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Preface 

The research and development described in this document was conducted within 
the U.S. Department of Energy's (D OE) Solar Thermal Technology Program. The 
goal of this program is to advance the engineering and scientific understanding of 
solar thermal technology and to establish the technology base from which private 
industry can develop solar thermal power production options for introduction into 
the competitive energy market. 

Solar thermal technology concentrates the solar flux using tracking mirrors or 
lenses onto a receiver where the solar energy is absorbed as heat and converted 
into electricity or incorporated into products as process heat. The two primary 
solar thermal technologies, central receivers systems and distributed receivers, 
employ various point and line-focus optics to concentrate sunlight. Current central 
receiver systems use fields of heliostats (two-axes tracking mirrors) to focus the 
sun's radiant energy onto a single, tower-mounted receiver. Point focus concen
trators up to 17 meters in diameter track the sun in two axes and use parabolic 
dish mirrors of Fresnel lenses to focus radiant energy onto a receiver. Troughs 
and bowls are line-focus tracking reflectors that concentrate sunlight onto receiver 
tubes along their focal lines. Concentrating collector modules can be used alone 
or in a multimodule system. The concentrated radiant energy absorbed by the 
solar thermal receiver is transported to the conversion process by a circulating 
working fluid. Receiver temperatures range from 100°C in low-temperature 
troughs to more than 1500°C in dish and central receiver systems. 

The Solar Thermal Technology Program is directing efforts to advance and 
improve each system concept through solar thermal materials, components, and 
subsystems research and development and by testing and evaluation. These efforts 
are carried out with the technical direction of D OE and its network of field 
laboratories that work with private industry. Together they have established a 
comprehensive, goal-directed program to improve performance and provide tech
nically proven options for eventual incorporation into the nation's energy supply. 

To successfully contribute to an adequate energy supply at reasonable cost, solar 
thermal energy must be economically competitive with a variety of other energy 
sources. The Solar Thermal Technology Program has developed components and 
system-level performance targets as quantitative program goals. These targets 
are used in planning research and development activities, measuring progress, 
assessing alternative technology options, and developing optimal components. 
These targets will be pursued vigorously to ensure a successful program. 

111 



Approved for 

S OL AR ENERGY RESEARCH INSTITUTE 

.Z... a. 

T. Williams, Manager 
Solar Thermal Program 

iv 

TP-34 3 2  



TP-34 3 2  

Executive Summary 

Research at SERI within the Department of Energy's Solar Thermal Technology 
Program has focused on the development of membrane dish concentrators for 
space and terrestrial power applications. As potentially lightweight, inexpensive, 
high-performance structures, they are excellent candidates for space-deployable 
energy sources as well as cost-effective terrestrial energy concepts. 

A thorough engineering research treatment of these types of structures consists 
primarily of two parts: (1) structural mechanics of the membrane and ring support 
and (2) analysis and characterization of the concentrator optical performance. It 
is important to understand the effects of the membrane's structure and support 
system on the optical performance of the concentrator. This requires an interface 
between appropriate structural and optical models. Until recently, such models 
and the required interface have not existed. 

This report documents research that has been conducted at SERI in this area. It 
is a compilation of several papers describing structural models of membrane dish 
structures and optical models used to predict dish concentrator optical and thermal 
performance. The structural models were developed under SERI subcontract by 
Dr. Steele and Dr. Balch of Stanford University. The optical model was 
developed in-house by SERI staff. In addition, the interface between the models 
is described. It allows easy and thorough characterization of membrane dish 
systems from the mechanics to the resulting optical performance. 

The models described herein have been and continue to be extremely useful to 
SERI, industry, and universities involved with the modeling and analysis of 
lightweight membrane concentrators for solar thermal applications. 

v 



TP-34 3 2  

Contents 

Section 

1. Structural Mechanics of the Membrane and Ring Support

1. 1 Edge Effects in a Shell of Revolution under Pressure L oad 1.1-1 

1. 2 Non-Axisymmetric Deformations of Thin Paraboloidal Shells with
Initial Prestress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1. 2-1 

1.3 Procedures and Software for Dish Membrane Structural Analysis . . . . . . . . . . 1. 3-1 

2. Non-Axisymmetric Optical Model of Solar Dish Concentrators . . . . . . . . . . . . . . 2-1

Appendix A - Asymptotic Solutions for Edge Effects in Thin Shells . . . . . . . . . . . A-1 

Appendix B - Non-Axisymmetric Deformations of Paraboloidal Shells with 
Initial Prestress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . B-1 

Appendix C - Structural and Structural/ Optical Analysis of Dish Membranes . . . . . C-1 

vi 



TP-34 3 2  

Figures and Tables 

Section 1.1 

Figure 1. 
Figure 2. 

Figure 3. 
Figure 4. 
Figure 5. 

Figure 6. 
Figure 7. 
Figure 8. 
Figure 9. 

Table 1. 

Coordinate system for axisymmetric shell . . . . . . . . . . . . . . . . . . . . . . 
Force components and displacement components for shell under 
pressure ............................................ . 
Paraboloidal shell subjected to uniform pressure load ............ . 
Solution for meridional bending stress in shell under pressure ...... . 
Solution for meridional bending stress near edge of shell under 
pressure ............................................ . 
Rotation for shell under pressure load ....................... . 
Solution for meridional rotation near edge of shell under pressure .... . 
Stress resultants for shell under pressure ..................... . 
Horizontal and vertical displacement for shell under pressure ....... . 

Specifications for paraboloid, from Murphy (1987) . .. . . . . .. . ... . . 

Section 1.2 

Figure 1. 
Figure 2. 
Figure 3. 

Figure 4. 
Figure 5. 
Figure 6. 

Shell element, coordinate system, and reference basic vectors ....... . 
Stress and moment resultants acting on shell element ............ . 
Meridian of shell of revolution and meridional arclength 
coordinate s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
Kinematic degrees of freedom along an edge .................. . 
Decay distance 8 as a function of n for two edge bending solutions .. . 

Radial and vertical displacement for shell subjected to cos 28 
radial edge displacement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 7. Rotations for shell subjected to cos 28 radial edge displacement ..... 
Figure 8. Stress resultants for shell subjected to cos 28 radial edge 

displacement ......................................... . 
Figure 9. Radial and vertical displacement for shell subjected to cos n8 

radial edge displacements ................................ . 
Figure 10. Radial and vertical displacement for shell subjected to cos 28 

vertical edge displacement ............................... . 
Figure 1 1. Stress resultants for shell subjected to cos 28 vertical edge 

displacement ......................................... . 
Figure 1 2. Radial and vertical displacement for shell subjected to cos n8 vertical 

edge displacements .................................... . 
Figure 1 3. Stress resultants for clamped shell subjected to asymmetric load 

Pn = Pw sin � cos 8 .. . . . . ... . . .. . .. . . . . . .. . . . . . ... .. . .  .
Figure 14. Displacements for shell with clamped edge subjected to asymmetric load 

Pn = Pw sin� cos 8 . . . . . . .. . . . . . . .. . . . . . .. . ... . . ... . . .  .

vii 

1. 1-2

1. 1-3 
1. 1-1 2
1. 1-15

1. 1-16
1. 1-17
1. 1-17
1. 1-18
1. 1-20

1.1-1 3 

1. 2-3
1.2-3 

1. 2-4
1. 2-4
1.2-1 2 

1. 2-19
1.2-20 

1. 2-2 1

1. 2-2 3

1. 2-24

·1. 2-25 

1. 2-26

1. 2-28

1.2-29 



TP-34 3 2

Figures and Tables (Continued) 

Section 1.2 (continued) 

Figure 15. Meridional rotation for shell with clamped edge subjected to asymmetric 
load Pn = Pw sin <\> cos 8 . . . .. . . .. . . . . . . .. . . . . . . . .. . . . . . .  .

Table 1. Specifications for paraboloid dish . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Table C - . Sample input file for the DISH program . . . . . . . . . . . . . . . . . . . . . .  . 
Table C-2. Sample output file DISH.DAT, from the DISH program . . . . . . . . . .  . 
Table C- 3. Sample output file DISH. OUT, from the DISH program . . . . . . . . . .  . 

Section 1.3 

Figure 1 .  
Figure 2 .  

Figure 3. 

Figure 4. 

Figure 5. 

Figure 6. 
Figure 7. 
Figure 8. 

Figure 9. 
Figure 10. 

Flowchart of data paths for structural and structural/optical analyses 
Sign conventions for forces, displacements, moments, and rotations at 
edge of dish . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
Data path flowchart for enforcing finite-element nodal ring 
displacements in the dish structural analysis . . . . . . . . . . . . . . . . . . .  . 
Comparison of SUPERSAP nodal displacements Uz with the nine-term 
Fourier series representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Meridional and tangential stress resultants Ns and Nst due to ring 
displacements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Distribution of rays at target plane for head-on wind load . . . . . . . . .  . 
Distribution of rays at target plane for wind load . . . . . . . . . . . . . . .  . 
Distribution of rays at target plane for 1 em n = 2 radial 
displacement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Distribution of rays at target plane for ASDF4E edge displacements 
Distribution of rays at target plane for ASDF4E edge displacements . . .

Table 1. Sample input file DISH.IN for the DISH program . . . . . . . . . . . . . . . .  . 
Table 2. Sample input file DFCOMP.IN for the post-processor DFCOMP . . . . .  . 
Table 3 .  Sample output file DFCOMP. OUT for the post-processor DFCOMP . . .  . 
Table 4. Output from the postprocessor DINF O . . . . . . . . . . . . . . . . . . . . . . . .  . 
Table 5 .  Nodal displacements and rotations from a SUPERSAP analysis . . . . . .  . 
Table 6. Input file FSCOEF. IN to the Fourier analysis program FSCOEF . . . . . .  . 
Table 7. Output file FSCOEF. OUT from the Fourier analysis program FSCOEF . .
Table 8 .  Input file DISH.IN with prescribed edge displacements from 

FSCOEF. OUT . . . . . . . . . . . .  , . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
Table 9. Input file FCOMPN. IN to the program FCOMPN . . . . . . . . . . . . . . . .  . 
Table 10. Output file FCOMPN. OUT of nodal forces and moments from FCOMPN 
Table 1 1 . Input file DISH.IN for membrane solution only . . . . . . . . . . . . . . . . .  . 
Table 1 2. Change in nodal forces and moments relative to the membrane solution, 

from FSUBTR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 

viii 

1. 2-30

1. 2- 18
1 . 2-3 3 
1 . 2-35 
1. 2-36

1. 3-2 2

1. 3-2 3

1. 3-24

1. 3-25

1. 3-26
1 . 3-27 
1. 3-28

1 . 3-29 
1. 3-30
1. 3-3 1

1. 3-1 3
1. 3-1 3
1. 3-14
1. 3-15
1. 3- 15
1. 3-16
1. 3-17

1. 3- 18
1. 3-19
1. 3- 19
1. 3-20

1. 3-2 1



TP-34 3 2  

Figures and Tables (Concluded) 

Section 2 

Figure 1. 
Figure 2. 

Figure 3. 

Figure 4. 
Figure 5. 
Figure 6. 
Figure 7. 
Figure 8. 
Figure 9. 
Figure 10. 
Figure 1 1. 
Figure 1 2. 
Figure 1 3. 
Figure 1 4. 
Figure 15. 
Figure 16. 
Figure 17. 
Figure 18. 

L ogic flow and interfaces of OPTDSH .. . . . . . . . . . . . . . ... . . . . .  . 
Example GENDAT program which generates .DAT finite element-like 
grid points on a polar basis .. .. . . . . . . ....... . . . .. . . .. ... . .  . 
Example GENDAT program which generates .DAT finite element-like 
grid points on a cartesian basis .. .... . . . . . . . . . . . . . . . . . ... ..  . 
Example of .DAT input file which uses Zernike monomials .. . . . . . . . 
Example of .DAT input file for analytic surface . . . . . . .. .... . . . . . 

