves the composition of nonlinear functions

A few observations
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• Can we take advantage of first-principles models to guide the 
selection of observable functions?

• If affirmative, is there any advantage in this physics-aware 
selection of observable functions?

Questions
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• Find an intermediate transformation to eliminate non-
polynomial terms without approximations

Key idea
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Main result

Consider a dynamical system of this form:
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Main result

Consider a dynamical system of this form:



NREL    |    13

Main result

Consider a dynamical system of this form:

The lifting procedure is as follows:
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Main result

Consider a dynamical system of this form:

Example with simplified power system model:

‘Learning’ on a 
linear region of the 
state space 

(-1.0 , 12.0)

(2.1 , 2.1)

(1.5 , -15.0)

(-1.7 , -1.7)

Testing on a nonlinear region 
of the state space, close to 
the stability boundary 
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Numerical 
results

(-1.0 , 12.0)(2.1 , 2.1)

(1.5 , -15.0)

(-1.7 , -1.7)

Lie

p2
p3
p4
rbf6
rbf19

– monomials up to order 2
– monomials up to order 3
– monomials up to order 4
– 4 radial basis functions
– 17 radial basis functions

– proposed method
6 observable functions

•Lie is more accurate than 
p2, p3, and p4 in all cases.

•Lie achieves same level of 
accuracy of rbf6 and rbf19 
with less or equal number 
of observable functions.
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Example of a robotic system
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Example of a robotic system – Summary 

• Original system is of dimension 6 

• Lifted system is of dimension 23

• At the end, we obtained 102 observable functions

Any dynamical system of this form

can be lifted into a quadratic polynomial system
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Example of a multimachine power system
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Ongoing work based on industry models
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Ongoing work based on industry models
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Conclusions and ongoing work

• We developed and demonstrated an analytical procedure to construct 
observable functions for extended dynamic mode decomposition.

• Beyond Koopman operator theory, the lifting method based on Lie 
derivatives is a general mathematical tool and might have interesting 
applications in other domains. 
– Example: Convexification of nonlinear, non-convex problems.

• We are developing a general routine in MATLAB using the Symbolic Math 
Toolbox. This computational tool will automate the analytical 
construction of observable functions.

• Soon, we expect to have a numerical example with an industry-based 
power system model that includes synchronous and doubly-fed 
induction generators.
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