Example of .DAT input file for modeling welded seams . . . ... ....  . 
Sample OUTPUT. SA V file . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . .  . 
Sample THERML.DAT file . . . . . . .... ... . ... . . . . . . . . . . . . . . 
Menu options of OPTDSH .. .... . . . . . . . . .... . . . . . . . . . .  : . .  . 
Example of main menu options .. . . . . . . . . . . . . . . . . . . . . . . .. . .  . 
Example of configuration option menu ... . . . . . . . . . ..... . . . . . .  . 
Example of system parameter specification options .....  · . . . . . . . . .  . 
Example of error parameter specification options .. . . . . . . . . . .. . .  . 
Example of thermal analysis parameter specification options . . . . . . .  . 
Example of analysis session using OPTDSH . . . . . . . . . . . . . . ... . .  . 
Example of graphical display options menu . . . . . . . . . . . . . . . . . . .  . 
Sample frequency histogram . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 
Distribution of randomly generated rays on the dish surface; zonal 
binning is out to 0. 2 m in the target plane . . . . . . . . . . . .. . . . . . . .  . 

Figure 19. Distribution of 2000 randomly generated rays in the target plane .. . .  . 
Figure 20. Thermal efficiency as function of aperture radius . . .... . . . . . . . . .  . 
Figure 2 1. Thermal efficiency plot options . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Figure 2 2. Archival of .RAY file . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . .  . 
Figure 2 3. Example of DISH.DAT input file used with SHAPE option .. ... . .. . 

2-2 

2-3 

2-4 
2-5 
2-8 
2-8 
2-9 
2- 10 
2-1 3 
2-14 
2-14 
2-14 
2-15 
2-15, 
2-16 
2-17 
2-18 

2-19 
2-20 
2-2 2  
2-2 3 
2-2 3 
2-24 

Table 2-1. Description of parameters contained in input files to OPTDSH . . . . . . . 2-5 

ix 



Section 1 

Structural Mechanics of the 
Membrane and Ring Support 



Edge Effects in a Shell of 
Revolution under Pressure Load 

submitted to the Solar Energy Research Institute by 
C. R. Steele* and C. D. Balch§
Division of Applied Mechanics

Stanford University 
Stanford, California 94305 

SHELL TECH report 87-1, August 1987 

* Professor of Mechanical Engineering
§ Research Associate



Abstract 

The governing fourth-order equations are presented for the shell of 
revolution under axisymmetric load, and an asymptotic solution for edge 
bending is obtained. The asymptotic solution is based on the assumption 
that the thickness of the shell is very small relative to the the shell's radii 
of curvature. In order to incorporate the effect of high pressurization on 
edge bending, the geometric nonlinearity associated with the change in 
meridional slope is included in the governing equations. 

The total solution, which is the sum of the membrane (particular) and 
edge bending (complementary) solutions, is given for the case of uniform 
pressure load, and the steps required in order to evaluate the solution are 
explicitly described. As an example, the paraboloidal shell under uniform 
pressure load is discussed, and the results are compared with a previous 
ANSYS finite element analysis by Murphy (1987). 
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§1 Introduction

In many thin shell structures, loads are carried chiefly by membrane 
stresses. Near the edges of a shell, however, boundary constraints may give 
rise to bending stresses which are rapidly varying functions of the spatial 
coordinates. For the case of the thin, axisymmetric shell, this type of local 
edge effect can be described by an asymptotic solution, which exploits the 
fact that the shell thickness t is very small compared to other dimensions 
of the shell. This report presents an asymptotic solution for edge bending 
effects in a thin, axisymmetric shell, and focuses on the case. of uniform 
pres�ure loading. 

The shell geometry and coordinate system are shown in Fig. 1. Fig
ure 1 shows the meridian curve of the shell, which is defined by a function 
y(r) . The angle</>, given by 

is the angle between the y axis and the normal to the meridian. 

-- P 

Figure 1. Coordinate system for an axisymmetric shell. The 
distances r1 and r2 are the radii of curvature in the</> (merid
ional) and (} (circumferential) directions at the point P.
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Also shown in Fig. 1 are the radii of curvature of the shell. The merid
ional radius of curvature is denoted by r1; thus an element ds of arc length 
along the meridian is given by 

The radius of curvature r2 in the circumferential direction is given by 

r 
sin¢> 

(2) 

(3) 

The force quantities to be employed in the analysis are shown in 
Fig. 2a. The quantity N ,p is the meridional stress resultant (force per unit 
length), and Q is the transverse shear resultant. For thin shells, it can 
usually be assumed that Q « N ,p. The stress resultant vector may also be 
expressed in terms of the horizontal and vertical components H and V (see 
Fig. 2a). The meridional bending moment is denoted by M,p. 

y y 
(a) (b) 

Figure 2. (a) Force components and uniform pressure load p; 
and (b) displacement components for the axisymmetric shell. 

Figure 2b shows the shell displacements, which can be defined in terms of 
the tangential and normal components ( u, w) or the horizontal and vertical 
components (h, v). 

§2 Governing Equations

The governing equations for a shell of revolution under axisymmetric 
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load can be written in "state vector" form as follows: 

Et3 cos2 tb 

-

�r� l + 
ds X 

h 

- (1-v) cos tb 
r 

0 
1 

EtCI' 
0 

sin 4> 
(1-v) cos 4>- r 

0 
(1-v2) cos2 tb 

0 {Y} 12 r!l 
0 Et 

rr 
- �  0 r 

- �  - sintf> Et r 

{ V :o:i: 0 V } pg- -= _(•-•') .1.� '�· v 

(4 ) 

Et 

in which the coordinate s is the arc length along the meridian, E is the 
elastic modulus, v is Poisson's ratio, t is the shell thickness, and c is the
reduced th.iclme33, defined by 

(5) 

The quantities r, ¢>, lv/4>, H ,  V, and h in Eq. ( 4) are defined in Fig. 2.
The load term PH is the horizontal (r direction) component of the load, 
and the displacement quantity x is the rotation of the meridian, given by 

dw u 
X= --. + 

ds r1 
(6) 

The four coupled first-order differential equations ( 4) follow from the equi
librium, kinematic, and constitutive relations for the shell of revolution. 
The derivation of Eq. ( 4)  is discussed in Steele and Skogh (1970) .

§3 Geometric Nonlinearity due to Pressurization

For a thin shell under internal or external pressure , it is· possible for 
the magnitude of the membrane stresses to be of the same order as the 
magnitude of the local buckling stress. Under these circumstances, it is 
necessary to consider the geometric nonlinearity associated with the change 
in meridional slope. (This is analogous to a stability or prestress analysis 
in classical beam theory , in which a geometrically nonlinear second-order 
term must be added to the fourth-order ODE.) 

The relationship between the stress resultants (Ntf>, Q) and (H, V) (see 
Fig. 2a) therefore becomes 

N,; - H cos(¢>+ x) + V sin(¢>+ x) 
- (H cosc/>+Vsin¢>)- ( H sin¢>-Vcosc/>)x + O(x2) (ia) 

Q - H sin(c/>+x)- Vcos(c/>+x) 
- (H sin¢>-Vcos¢>) + (H cos¢>+Vsin¢>)x + O(x2) (7b)
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where the slope of the deformed meridian is t/>+ X· In most problems where 
the meridional rotation x is moderate, the meridional stress resultant vector 
remains parallel to the undeformed meridian curve; hence the membrane 
result 

H = Vcot<P (8) 
remains accurate. The second term of Eq. (7a) and the first term of Eq. (7b) 
are thus negligible, along with the terms of O(x2). 

Incorporating the nonlinear corrections (7) into the equation of mo
ment equilibrium results in a small formal modification of the governing 
equations. Let A represent the 4 x 4 coefficient matrix of Eq. ( 4). The
only significant change due to the geometric nonlinearity is in the { 1 , 3) 
component of A: 

where 

Et3 cos2 <P 2Etc A13 = + - p12r2 r2 

r2 ( H cos<P+ Vsint/>) prl 
p = 2Etc = 4Etc

(9) 

( 10) 

is a dimensionless "pressurization parameter." For IPI < 1,  the effects of
the geometric nonlinearity are negligible, but for IPI = 0(1), the effects are
significant. The value p = -1  corresponds to the classical buckling load for
the shell. 

§4 Asymptotic Solutions

In order to obtain an asymptotic solution to Eq. ( 4) for the shell of
revolution under axisymmetric load:,.- it is first necessary to write Eq. ( 4) 
in dimensionless form, and to identify a suitable "large" parameter in the 
problem. When carried out properly, these steps render Eq. (4) in the
following form: 

in which x is the dimensionless arc length coordinate, defined by 

(12) 

and .A is a dimensionless large parameter, defined by 

( 13) 

The quantities r2 e and Ce are the circumferential radius of curvature r2 and
the reduced thickness c evaluated at the edge of the shell. 
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In Eq. (11), the vector y of dimensionless unknowns is defined by 

Mq, 
(Etc)e 

.A sin dJeH 
y - (Et)e (14) 

X/ .A

h/re 

where the subscript e denotes that a. quantity is evaluated a� the edge of the 
shell. The 4x4 matrices A(o,1,2) and the 4x 1 right-hand side vectors b(o,1,2) 
in Eq. (ll) are also dimensionless; their components are given explicitly in 
Steele and Skogh (1970). 

The solution y to Eq. (ll) can be separated into its particular and 
complementary parts: 

y = y(p) 
+ y(c) (15) 

where y(P) denotes a particular solution to Eq. (ll), and y(c) denotes the
complementary solution, which satisfies the homogeneous equation 

1 dy 1 1 
--- + (Ao +-At+ -A2) y = 0 .A d:r: . .A .A 2 (16) 

In order to obtain a particular solution, it is assumed that y(P) has the 
form 

(17) 

where the vectors '11'0, 'Ill! '11'2, . • .  are unknown functions of the dimension
less coordinate x. The expansion (17) is then substituted into Eq. (11), 
which becomes 

.A [Ao Wo-bo) + (Ao '11'1 + A1 'll'o-'If�-ht] 

+ � (Ao'll'2 +At 'lit+ A2'll'o-'If�-b2] + .. . = 0 
(18) 

where the superscript ' denotes differentiation with respect to x. 
In Eq. (18) , the coefficients of each power of .A must vanish indepen- · 

dently, thus the vectors '11'0, '11'1, '11'2, • • •  are obtained by solving the system 
of equations 

Ao'll'o - bo 
Ao'll't - ht +'li'� -At'll'o 
Ao'll'2 - b2 +'If� -At'll't -A2Wo (19) 
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When the particular solution y(P) is determined in this manner, it is 
found that the bending moment component y1 is of 0(.\-2), but the hori
zontal resultant component Y2 is of 0(.\). This implies that the particular
solution is essentially the membrane solution, since the bending stresses are 
negligible relative to the direct stresses. It is therefore not necessary to cal
culate the particular solution by means of Eq. ( 19) , since the membrane 
solution can be obtained directly by integrating the equation of vertical (y direction) equilibrium. 

§5 Asymptotic Solutions for Edge Bending

As mentioned in the previous section, the complementary solution y(c)
must satisfy the homogeneous equation ( 16) . The complementary solution 
is taken in the form 

(20) 

where «Po, «P1, ()'2, • • •  , and e(x) are unknown functions of X which are in
dependent of the large parameter ,\. The exponential form (20) allows 
for rapid variation with x near the edge of the shell. This is appropriate 
for the representation of edge bending, which is the physical phenomenon 
described by the complementary solution. 

·Substituting Eq. (20) into Eq. ( 16) gives the following eigenvalue prob
lem (associated with the leading term in.\): 

[Ao - e'I ] «Po = 0 (21) 

in which I represents the identity matrix. Setting the determinant of the 
coefficient matrix [Ao - e'I] equal to zero yields the characteristic equation 

where p is the pressurization parameter defined by Eq. ( 10) .  
The characteristic equation (22), evaluated at x = Xe, becomes 

cr4 - 2pe cr2 + 1 = 0

where 

cr - e'(xe) 
Pe - p(xe) = P '·=•• 

Equation (23) has four roots, given by 

cr = ±V Pe ± J p; - 1

1.1-7 

(22) 

(23) 

(24a) 
(24b) 

(25) 



Equation (21) provides the corresponding eigenvector, which is 

(26) 

where C is an arbitrary multiplicative constant. 
For the purposes of this report, attention will be restricted to the one

term approzimation 
y(c) � e.xe4»o (27) 

in which the terms in Eq. (20) of O(A-1) or smaller are neglected. This
approximation is accurate provided that: 

(i) ,\ is sufficiently large compared to Pe and unity. 
(ii) ,\tan l/>e is sufficiently large compared to unity.

Condition (i) is the main requirement for the validity of the asymptotic 
solution, and condition (ii) assures that the O(A -I ) term is negligible. 

Also, because the edge bending effects are local to the edge zone, the 
functions e(x) and 4»o(:c) can be approximated by the leading terms ,?f their 
Taylor series expansions in :c, and Eq. (27) becomes 

where Eqs. (24a) and (26) have been employed in order to express the 
solution in terms of the eigenvalue a.·

From the expression (25) for the four eigenvalues {roots of Eq. [ 23 J), 
three cases can be identified: 

(i) Pe :5 -1: The roots are purely imaginary. The solutions {28) are 
sinusoidal in the meridional direction, which implies local buckling (with 
the bifurcation point Pe = -1). 

(ii) -1 < Pe < 1: The roots are complex. The solutions oscillate, but 
decay in the meridional direction. This is the typical edge bending behavior 
of a shell of revolution. 

(iii) Pe > 1: The roots are real, and the solutions decay exponentially 
in the meridional direction. This characterizes the edge bending behavior 
of a shell of revolution in high tension. 

This report focuses on case (iii) above, which ·is appropriate for states 
of relatively high membrane tension due to pressure loads. In this case, 
Eq. (25) provides two positive real roots and two negative real roots. 

If the dimensionless arc length coordinate :c is defined such that :c =
0 at r = 0 (s� Fig. 1), then the two positive roots correspond to two 
solutions of the form (28) which decay as :c decrea.,eJ. For a shell with a 
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single continuous edge (located at x = xe), the complementary solution can 
therefore be written 

(29) 

where 

at - VPe - VP; -1 (30a) 

a2 - VPe + VP; -1 (30b) 

are the two positive eigenvalues, and C1 and C2 are multiplicative constants
which must be determined by enforcing two boundary conditions at the edge 
of the shell . 

The two negative roots of Eq . (23) correspond to edge effect solutions 
which decay as the dimensionless arc length coordinate x increa.!es. These 
solutions describe the bending response at an inner edge, if one exists . In 
this report, attention is focused on shells with one edge (no cutouts); thus 
the complementary solution is taken in the form (29).  

It is frequently informative to compute the deca.y distances of the two 
exponential terms of the complementary solution (29) .  The decay distances 
Ct and 82, defined by 

61 - 1r../r2ece/at 
62 - 1r..jr2ece/a2 

(31a) 
(31b) 

are the distances along the meridian over which the exponential envelopes 
of the edge effects decay to about 4% of the maximum values .

For Pe > 1, Eqs . (31 )  can be approximated by 

(32a) 

{32b) 

from which it is apparent that the first term of the solution {29) corresponds 
to an edge effect with decay distance 81 > ..jr2ece, while the second term 
corresponds to an edge effect with decay distance 62 << ..jr2ece. Note that 
without the pressurization effect {!Pel� 1 ), the two edge bending solutions
have decay distances 6 = 0( ..jr2ece). \Vith a large pressurization effect 
(Pe > 1 ), the shell is in a state of high membrane tension, and the edge
bending behavior is described by one solution which decays comparatively 
slowly along the meridian, and another which decays comparatively rapidly. 
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§6 Final Form of the Total Solution

This section summarizes the results of the preceding two sections, and 
presents the total solution in a form which can be readily applied to prob
lems where the shell is in a high state of tension due to pressure loading 
(i.e. , for Pe > 1). In view of Eq. (15), the total solution can be written

Mq, 0 -(Etc)ea{ 

H H(m) 
C [al(s-se)] �<Pe- + 1 exp vr;;:c; X x(m) T2eCe ->..a[ 

h h(m) real 
(33) 

-(Etc)eai 

C [a2(s-se)] � + 2 exp e 
y'r2eCe ->..a:f 

rea2 

in which the first term is the membrane (particular) solution, denoted by, 
the superscripts (m). Note that M�m) = 0, because the membrane solution
has no appreciable bending stresses. The second two exponential terms are 
the edge bending (complementary) solution, obtained from Eqs. (29) and 
(14). 

In Eq. (33), the quantities with subscript e are evaluated at the edge 
s = se, and the quantities ..\, at, and a2 can be evaluated from the pre
viously recorded equations (13), (30), (24b), and (10). In order to employ 
the solution (33), the following steps are required: 

(i) Calculate the membrane solution. The forces and displa�e
ments of the membrane solution can be obtained directly from the basic 
equilibrium, constitutive, and kinematic relations. 

From vertical equilibrium: 

from which it follows that 

y(m) - pr 
2 

_ y(m) cot</> = 
pr cot</>
2 

y(m) pr :'I.T(m) �v q, -
sin <P 2 sin <P 

pr2 
2 
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From normal equilibrium: 

= P'"2 (2 _ r2 ) 
2 r1 

From the stress-strain relations and Eqs. (34c) and (35) : 

(m) e� -

e(m) -8 -

N'(m) N(m).J. � -1.1 8 

Et 
N(m) N(m)8 -1.1 � 

Et 

-

-

- 1 -2v+ v-P'"2 ( r2 ) 
2Et r1 

P'"2 ( 2 - 2. -1.1) 2Et r1 

(35) 

(36a) 

(36b) 

where etl> and es are the midsurface strains in the meridional and circum
ferential directions. 

From the kinematic relations: 

h(m) 

x(m)

v -

-

-

-

-

pr22 sin4> ( 2 r2 )res = - - -v 2Et r1 
(m) 1 dh (m)

cot 4> e� - -:---sm 4> ds 

{(Y [(Y nP'"2 r2 dr1 r2 .. r2 -- - - + cot4> 2 - -o-+3 2Et r1 ds r1 r1 

1' (x cos 4> + etl> sin 4>) ds
•• 1' [ ( 1 -v2 ) ( 1 - v2 )"

• 
V Et sin2 <P + H Et sin 4> cos 4> 

(vsin 4>) l +xcostf> -h 
r 

ds 

(37a) 

(37b) 

(37c) 

Equations (34b), (37b) , and (37a) provide the membrane contributions 
H(m), ,X(m), and h(m) in Eq . (33) .

(ii) Evaluate the constants C1 and C2• This is accomplished by 
enforcing two boundary conditions at s = se. For a simply supported edge, 
the two conditions are M� = h = 0, and for a built-in edge, the conditions 
are x = h = 0. The results are

Simply supported edge : { C1 -

c2-
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{ c1 = o.2h�m) /re + x�m) I)... 
. . o.l[o.l- 0.2) 

Bmlt-m edge : 
( ) ( ) C o.l hem Ire + Xem I).. 2 - 0.2(0.2-0.1) 

(39a, b) 

in which h�m) and x�m) are the horizontal displacement and meridional 
rotation of the membrane solution at the edges= Se. 

§7 Example: Paraboloidal Shell under Pressure Load

Consider the parabolic shell of revolution depicted in Fig. 3. The edges 
of the shell are either simply supported (M.p = h = 0) or built-in (x = h = O)� and the shell is subjected to a uniform pressure load. The equation of 
the meridian is given by 

r2
y =-

4/ 
{40) 

where f is the focal length of the paraboloid. Equations (1), (2),(3), and 
( 40) can be used to obtain the following expressions for the radii of curva
ture: 

r1 - 2/ I cos3 ¢>

r2 - 2} I cos ¢> 

y 
Figure 3. Paraboloidal shell with focal length /, subjected 
to a uniform pressure load p. The meridian curve is the 
parabola y = r21( 4/).

(41a) 
( 41b) 

The numerical calculations in this section utilize the geometry data, 
material properties, and pressure load given in Table 1. Substituting from 
Table 1 into Eqs. (1), {41b), (10), and {13) yields 

</>e - tan-1 (;j) � 0.395 {42a) 

r2e - 2fl cos ¢>e � 19.5m (42b) 
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Because A tan <l>e � 1 and A � Pe, the one-term asymptotic solution should 
be reasonably accurate (see §5). 

Table 1. Specifications for paraboloid, from Murphy (1987). 

Geometry Material Properties Load 

t = 0.254mm E = 209GPa p = 2000Pa
re = 7.5m v = 0.3/ = 9m 

7.1 The Membrane Solution 

The membrane solution for the paraboloid is calculated by means of 
the equations in step (i ) of §6. Equations (34) can be used directly, and 
Eqs . (35-37a) are readily evaluated by substituting the radii of curvature 
given by Eqs. ( 41). In order to e valuate Eq . (37b), the relations 

for the parabola are useful. 
The results are 

M�m) 0 

a<m> pf 
-� sin·<f>(4 -sin2 </>)

2¥2 tan <h (2 - cos2 </> - v)
t cos <P

(43a) 

(43b) 

( 44a, b, c, d) 

where the angle</> is utilized as the independent variable (see Fig. 1 ). Note 
that for the parabola., the angle </>, radial distance r, and meridional arc 
length s a.re each acceptable independent variables, because the meridian 
curve is a. single valued function of </>, r, or s.

Also, from Eqs. (34c) and (35), the membrane stress resultants for the 
paraboloid are given by 

N�m) = pj /COS</>

N!m) = p/(2- cos2 </>)/cos</>

(45a) 

(45b) 

The integral (37c) for the vertical displacement can be carried out to 
obtain the following expression for v<m> in terms of</>: 

(m) 2pr ( ,,. 3 - v 1 - 2v ) lt/1 v = - cos'+'- - +-�-Et cos</> 3 cos3 <1> q,. (46) 
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7.2 Evaluation of the Total Solution and Discussion of Results 

In this subsection, the total solution (33) is evaluated and compared 
with finite element results from Murphy (1987). From Eqs. ( 44c, d) and 
Table 1, 

E P! </> (3- 2cos 2 </>e- cos4 </>e) � -5 .02 X 10-4 (47a)t Sin e 
_ 

2PP tan <l>e (2- cos2 <f>e- v) :: 2.34 X 10-3mEt cos4>e 

And from Eqs. (30) and ( 42c) , 

a1 - VPe- VP� - 1  9:! 0.104

0:2 - -JPe + VP� -1 � 9.65

( 47b) 

(48a) 

(48b) 

From the results (47) and (48), the constants C1 and C2 in Eq. (33)
can now be evaluated as 

S. 1 d ed . { c1 � -3.01 x 10-3 Imp y- -sup porte ge . C2 :: 3. 72 X 10-9

{ C :: -3.04 X 10-3 Built-in edge : c� :: 3.50 X 10-7

( 49a, b) 

(50a, b) 

where the expressions (38) and (39) are utilized. The results ( 42), ( 48), 
( 49), (50), and Table 1 provide the numerical values which are required in 
order to evaluate the total solution (33). 

In Eq. (33), the argument of the exponential factors is the meridional 
arc length s. A convenient approximation to the arc length in the edge 
zone Is 

(51) 

Equation (51) enables the exponential factors in Eq. (33) to be written in 
terms of the radial distance r, and is sufficiently accurate for calculations
based on the one-term approximation (28). 

Substituting Eq. (51) into the solution (33) provides an expression for 
the bending moment M� in terms of r, and the bending stress u�a(r) in
the meridional direction is subsequently obtained as 

6M� 17--.B = ---'I' t2 - E/6{c 3 [ ai(r-re) ]- 1a exp 
1 - v2 1 cos </>evr2eCe 

C 3 [ a2(r-re) ] }+ 2a2 exp 
cos </>e..Jr2eCe 
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The decay distances of the two exponentially decaying contributions, cal
culated from Eqs. (31), are 

81 - 7rJr2eCe/a.l � 1.17 m 
82 - � 0.0126m 

(53a) 
(53b) 

where 81 and 82 are the distances along the meridian over which the edge 
bending stresses decay to about 4% of the maximum values at r = re. 

Consider first the case of a simply supported edge. Figure 4 shows 
the bending stress (7 ,PB as a function of the radial distance r. The first 
exponential term of Eq. (52), with decay distance 81 � 1.17 m, contributes 
the slowly decaying component of the edge effect (see Fig. 4). The second 
exponential term, with decay distance 82 � 0.0126 m, is responsible for the 
abrupt change near the edge r = 7.5 m. For the simply-supported case, u q,B
must equal zero at the edge; thus the contributions of the two exponential 
terms in Eq. (52) cancel at r = re. 
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Figure 4. Asymptotic solution for the meridional bending 
stress in a. simply supported parabolic shell under pressure 
load. The bending stress u q,B is shown as a function of the 
radial distance r. 

The variation of the bending stress in the region 7.3 m < r < 7.5 m 
(very close to the edge) is plotted in Fig. 5. Figure Sa shows the bending 
stress u,pa for the case of a simply supported edge; the -10 mm decay dis
tance of the second exponential term of Eq. (52) is clearly visible. Figure 5b 
shows the bending stress for the case of a built-in edge. The built-in edge 
condition gives rise to very high bending stresses at the edge, but these 
stresses are negligible a few centimeters away from the edge (see Fig. 5b). 
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Figure 5. Asymptotic solution for the meridional bending 
stress (j .pa near the edge of the parabolic shell under pressure 
load. (a) Simply supported edge: the bending stress is zero 
at the �ge r = 7.5m. (b) Built-in edge: the bending stress 
reaches a maximum value at the edge. 

The rotation x of the meridian, from Eq. ·(33), is given by 

in which x(m) is evaluated from Eq. ( 44c) . . Figure 6 shows the rotation x( r) for the case of a simply supported edge. The solid line represents 
the asymptotic result (54), and the cross marks represent the values of the 
rotation from the finite element analysis by Murphy (1987) (see Fig. 6). 
The two approaches both show the "'1 m decay distance of the edge effect, 
but good quantitative agreement is not obtained near the edge (see Fig. 6). 

The variation of the meridional rotation in the region 7.3 m � r � 7.5 m 
is plotted in Fig. 7. Figure 7a shows the meridional rotation x for the 
case of a simply supported edge; Figure 7b shows the meridional rotation 
for the case of a built-in edge. Note that the rotation of the meridian 
is essentially the same for both edge conditions, except in the "boundary 
layer" region a few centimeters from the edge. In order to enforce the 
built-in edge condition, the second, rapidly decaying, exponential term of 
Eq. (52) participates significantly (see Fig. 7b ). 

The meridional stress resultant N.p is given by Eq. (7a) , in which His 
obtained from Eq. (33), and V is obtained from Eq. (34a). Note that the 
vertical component of the complementary solution must be zero in order to 
satisfy vertical equilibrium; thus V = y(m) = pr /2. 
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results from Murphy (1987). 
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Figure 7. Asymptotic solution for the meridional rotation 
X near the edge of the parabolic shell under pressure load. 
(a) Simply supported edge: the meridional rotation reaches a 
maximum value at the edge r = 7.5m. (b) Built-in edge: the 
meridional rotation is zero at the edge. 

The meridional and circumferential strains e.p and es can now be ob
tained from the relations 
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1- v2
eq, - Et

Nq,- ve9 

e9 - hjr 

(55a) 

(55b) 

where h is given by Eq. {33) .  The circumferential stress resultant N9 can 
be calculated by substituting Eqs. (55) into the constitutive relation 

Et 
N9 = 

1 _ v2 (e8 + veq,) (56) 

For the case of a simply supported edge, the stress resultants N q, and 
N9 given by Eqs. (7a) and (56) are plotted in Fig. 8 (solid lines) . Figure 8 
also shows the values for the stress resultants from the finite element anal
ysis by Murphy (1987) (circles) , which agree well with the asymptotic solu
tion. Note that the meridional stress resultant Nq, remains approximately 
constant along the meridian, but the circumferential stress resultant N9 
decreases considerably near the edge (see Fig. 8). For the case of a built-in (or clamped) edge (not shown in Fig. 8), the stress resultants Nq, and N9 
differ only slightly (less than 1%) from their values for the simply supported 
case. 
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Figure 8. Stress resultants N q, and N9 for the simply sup
ported parabolic shell under pressure load. Solid lines are the 
asym�totic solution; circles are ANSYS results from Murphy 
(1987). 
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in which h(m) is evaluated from Eq. ( 44d).
The vertical displacement v can be decomposed into the contributions

from the membrane and complementary solutions: 

v = v(m) + v(e) (58) 

where vCm) is given by Eq. (46) . The vertical displacement v(e) of the
complementary solution can be obtained by evaluating an integral of the 
form (37c). Because y(e) = 0, the integral (37c) for v<c> becomes 1• [ ( 1 - v2 ) ( v sin ¢>) l v<�> = •· H<c> 

Et 
sin¢> cos¢> + x<c> cos¢> - h<c>

r 
ds (59) 

Substituting the complementary part (exponential terms) of the solu
tion (33) into Eq. (59) yields 

(c) -l•{c [a1(s- se) ] [ (Et)e (1- v2 . A. A.) 
v - 1 exp ;:;:::-;:- , . , E sin 'f' cos 'f' •• y r2eCe A Sin <Pe t 

2 ( v sin ¢>) l - Aa1 cos¢>- real 
r [a2(s- se) ] [ (Et)e (1- v2 . ) 

+C2 exp . ;:;:::-;:- , . .... E sin ¢>cos ¢> 
y r2eCe A Sin 'f'e t 

2 ( v sin ¢>) l } - Aa2 cos¢>- rea2 r ds 

(60) 

Although Eq. (60) appears complicated, the integral can be simplified 
by noting that it is of the form 

(61) 

where A is large compared to unity and f(x) and its derivatives are inde
pendent of A. Equation (61), which follows from integration by parts, can 
be utilized in evaluating the integral (60) . The result is 

(62) 
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where terms of O(.A -2 ) are neglected, and Eq. (51 )  is employed in order to
express v<c) in terms of r. 

The horizontal displacement h, from Eq. (57), and the vertical displace
ment v, from Eq. (58), are plotted in Fig. 9 (solid lines),  for the case of a
simply supported edge. Figure 9 also shows values of the horizontal and 
vertical displacement from the finite element solution by Murphy (1987) 
(cross marks) .  The finite element values for the horizontal displacement h 
agree well with the asymptotic solution. Near the axis of the paraboloid, 
however, the magnitude of the vertical displacement v given by the finite
element solution is greater than that of the asymptotic solution (see Fig. 9). 
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Figure 9. Horizontal displacement h and vertical displace
ment v for the simply supported parabolic shell under pres
sure load. Solid lines are the asymptotic solution; cross marks 
are ANSYS results from Murphy ( 1987) . 

Note that the only difference between the solutions for the simply 
supported and built-in edge conditions is the equation (Eq. [ 3 8 ] or Eq. [ 3 9  ] )  
which is employed in the evaluation of the constants C1 and C2 • For the 
case of a built-in edge (not shown in Fig. 9), the displacements h and v differ 
only slightly (less than 1%) from their values for the simply supported case. 
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Abstract 

A tenth-order formulation is presented for non-axisymmetric deforma
tions of shells of revolution. The formulation includes transverse shear de
formation, as well as the nonlinear moderate rotation terms which become 
important in the presence of high initial prestress. Asymptotic solutions 
are then obtained for non-axisymmetric edge bending effects in a pressure
loaded paraboloidal shell. It is shown that for thin shellS, two types of edge 
effects may occur: one with a short decay distance relative to · the square 
root of the radius to thickness ratio, and one with a long decay distance. 
For the membrane and inextensional behavior, solutions based on shallow 
shell theory are employed. 

The asymptotic solutions and shallow shell results for the paraboloid 
have been incorporated into a FORTRAN computer program which runs 
in a few minutes or less on a PC. The analysis of a thin paraboloidal dish 
is discussed� and examples are presented which demonstrate the effect of 
prescribing circumferential harmonics of edge displacement, and the effect 
of an asymmetric pressure load. 
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§1 Introduction

The present investigation is concerned with non-t�Zi.tymmetric defor
mations of shells of revolution, and is an extension of a previous report 
(Steele and Balch, 1987), in which asymptotic solutions for axisymmetric 
edge bending were discussed. In order to analyze general non-axisymmetric 
deformations, the circumferential dependence of the displacements and 
stresses is expressed as a Fourier series of circumferential harmonics. The 
shell equations are derived from a mixed variational principle of the Reiss
ner type, which leads to a state vector (matrix) form of the equations for 
the nth circumferential harmonic. 

The general response of a shell to prescribed edge deformations and ap
plied loads consists of a combination of membrane, inextensional, and edge 
bending behavi�r. Membrane behavior is characterized by direct stresses 
which are much greater that any bending stresses, while inextensional be
havior is characterized by direct stresses which are negligible relative to 
the bending stresses. Edge bending effects involve coupled membrane and 
bending behavior and are typically local to the edge zone, decaying rapidly 
with increasing distance from the edge of the shell. 

In the present work, asymptotic solutions to the shell equations for the 
nth circumferential harmonic are obtained using the asymptotic expansion 
discussed by Steele (1980). These solutions describe edge bending, and are 
valid for edge effects with decay distances which are small in comparison to 
the shell radii of curvature, and for perturbations from a nominal state of 
membrane prestress. Solutions for membrane and inextensional behavior 
are obtained independently, using shallow shell theory. 

The analysis of the paraboloidal dish collector discussed by Kutscher 
et. tJl. (1988) is the primary motivation and concern of the present work. 
The membrane, inextensional, and edge bending solutions are therefore de
rived for the paraboloidal shell. These solutions have been incorporated 
into a FORTRAN computer program which can be run in a few minutes 
o;n a PC. The output of the program consists of the displacements, sur
face rotations, and stresses at a predetermined set of grid points on the 
shell. Several examples are discussed which illustrate the response of a pa
raboloidal shell to non-axisymmetric edge conditions a.nd loading. For the 
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analysis of asymmetric pressure loading� a "wind load" membrane solution 
with coe 8 ( n = 1)  circumferential dependence is employed. 

§2 Reference Coordinate System and Notation

Figure 1 shows an element of a shell of revolution. The radial, circum
ferential, and axial coordinates ( r, 8, z) are used. 

Figure 1. Shell element, coordinate system, and reference 
basis vectors. 

Figure 1 also shows the local basis vectors { e,, e,, en} in the meridional, 
circ�erential, and normal directions. The stress and moment resultants 
which· act on the shell element are commonly expressed relative to this 
basis. Figure 2 shows the stress and moment resultants and their directions 
of positive action. 

a,  
,N 
N 

9 S

9 

Figure 2. Stress and moment resultants acting on a shell 
element. 

For some purposes, it is convenient to utilize the basis { e,., e%, e,} 
shown in Fig. 1, and to decompose the stress resultants and displacements 
in terms of radial and vertical components: 

N,. = N, cos <P + Q, sin <P
N% = Ns sin <P - Q, cos <P
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u� = u. cos ¢J + u,. sin ¢J 
Uz = u. sin ¢J - u,. cos ¢J (2c, d) 

where N and u denote stress resultants and midsurface displacements in 
the directions indicated by the subscripts, and the angle ,P, given by 

.J.. _1 (dz )
., = tan -

d.r (3) 

is the angle between the normal to the meridian and the z axis (see Fig. 3 ). 

Figure 3. Meridian of a shell of revolution and meridional
arclength coordinate s. The distances r1 and r2 are the radii
of curvature in the meridional and circumferential directions. 

The principal kinematic degrees of freedom to be considered are de
picted in Fig. 4. The two rotation arigles X(•.•> of the normal to the mid
surface are considered in addition to the three midsurface displacements 
U(�,z,l) ·  This Reissner-type of kinematic approximation incorporates the 
effect of transverse shear deformation. 

Figure 4. The kinematic degrees of freedom along an edge 
s = const. consist of the radial, vertical, and circumferential 
displacements Ur, Uz,  u, and the meridional and circumferen
tial rotation angles x., X I of the normal to the midsurface. 
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As a consequence of these kinematics, a complete specification of the 
boundary conditions requires the enforcement of five conditions along the 
edge of the shell. Either a displacement quantity or its corresponding force 
quantity may be prescribed. Along an edge of constant s ,  the five force
quantities which correspond to the five kinematic degrees of freedom shown 
in Fig. 4 are the two moment resultants M. and M., and the three stress 
resultants N,.9 N:n and N.,. 

§3 Formulation of the Shell Equations

The governing equations for the shell of revolution can be derived by 
applying a mixed variational principle of the Reissner form, which can be 
written 

cHI = 6 f21rf.•' {N.e. + N,e, + 2N.,e.,lo •t 
+M.�e. + M,�e, + 2M.,�e., + Q.(x. - /3.) + Q,(XI - {3,)

1 [ 2 2 ( 2 1
- 2Et N. - 2vN.N, + N1 + 2 1 + v)N., 

6 
- Et3 

[M; ·- 2vM.M, + Mi + 2(1 + v)M;,]

- 2�t ( Q� + Q�) - p.u. - p,u, - p,.u,.}r ds diJ = Q.

(4) 

where e., e,, and e., are the midsurface strains; �e., �e,, and �e., are the mid
surface curvature changes; /3. and p, are the midsurface rotations; P( •,l,n)

are the components of the distribut_ed load; v is Poisson's ratio; and the 
shear flexibility factor iJ is given by 

JJ � 12(1 + v)/5 (5) 

for isotropic materials. 
Because the shell kinematics involve five degrees of freedom, it is pos

sible to write Eq. ( 4) in terms of the five displacement quantities shown in
Fig. 4 and the five corresponding force quantities. This leads to a modified 
form of Eq. ( 4) in terms of ten independent unknowns. The algebra re

quired to achieve this can be carried out systematically by means of matrix 
operations. The symbolic manipulation program MACSYMA (1983) was 

utilized to derive and check the results. 
First, consider the constitutive relations for linear elastic behavior: 

(6) 
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in which the vectors F(1 ,2) and D(1 ,2) are defined by 

M, 
M,s F1 = Q, 
N, 
N,s 

�<, 
2�t,g 

D1 = X• - p,
e, 

2e:,g 

(1a, b) 

(Sa, b) 

and the symmetric matrix r is given in Appendix A for the case of isotropic 
behavior. The matrix relation (6) can be partially inverted to obtain 

where 

[ D1 l = [ •uF2 .21

.11 - r-11 1 

.12 ] [Dt l 

.22 D2 

.12 - -r111r12 = -•it

.22 - r22 - r21r111r12

(9) 

(lOa) 
(lOb) 
(lOc) 

Making use of the definitions (7,8) and Eq. (9), it is possible to rewrite 
the variational equation ( 4) as 

6TI = 6 rftf.'2 [Ff(Dt + •ftD2 ) + �Df•22D2lo •t (11)  - �Ff+uF1 - DTP]r ds d8 = 0

where the superscript T denotes transposition. In Eq. ( 1 1  ), the dependent 
force quantities F 2 have been eliminated from the integrand, and the vectors

x • . 0 XI 0 
D = u,. P = p,. ( 12a, b) Uz Pz 

u, PI 
in the final load term of the integrand are the displacement and load vectors
relative to the { e,., e . n  e,} basis. 
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The next objective is to express Eq. (11) in terms of the five displace
ment quantities in the vector D and the five force quantitities in the vector
F, defined by 

rM. 
rM., 

F = rNr - rGfFl (13) 
rNz 
rN., 

where the transformation matrix G1 is
1 0 0 0 0 
0 1 0 0 0 

Gl - 0 0 sin t/> - cos t/> 0 (14) 
0 0 cos t/> sin t/> 0
0 0 0 0 1 

In order to express D1 and D2 in terms of the vector D, kinematic
relations which relate strains and curvature changes to displacements and 
rotations are required. Consider a deformation with cos nlJ circumferential 
dependence, for which 

and 

F = D =

0 
0 

( 15a, b) 

(16a, b) 

p = �n) cos n8 
p�n>-cos nlJ
p�n) sinn8

(17a, b, c)
where the superscript (n) denotes a Fourier coefficient which is independent 
of 9. 

The kinematic relations given by Fliigge (1973) can be written in the 
matrix form 

D(n) 1 
n<n)2 
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where D(n) , D�") , and D�") are the vectors of the Fourier coefficients in 
Eqs. (15b), ( 16b), and (17b), and the matrices G�") and G�") are given by 

0 0 0 0 0 
�n/r - cos ¢>/r 0 0 0 

1 0 0 0 0 
0 0 0 0 0 
0 0 =Fn cos ¢>/r. =Fn sin ¢>/r - cos ¢>/r [cos ¢>/r ±.n/r 0 0 0 ]

G�") = 0 1 =Fn sin ¢>/r ±.n cos ¢>/r - sin ¢>/r 
0 0 1/r 0 ±.n/r 

(19a) 

(19b) 

The upper sign of {±., =F} in Eqs. (19) applies for the circumferential de
pendence represented by Eqs. {15-17), and the lower sign applies for sinn6 
dependence, which would be represented by Eqs. {15-17) with cosines and 
�ines interchanged. 

For the nth harmonic of circumferential variation, the integration with 
respect to 6 in Eq. ( 11) just leads to an overall multiplicative factor of 1r (or
21r, for the axisymmetric case n = 0). Dividing through by this constant
then leaves the variational equation 

6n = 6 [F(n) {D(n) + +T n<"> ) + ·n<"> + n<n>/.•2 T 1 T · 

1 1 21 2 2 2 22 2 
q (20) 

- !F�")T +uFi"> - D(n)T p<n>]r cl3 = 0
2 

in which the 6 dependence has been eliminated, and Fi"> and p(n) are the
vectors of the Fourier coefficients in Eqs. {15a) and {17c). 

Inverting Eq. (13) yields 

(21) 

Substituting Eqs. {18) and {21) into Eq. {20) now provides the final varia
tional equation in terms of F and D: 

6TI = .sf.•' (F<">TdD(n) + n<n>T E(")F(n) - !F<">T C F(n)
., tU 2 (22) 

+ �D(n)T K<">n<n> - o<n>T B<"> ) cl3 = 0

where the matrices E(n) , C, K(n) , and the load vector B(n) are given by 

E(n)T = Gf{G�"> + +ft G�")) {23a) 
1 T C = -G1 +u Gt {23b) r 

K(n) = r a<">T ..-... G(n) 3 ".1!'22 3 
B(n) = r p(n) 
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The explicit forms of E(n) , C, and K(n) for the case of isotropic material
behavior are given in Appendix B. Note that the matrices C and K(n) are 
symmetric. 

As pointed out by Steele {1988) in deriving the fourth-order system for 
axisymmetric deformations, a variational principle of the form (22) leads 
to the self-adjoint system 

_.!!_ [ F ] <n> [E K ] <"> [ F ] <n> - [B ] <">
� D + C -ET D - 0 (24) 

The state vector equation (24) is a tenth-order system of governing_ equa
tions for the nth Fourier harmonic. It will be seen that the form (24) of 
the shell equations is convenient for obtaining asymptotic solutions for edge 
effects. 

§4 Initial Tension Due to Pressure Load

The nonlinear equations for finite axisymmetric deformations of shells 
of revolution were first derived by Reissner (1950). Asymptotic solutions to 
Reissner�s equations are presented by Ranjan and Steele (1980). From these 
and other previous works, it is seen that "prestress," �r initial membrane 
tension or compression, contributes an important geometric nonlinearity 
which can significantly affect the edge· bending behavior of a shell. 

For an analysis of a shell with prestress, the moderate rotation terms 

1 2 1 2 
2N.P. + 2N,p, + N.,p.p, (25)

must be added to the integrand in Eq. ( 4). For isotropic or transversely 
orthotropic materials, the constitutive relations 

Et Q. - -(x. - P.) 
I' 

Et Q, - -(x• - p,) 
jJ 

can be used to express the moderate rotation terms (25) as 

1 2 1 2 
2N.x. + 2N'x' + N.,x.x•

provided that 

(26a) 

(26b) 

(27) 

{N., N,, N.,} < Et/JJ (28) 
In general, the inclusion of the terms (27) in the integrand of Eq. ( 4) leads 
to a nonlinear system of governing equations. 
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For the purposes of the present investigation, which concerns prestress 
due to pressure load, the nonlinear terms (27) are linearized to obtain 

1 - 2 - 2 2(N,x, + N,x,) (29) 

where N, and &, denote the nominal state of membrane stress due to the 
pressure load. The quadratic terms (29) are the linearized strain energy. 
terms associated with perturbations relative to the nominal state of tension. 
Note that the pressure load produces no membrane shear stress. 

When the linearized moderate rotation terms (29) are added to the 
integrand of Eq. ( 4) , the resulting system of equations (24) remains the 
same, except for the first two diagonal elements of the matrix K(n) , which
become 

(30a) 

(30b) 

The system of equations to be considered in the subsequent analysis is 
therefore Eq. (24) with the modifications (30). 

§S Asymptotic Solutions

For the analysis of edge effects, we consider the homogeneous case of 
Eq. (24), which c� be written 

4Y -- + AY = O ds (31) 

where Y is the unknown state vector and A is the coefficent matrix which 
depends on the meridional coordinate .s.

In order to obtain solutions to Eq. (31) which are of a relatively sim
ple form, the formal asymptotic expansion introduced by Steele ( 1980) is 
employed. In this approach, the solution Y is represented by the series 

Y = exp(J e(s)d8) (Yo(s) + Yt (.s) + . . . ] (32) 

where e(.s) is an unknown function and the yi are unknown vectors which
are slowly varying functions of s. The form (32) is appropriate for edge 
effects which decay rapidly with increasing distance from the edge. 

The expansion (32) satisfies the governing equations (31) if e and the 
Y i satisfy the relations 

(A - Je)Yo - 0

(A - �)Yi -

1 .2-1 0  
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where I is the identity matrix. The function e and vector Yo are therefore 
an eigenvalue and corresponding eigenvector of the coefficient matrix A. 
The Yi are determined recursively from Eq. {336). 

In the present work, as in the previous investigation (Steele and Balch, 
1987), the one-term asymptotic solution is considered. This provides an 
approximate solution of simple exponential form: 

{34) 

where C is an arbitrary constant and e{se)  and Y0{se ) are an eigenvalue 
and corresponding eigenvector evaluated at the edge s =  Se · The one-term 
asymptotic solution therefore requires the calculation of the eigenvalues and 
eigenvectors of A{ Se ). 

Because the matrix A is non-symmetric and of tenth order, it has, in 
general, ten complex eigenvalues e' which satisfy the characteristic equation 

lA - Iel = 0 {35) 

It can be shown, however, that if e is an eigenvalue of a matrix which is of 
the form of the coefficient matrix in Eq. {24), then -e is also an eigenvalue. 
The s"olutions which correspond to the five eigenvalue{! with positive real 
parts decay with decreasing s (see Fig. 3), and represent edge efFects at an 
outer edge. The solutions which correspond to the five eigenval11es with 
negative real parts decay with increasing s and represent· edge effects at an 
inner edge. For a shell with a single edge (no internal cutouts), we need 
therefore consider only the five edge efFect solutions for the outer edge. 

For qualitative discussion of the behavior of the edge efFects, it is useful 
to define the decay dutanee 6 by 

{36) 

which is the distance from the edge at which the envelope of the edge effect 
has decayed by about 4%. 

The five roots of Eq . {35) with positive real part can be determined 
numerieally. For isotropic material behavior, the five roots can be catego
rized as follows: 

(i) The largest root is of 0( t-1 ), where t is the shell thickness. This 
root corresponds to a very localized transverse shear edge effect with a 
decay distance 6 = 0( t). 

(ii) The next two largest roots correspond to edge bending effects. 
Figure 5 shows the decay distances of the two edge bending solutions as a 
function of the dimensionless harmonic index 

n = n�/(2r) {37) 
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where r2 is the circumferen ial radius of curvature and c is the reduced
thickness, defined by 

(38) 

where t is  the shell thickness and 11 is Poisson's ratio.
For zero prestress (solid line in Fig. 5), the two edge bending solutions 

have equal decay distances 6 = 0( y;:;t}. For high prestress (dashed and 
dotted lines in Fig. 5), one bending edge efFect decays rapidly and one 
decays slowly relative to the bending edge effects without prestress. Initial 
membrane tension in the shell therefore afFects the edge bending behavior 
dramatically, as pointed out in the previous report (Steele and Balch, 1987) 
for the case of axisymmetric deformations ( n = 0).
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Figure 5. Decay distance 6 as a function of n for the two edge
bemHng solutions, with nominal prestress N,r2/(2Etc) = 

N,rtf(2Etc) = 0 (solid line) , 4 (dashed line) , and 40 (dotted
line). The longest decay distance occurs for the axisymmetric 
case n = 0. 

1 

(iii) The lowest two roots of E q . ( 3 5 )  correspond to a membrane solu
tion, for which the direct stresses are much greater that the bending stresses, 
and an inextensional solution, for which the direct stresses are negligible 
relative to the bending stresses. With the present formulation, the asymp
totic solution (34) provides accurate approximations to the membrane and 
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inextensional solutions only for very high harmonics n = 0(1), for which 
the response of the shell approaches that of a fiat plate. 

Because the lower harmonics are of particular interest in the present 
investigation, solutions valid for general n based on shallow shell theory are
employed to represent the membrane and inextensio� response. This is 
discussed in the next section. 

§6 Shallow Shell Solutions for the Paraboloid

A shallow paraboloidal or spherical shell can be described by 

z(r) = r2/(2R) (39) 

where z( r) and R are the axial coordinate and radius of curvature of the
undeformed meridian. 

For the paraboloid, the homogeneous form of the shallow shell equa
tions, from Wlassow (1958), p. 381, can be written with respect to the 
coordinates in Fig. 1 as follows: 

1 1 . 
Et��t/J + R�Ug = 0 (40a) 

2 - 1 Etc Mug - N�ug - R�tP = 0 (40b) 

in which E is the elastic modulus, N iS the nominal state of membt:ane ten
sion; t/J is the Airy stress function for perturbations relative to this nominal 
state, i.e., 

N,. 
- 1 8t�J 1 lPt�J- N + ;:.ar + r2 862

N, - N + iPt�J CJr2 
N., - �(!. 8tP) 

8r r 86
and � is the harmonic differential operator defined by

lP 1 8  1 82 
� = 8r2 + ;: 8r + r2 862

Substituting the circumferential variation 

tP ;:: t/J(fl) cos n6 ; Ug = u�") cos n6
into the equations ( 40) yields the coupled ODE's 

(41a) 

(41b) 

(41c) 

(42) 

(43a, b) 

..!._� � .J.(n) + .!_� u(n) = 0 (44a) Et " ""' R " g 

Etc2 � A u(n) - N � u<"> - .!_A .J.(n) = 0 (44b) ,..u.,. g " z R .u.,. ., 
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where 
rP 1 d n2 

An = - + -- - - (45) dr2 r dr r2 

The solutions to Eqs. ( 44) can be separated into three families: 
(i) Edge bending solutions, which satisfy 

( 2 - Et ) (n) Etc 6,.,6,., - Ntl.,., + .
R2 u.r = 0 (46) 

Since asymptotic solutions for edge bending were obtained in the previous 
section, the solutions to Eq. ( 46) will not be discussed. 

(ii) Membrane solutions, which satisfy 

6-,.,t/>(n) = 0 (47) 

(iii) Inextensional solutions, which satisfy 

(48) 
The membrane and inextensional solutions for the paraboloid are there

fore simple harmonic functions, given by 

t/>("') = Ctr"' + C2r-n
u�"'> = C� r"' + C�r-"'

(49a) 
(49a) 

where C 1 , C2 , C� , and C� are arbitrary constants. For the present analysis, 
only the first terms in Eqs. ( 49) need be considered; the second terms are

singular at r = 0 and must be omitted for the case of a paraboloid with 
a single edge. From Eqs. (49), the_constitutive relations (6,A. l-3), and 
the kinematic relations (18), all the components in the state vector Y of 
Eq. (31) can be calculated. 

The results for the membrane solutions are:

M(n) r • 0 (n) X• 

rM(n) 0 (n) 
•• x, 

N.(n)r r = No -n-1 rer (n)Ur = No 

rN�n) r�r" /R (n)U.r 

N(n)r '' :l::rer"-1 (n)u, 

0 

0 

{1+vtl;an- 1  
Ec n-1) 

P+ll)r!f'n 
EtRn 

{1+11}rs ;an- 1  
� Ec(n-1) 

(50) 

where No is an arbitrary constant, re is the radial coordinate of the edge, 
and r, defined by 

r = rfre (51) 
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is a dimensionless radial coordinate. In Eq. (50), the upper sign of {±, :r}
corresponds to cos nc9 circumferential dependence of ¢J(n) and u�n) , and the
lower sign corresponds to sin nc9 circumferential dependence. 

The results for the inextensional solutions are: 

M(n) Etc2(1-llln! n-llf'"-1 x�n) � r • 
"• "• 

M(n) r •' ± Etc2!1-llln!n-tlr"-1 
"• (n) x, nr"-1 

:r-,::-

N(n) r ,. = vo 0 (n) u,. = vo 
ftt"1,. .. +1 - R(n+l) 

N(n) r 1l 0 (n) u1l ;;n 

N(n) 0 (n) ,. ,. .. +1 
r •' u, ± R(n+l) 

(52)
where vo is an arbitrary constant. 

For the case n = 1, the solutions (50) and (52) describe rigid body mo
tions of the shell. Equations (50) and (52) provide the remaining solutions 
which are required for analyzing edge effects in a paraboloidal dish. 

§7 Membrane Solutions for Asymmetric Pressure Load

In this section, we discuss membrane solutions for a paraboloidal shell 
subjected to asymmetric pressure loading such that 

p = p(n) cos nc9 
N, = N!n) cos nc9 ,.  

N. = N�n) cos nc9

N., = N!;> sinnc9

(53a, b) 
(53c, d) 

where p is  the pressure in the en direction in Fig. 1. The primary concern
of the present analysis is the "wind load" distribution which corresponds 
to the n = 1 harmonic.

For a shallow paraboloidal shell, the membrane equations of equilib
rium can be written 

where 

d 'i;(rN+) + (1  + n)N+ = Rp(n) (1 + n)

d i;(rN-) + (1 - n)N_ = Rp(n)(1 - n)

N!n) = Rp(n)_N�n) 

N+ = N�n> + N!;> 
N - N(n) - N(n)- - . .. 
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(see Fliigge [ 1 9  7 3 ] ,  p. 43). The solutions for N + and N- are then given by 

(56) 

The membrane strains can be determined directly from the constitutive 
relations (6,A. 1-3), and the displacements, from the kinematic relations 
(18), are given by 

u(n) = 1" E(n) d.s r • 
0 

u(n) = 1" !:.e<"> dsz 
o R • 

u�") = (re, - u,.)fn

For n = 1 ,  Eqs. (55) and (56) yield 

(57 a) 
(57b) 

(57 c) 

N}1> = N!�> = Rr-3 1,. 
p<1>r'2 dr' (58) 

In the subsequent analysis, the solution (58) is used to represent the mem
brane stresses due to an asymmetric pressure load. 

§8 Solution Procedure

As in the previous investigation (Steele and Balch, 1987), the total 
solution is decomposed into particular and complementary solutions. For 
the nth harmonic, 

(59) 

where Y�") is the particular solution which satisfies Eq. (24), but does 
not in general satisfy the boundary conditions at the edge s = se, and 
Yi"> is the complementary solution, which is the general solution to the
homogeneous equation {31). 

In the present w.ork, the particular solution is taken to be zero for all 
n > 2. For n = 0, the particular solution is taken to be the axisymmet
ric membrane solution for uniform pressure loading (see Steele and Balch, 
1987). For n = 1 ,  the particular solution is taken to be the "wind load" 
solution (58), which is evaluated by assuming a piecewise linear radial pres
sure distribution, with pressure data from a set of sample points along the 
meridian of the paraboloid. The displacements are determined by numerical 
integration of Eqs. (57). 

The complementary solution Y� n) can be expressed

Y�"> = C�">y�� + C�">y��l + C�">y��2 
+ Ci">y�� + C�">y�> 
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where Y�';J is the asymptotic solution for the local transverse shear edge
effect; Y�'il1 and Y�'il2 are the asymptotic solutions for the rapidly decaying
bending edge effects; y<�� and y<�> 

are the membrane and inextensional
shallow shell solutions; and the c�n) are unknown constants.

The five unknown constants c!"> are determined by enforcing five
boundary conditions along the edge s =  s8• The conditions are

x�n) = x: 
x(n) - x· ' - '

u<n) - u• ,. - ,. 

u<n) - u• z - z

u(n) - u* ' - ' 

or 

or 

or 

or 

or 

M<n> - M*. - . 

M<n> - M* .. - .. 

N<n> - N* ,. - ,. 

N<"> - N*z - z 

N<n> - N* .. - .. 

(61a) 

(61b) 

(6lc) 

(6ld) 

(6le) 

where the superscript • denotes a prescribed value at the edge. Note that 
either a displacement quantity or its corresponding force quantity can be 
prescribed. 

Equations (61) provide a linear algebraic system in the five unknowns 
C�"> for each harmonic. This system can be expressed

(n) Ct (n) (n) 
c2 

M Ca - R (62) 
c4 
Cs 

where M and R are  a known coefficient matrix and right-hand-side. The 
matrix M is well conditioned when the boundary conditions are given 
as prescribed displacements. If all the boundary conditions are given as 
prescribed forces? however, conditioning problems may arise for very thin 
shells, due to the extremely low stiffnesses associated with the inextensional 
deformation modes. 

§9 Examples and Discussion

The numerical results presented in this section were obtained from the 
DISH computer program, which is described in Appendix C. The program is 
a computerized implementation of the solutions and the solution procedure 
discussed in the preceding sections, and is capable of analyzing several 
harmonics of deformation in a few minutes or less on a PC. Examples are

presented for a thin steel paraboloidal dish, with the geometry, material 
properties, and nominal pressure load given in Table 1. 
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Table 1. Specifications for paraboloidal dish. 

Geometry Material Properties Load 
t = 0.254mm E = 209 GPa p = 2000 Pa 
re = 7.5 m ll = 0.3 
/ = 9 m 

9.1 Prescribed Radial Edge Deformation 

Consider a prescribed radial edge displacement of the form 

(63) 

with 
u�") = 1.0 mm j x�") = x�") = u�") = u�") = 0 (64) 

at the edge. This can be envisioned as a cos n8 radial perturbation of a 
nominal axisymmetric configuration in which the edge of the paraboloid is 
clamped. Note that the paraboloid is also subjected to the pressure load 
p = 2000 Pa. 

The displacements Ur and U z are plotted in Fig. 6 for the case n = 2.
For comparision, the displacements for the nominal axisymmetric· case of a
clamp� edge is shown (solid lines in Fig. 6). For 8 = 0°- (dashed lines), the
radial displacement u" equals 1.0 mm at the outer edge, and the magnitude
of the vertical displacement is less tlia.n for the axisymmetric case. But 
along the radial line 8 = 90° (dotted lines), the magnitude ·of the vertical 
displacement is greater than for the axisymmetric case. This is the expected 
behavior of an n = 2 deformation mode. 

The rotations X• and XI for the case n = 2 are plotted in Fig. 7. For 
8 = 0° (dashed line) the peak meridional rotation X• is smaller than for 
the nominal axisymmetric case (solid line), but for 8 = 90° (dotted line), 
the magnitude of the peak meridional rotation x. is greater than for the 
axisymmetric case. Note that the maximum circumferential rotations x,, 

which occur along the radial line 8 = 45° (dot-dashed line in Fig. 7), are 
much smaller than the maximum meridional rotations. 

Because zero meridional rotation is prescribed at the edge, the values 
of x. drop abruptly from their peak values to zero within the outer few 
mmimeters of the edge (see Fig. 7). This indicates a rapidly decaying edge 
bending effect. A much more slowly decayin�e edge bending effect with a 
decay distance 6 - lm is also evident. 

Figure 8 shows the stress resultants N. and N1 for the case n = 2. 
The values of the stress resultants for the nominal axisymmetric case are 
shown for comparison (solid line). Along 8 = 0°, the meridional stress N. 
associated with the n = 2 edge deformation is uniformly greater than for the 
axisymmetric case, and the circumferential stress N, exhibits a relatively 
smaller drop near the edge (dashed lines). But along 8 = 90° (dotted lines), 
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Figure 6e Radial displacement Ur and vertical displacement 
u.r as functions of r for a paraboloidal shell subjected to a 
cos 28 prescribed radial edge displacement. Results shown for 
8 = 0° (dashed lines) and 8 = 90° (dotted lines). The results 
for the axisymmetric case of a clamped edge ·are shown for
comparison (solid lines). 
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metric case of a clamped edge for comparison (solid line). The 
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the abrubt drop to zero due to the clamped edge condition. 
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Figure 8. Stress resultants N. and N, as functions of r for 
a paraboloidal shell subjected to a cos 29 prescribed radial 
edge displac�ent. The stress resultants are shown for 9 = 
0° (dashed lines) and 9 = goo (dotted lines), and for the 
axisymmetric case of a clamped edge for comparison (solid 
lines). Note the significant drop in the circumferential stress 
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the meridional stress is uniformly less than for the axisymmetric case, and 
the drop in circumferential stress near the edge is quite pronounced. 

Note that the effect of the n = 2 edge deformation on the meridional 
stress N. is not local to the edge zone, but is distributed uniformly over 
the shell. This is due to the participation of the n = 2 membrane solution, 
which can be characterized approximately as a state of uniform tension 
along fJ = 0° with uniform compression along fJ = 90° . 

The radial and vertical displacements Ur and Uz are shown in Fig. 9 
for higher harmonics of prescribed radial edge displacement, corresponding 
to n = 4 (dashed lines), n = 16 (dotted lines), and n = 64 (dot-dashed 
lines). Again, the displacements for the nominal axisymmetric case of a 
clamped edge are shown for comparison (solid lines). It is evident that for 
higher harmonics of edge displacement, the edge efFects decay more rapidly, 
becoming more localized to the edge zone. 

For a given amplitude u�") of edge displacement, the stresses grow
with n (not shown). This reflects the greater stiffness of the shell for higher 
harmonics of edge deformation. Because the present analysis is based on 
the linearized moderate rotation terms with no nonlinear update of the 
membrane stresses, the accuracy will therefore deteriorate as n is increased 
while u�") is held fixed.

9.2 Prescribed Vertical Edge Deformation 

Now consider the case of a prescribed vertical edge displacemeri.t of the 
form 

with 

at the edge. 

X(n) - x<"> - u<"> - u<"> - 0• - I - r - I ,__ 

(65) 

(66) 

Figure 10 shows the radial and vertical displacements Ur and Uz for the 
case n = 2 and Fig. 11 shaws the meridional and vertical stress resultants 
N. and N,. Figure 12 shows the displacements Ur and Uz for n = 4, 16, and 
64. For brevity, detailed commentary will not be included outside of the
captions, since the results are qualitatively similar to those of the previous 
example in which the radial edge displacement was prescribed. 

9.3 Asymmetric Pressure Loading 

For the final example, we consider a "wind load" 

Pn = p, sin </> cos fJ (67) 

where Pn is the normal pressure on the shell, p, is a known wind pressure, 
and <P is defined in Fig. 3. The form (67) is borrowed from Fliigge ( 1973). 
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The edge of the paraboloid is taken as clamped (all displacements and 
rotations are prescribed to be zero), and the nominal pressure is 2000 Pa. 

Figure 13 shows the meridional stress resultant N, (solid line) and the 
circumferential stress· resultant N, (dashed line) evaluated along (J = 0° 
for the case Pw = 1000 Pa. The marks in Fig. 13 were computed using the 
membrane results for the spherical shell from Fliigge (1973), p. 44. Good 
agreement is observed except near the edge, where edge bending effects are 
significant due to the clamped edge conditions. Note that much of the load 
is carried by the circumferential "hoop" stress. 

Figure 14 shows the radial and vertical displacements u,. and u% along 
the radial line fJ = 0°, for Pw = 0, 1000, and 2000 Pa, and Fig. 15. shows 
the meridional rotation X,. As Pw is increased, the rotation x, near the 
edge at 9 = 0° also increases, although the qualitative behavior of the edge 
effects along fJ = 0° remains the same (see Fig. 15). 

§10 Conclusions

A tenth-order matrix formulation was presented for non-axisymmetric 
deformations of shells of revolution. The formulation includes the moder
ate rotation terms which become important in the presence of high initial 
prestress. Based on this formulation, asymptotic solutions were obtained 
for non-axisymmetric edge bending effects in a pressure-loaded paraboloi
dal shell. For the membrane and uiextensional responses to edge loads, 
solutions were derived using shallow shell theory. Membrane solutions for 
asymmetric pressure loads were also derived. 

The various solutions for the paraboloidal shell were incorporated into
a computer program which can be run �n a few minutes on a PC. A thin steel 
parabolic dish was analyzed, and examples were presented which demon
strate the efFect of prescribing circumferential harmonics of edge displace
ment, and the effect of an a.Symmetric pressure load. For low harmonics 
of deformation, the decay distances of the bending edge effects were found 
to be comparable to those for the axisymmetric case. This is due to the 
extremely large radius-to-thickness ratio of the shell which was analyzed. 

For problems involving prescribed edge displacements, membrane so
lutiona contribute significantly. In particular, the membrane stresses due 
to an n  = 2 edge deformation do not decay appreciably with increasing 
distance from the edge. For asymmetric pressure loading, the results of the 
present analysis agree with membrane theory, except near the edge, where 
edge bending effects become important. 
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line) along 9 = 0° for a clamped paraboloidal shell subjected 
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Appendix A: Constitutive Matrices for Isotropic Behavior 

For isotropic behavior, the constitutive matrices r11 , r12 , r21 ,  and r22 in Eq. {6) are given by

t? 0 0 0 0 
0 c2!1-.,l 0 0 0 2 ru Et 0 0 l. 0 0 (A.1) - " 
0 0 0 12.,!1 0 
0 0 0 0 1 

2(1+.,) 

[ v� 0 0 0 �] r21 - ri; - Et � 0 0 0 (A.2) 
0 0 . ,  1-.,!1 
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0 
!. 
" 
0 .J.. ] (A.3) 

where E is the elastic modulus, v is Poisson's ratio, t is. the shell thickness, 
and C is g iven by E q . ( 38 )

Appendix B:  Coefficient Matrices for Isotropic Behavior 

The coefficient matrices E(n) , C, and K(n) in Eqs. (22) and (24) can 
be calculated from Eqs. (23). For isotropic behavior, the explicit forms of 
the matrices are 

'II cos <P :;:n r sin ¢> 

E(n) = !. ±vn - cos <P 0 
0 0 v cos ¢>r .0  0 0 
0 0 ±zm cos ¢> 

� 0 0 
2 

1 0 cli(l-11) 0 
C = - 0 0 I' sin2 �(1-112) cos2 � Etr 

(1 -112 -I') sin � cos � 0 0 
0 0 0 

K(n) = 

0 

Et 
r 

[Symmetric] 

-r cos ¢> 0 
0 0 

v sin ¢> =t=n cos ¢> (B.l) 
0 =t=n sin t/> 

±vn sin ¢> - cos tP 

0 0 
0 0 

(1 -112 -I') sin � cos �  0 
J' COS2 �(l -112) sin2 � 0 

0 
::l: nr cos + 

" 

0 

n2 sin + cos +  
" 

n2 cos2 + 
" 

2(1+11) 
(B.2) 

0 
_ rsin .P 

" 
::l:n( •in; ++1) 
� n sin + cos + 

" 
�+ 2" " 

(B.3) 

where the upper sign of { ±, =F} corresponds to cos n8 circumferential depen
dence, and the lower sign corresponds to sin n8 circumferential dependence. 
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Appendix C: Description of the DISH Computer Program 

This appendix provides a brief description of the DISH computer pro
gram for the analysis of paraboloidal shells. The program is written in 
standard FORTRAN-77 and can be run on an mM PC. A sample input 
file is shown in the following table. 

Table C-1. Sample input file for the DISH program. 

Input File DISH . IN ,  for the DISH structural analysis proqram. 

T RE FL GEOMETRY 
2 . 54E-4 7 . 5  9 . 0  

E NU Kt1 MATERIAL PROPERTIES 
209 . E9 0 . 3  3 . 12 

NFOUR NPTS RANGE r, theta ( d )  NPTSW MESH ANALYSIS PARAMETERS 
2 4 , 2  6 .  ' 7  . s  0 . , 90 .  16 10 

• 

( l  •> Disp . ; 2 •> Force ) BOUNDARY CONDITION FLAGS 
CHis/MS CHit/MSt Ur/Nr UZ/NZ Ut/NSt 

1 l 1 l l 

( ICS•l • >  COS ; ICS•2 •> SIN ) 
NHAaM ICS CHis/MS CHit/MSt 
0 1 0 .  0 .  
l 1 0 .  o .  

Ur/Nr 
0 .  
0 .  

UZ/NZ 
0 .  
0 .  

BOUNDARY CONDITIONS 
Ut/NSt 
0 .  
o .

PNOM PRESSURE LOAD DATA 
2000 . 
( WINDAT ( I ) , I• 1 , NPTSW) 

0 .  0 . 277778E+02 0 . 555556E+02 0 . 833333E+02 O . llllllE+03 
0 . l38889E+03 0 . l6.6667E+03 0 . l94444E+03 0 .  222222E+03 0. 2SOOOOE+03 
0 . 277778E+03 0 . 30S S56E+03 0 . 33333 3E+03 0 . 36llllE+03 0 . 3 88889E+03 
O . U6667E+03 

Table C-1 shows an input file for the analysis of a paraboloid with 
clamped edges and wind loading. The first line of numbers contains the 
thickness T, edge radius RE, and focal length FL. The second line of num
bers contains the elastic modulus E, Poisson's ratio NU, and the shear 
flexibility factor MU (see Eq. [ 5 ]  ). 

The parameters in the third line of numbers are 

NFOUR: The total number of Fourier harmonics in the analysis, in 
this case 2 (n = 0 and n = 1). 

NPTS: Adjusts the density of the grid of output points. In this case, 
4 points in the radial direction by 2 in the circumferential. 

RANGE: The first two numbers are the minimum and maximum r 
values of the output interval, in this case 6.0 � r � 7.5. The second two 
numbers are the minimum and maximum 6 values (in degrees) of the output 
interval, in this case 0 � 6 < 90. 

NPTSW: The number of pressure data points for an n = 1 wind load 
analysis. Set to 0 if no wind load is included. 
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MESH: A mesh parameter for the numerical integration which deter
mines the displacements of the wind load solution. Any integer greater 
than 5 will yield adequate convergence in most cases. 

The next line of input is the five integers under "Boundary Condition 
Flags." Each must be set to 1 or 2, where 1 indicates that a displacement 
or rotation is prescribed, and 2 indicates that the corresponding force or 
moment is prescribed. In the input file shown, the flags are set to 1, which 
indicates that both rotations and all three displacements will be prescribed 
at the edge. To prescribe the meridional moment rather than the rotation, 
set the first flag to 2. Note that conditioning problems may arise if all the 
boundary conditions are chosen to be prescribed forces (see §8). 

. Under "Boundary Conditions" are one line of input for each harmonic 
in the analysis; in this case there are two lines. Each line includes 

NHARM: The first integer in the line is the harmonic number; 0 for 
axisymmetric, 1 for n = 1 ,  etc. 

ICS: The second integer should be set to 1 for a cosine harmonic, and 
2 for a sine harmonic. 

Boundary Conditions: The next five real numbers are the prescribed 
edge conditions for the harmonic specified .at the beginning of the line. In 
this case, all are set to zero in order to get a clamped edge. To prescribe 
a radial displacement, set the number under "Ur/Nr" to the desired value, 
with the corresponding "boundary condition flag" set to 1 .  

To specify the loading condition, assign pressure values to 
PNOM: The nominal pressure load acting on the parabola, in this case 

2000. 
WINDAT: This is an array of pressure values from NPTSW equally 

spaced sample points which are distributed along the meridian fJ = 0 from 
the center r = 0 to the outer edge r = r e .  The circumferential variation 
is assumed to be cos fJ ( n = 1 ). The program will linearly interpolate the 
pressure between sample points. If no asymmetric pressure load is desired, 
set NPTSW to 0 and leave this array out. 

When the program is run, it reads the input file DISH.IN, and gener
ates the output file DISH.DAT, which is essentially an echo check of the 
input data. DISH.DAT includes some additional information, such as the 
dimensionless pressurization parameter RHO. High prestress is associated 
with a value of RHO which is large relative to unity. DISH.DAT also lists 
the roots of the characteristic equation (35), which are the decay constants 
of the asymptotic solutions. The DISH.DAT file generated by the input file 
in Table C-1 is listed in Table C-2. 

The displacement and stress data is written to a second output file 
DISH.OUT. The DISH.OUT file generated by the input file in Table C-1 
is listed in Table C-3. The current version of the DISH program records 
13 quantities at each of the grid points specified in the input file. The 
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13 quantities are the two rotations x, and XI of the normal, the three 
displacements u,., u11,  and u, , the three moment resultants M,, M1, and 
M,,, and the five stress resultants N,., Nz, N., N,, and N,, .  

Table C-2. Sample output file DISH.DAT, from the DISH program. 

Output File DISH. DAT , from the DISH structural analysis program. 

Echo of Input Data : 

T RE FL Edqe Anqle 
0 . 254000E-03 0 . 7SOOOOE+Ol 0 . 900000!+01 2 2 . 6 20 deq 

E NU MU 
0 . 209000E+12 O . JOOOOOE+OO 0 . 312000E+Ol 

NFOUR 
2 

NPTS ( R ,  THETA )  
4 2 

R RANGE THETA RANGE 
0 . 600000E+Ol 0 . 7SOOOOE+01 0 . 00 

BCFLAG 
1 1 1 

NHARM ICS BCDAT 

NPTSW 
16 

90 . 00 

1 

MESH 
10 

1 

0 1 O . OOOOOOE+OO O . OOOOOOE+OO O . OOOOOOE+OO O . OOOOOOE+OO O . OOOOOOE+OO 
1 1 O . OOOOOOE+OO O . OOOOOOE+OO O . OOOOOOE+OO O . OOOOOOE+OO 0 .- 000000E+OO 

Nominal Pressure PNOM • 0 . 200000E+04 
Pressurization Parameter RHO • 0 . 465947E+02 

WINDAT 
O . OOOOOOE+OO 0 . 277778E+02 0 . 555556E+02 0 . 833333E+02 0 . 1lllllE+03 
0 . 138889E+03 O . l66667E+03 0 . 194444!:+03 0 . 222222E+03 0 . 2SOOOOE+03 
0 . 277778E+03 O . JOS556E+OJ 0 . 333333!+03 0 . 36 1lllE+03 0 . 388889E+OJ 
O . U6667E+03 

Decay Constants for N • 0 

( 0 . 249333E+03 , O . OOOOOOE+OO ) 
( 0 . 26756 9E+0 1 ,  O . OOOOOOE+OO ) 

Decay Constants for N • 1 

( 0 . 124581E+05 , 0 . 602718E-24 )  
( 0 . 24933JE+03 , -0 . 281823E-24 ) 
( 0 . 269064E+0 1 , -0 . 30291SE-24 ) 
( 0 . 123 10JE+OO , - O . S76263E-24 )  
( -0 . 1053 1 9E-13 , -0 . ll3360E-07 ) 
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Table C-3. Sample output file DISH.OUT, from the DISH program. 

THETA • o . oo 

R 
CHis 
MS 
Mt 

0 . 600000E+Ol 
-0 . 372910E-03 

0 . 2913 llE-03 
0 . 873933E-04 

0 . 65 0000E+Ol 
0 . 50 16 14E-03 
O . ll4779E-02 
0 . 3 4 4 3 3 7E-03 

0 . 700000E+Ol 
0 . 43 3097E-02 
0 . 4 5 4 93 6E-02 
O . l3648lE-02 

0 . 7SOOOOE+Ol 
0 . 3 3 ll25E-09 

-O . l60607E+Ol 
-0 . 4 8 l822E+OO 

THETA • 90 . 00 

R 
CHis 
Ms 
Mt 

0 . 600000E+Ol 
-o . 20S794E-03 

0 . 2 2 27 84E-03 
. 0 . 6 6 8 3 53E-04 

0 . 6SOOOOE+Ol 
0 . 4 5 74 26E-03 
0 . 876 ll3E-03 
0 . 262834E-03 

0 . 700000E+Ol 

CHit Or uz Ut 
Mst Nr Nz Nst 

Ns Nt 

O . OOOOOOE+OO 0 . 225217E-02 -0 . 63 5162E-02 O . OOOOOOE+OO 
O . OOOOOOE+OO O . l94057E+05 0 . 647442E+04 O . OOOOOOE+OO

0 . 204572E+05 0 . 250153E+OS 

O . OOOOOOE+OO 0 . 235940E-02 -0 . 63 2946E-02 O . OOOOOOE+OO 
O . OOOOOOE+OO O . l9460lE+05 0 . 705223E+04 O . OOOOOOE+OO 

0 . 2069 85E+05 0 . 248l89E+OS 

O . OOOOOOE+OO 0 . 205859E-02 -0 . 529811E-02 O . OOOOOOE+OO 
O . OOOOOOE+OO O . l93603E+OS 0 . 76 3 5 5 lE+04 O . OOOOOOE+OO 

0 . 208ll4E+OS 0 . 2154 66£+05 

O . OOOOOOE+OO -0 . 4943 89E-l0 -0 . 70l34 2E-l0 O . OOOOOOE+OO 
O . OOOOOOE+OO 0 . 186526£+05 0 . 8226lOE+04 O . OOOOOOE+OO 

0 . 20 3 8 l7E+OS 0 .  6ll449E+04 

CHit Ur uz Ut 
Mst Nr Nz Nst 

Ns Nt 

0 .  228067E-03 0 . l6.8506E-02 -0 . 498809E-02 -0 . ll84 90E-03 
-0 . 229369E-05 O . l798 6 SE+OS 0 . 600000E+0 4 ·  O . l4 96l2E+04 

O . l89609E+OS 0 . 20597 lE+OS 
. 

0 . 2l7589E-03 O . l78054E-02 -0 . 4923 5SE-02 -0 . 808 l27E-04 
-0 . 90 934lE-05 O . l7947lE+OS 0 . 650000E+04 O . l60963E+04 

O . l90879E+OS 0 . 202682E+OS 

0 . 3 3 7 925£-02 O . l72585E-03 
0 . 3 4 6 5 88E-02 -0 . 3 6 2657E-04 
O . l03 976E-02 

O . l56 3 l3E-02 -0 . 4089SlE-02 -0 . 40683 5E-04 
0 . 17J 906E+OS 0 . 700000E+04 O . l68870E+04 
O . l9ll8lE+OS O . l75897E+OS 

0 . 7SOOOOE+Ol 
0 . 3 6 7 9l7E-l0 

-O . l23 l l3E+Ol 
-0 . 36 93 39£+00 

O . OOOOOOE+OO -O . l47 167E-09 0 . 306566E-17 -0 . 735834E-10 
0 . 247579E-Ol 0 . 17l675E+OS 0 . 750000E+04 0 . 16293 2E+04 

O . l873 l5E+OS 0 . 56 1946£+04 

1 .2-36 



Procedures and Software for Dish 
Membrane Structural Analysis 

by Chad D. Balch, Research Associate 
Division of Applied Mechanics 

Stanford University 
Stanford, California 94305 

Report to Membrane Dish Research Group, August 1988 



1.0 Introduction 

This report summarizes work performed for SERI under Consultant Agreement No. 
CJ-8-00632- 1 ,  during the period June 20, 1 988 through August 26, 1 988. The primary 
purpose of this report is to document software for dish membrane structural analysis 
which was developed during the contract period. Topics to be discussed include the 
special purpose structural code DISH for the analysis of paraboloidal dish membranes, the 
analysis of ring/membrane interaction using DISH and the finite element code 
SUPERSAP, and coupled optical/structural analysis using DISH and the ray trace program 
OPTDSH. Example results are included in order to demonstrate the capability of the 
software, and to highlight some aspects of dish behavior. 

2.0 The DISH Program for Paraboloidal Membrane Structural Analysis 

The initial version of the DISH program for the non-axisymmetric analysis of thin 
paraboloidal shells was developed under Subcontract No. HX-8- 180 1 2- 1  with Shelltech 
Associates. The program has been substantially restructured and enhanced during the 
present contract period in order to facilitate interfaces with other phases of the dish 
concentrator analysis. 

The program relies on analytical solutions in the form of asymptotic series expansions. 
The governing shell equations and asymptotic solution methodology are discussed in 
detail by Steele and Balch ( 1 987) and Balch and Steele ( 1988), and will not be elaborated 
on in the present report. It is reiterated here, however, that the theory places the 
following limitations on the applicability of the DISH program: 

(i) thin shells; 

(ii) small strains; 

(iii) small displacement perturbations from the nominal membrane solution; 

( iv) edge effects should die out with decay distances which are small relative to 
the radii of curvature, since the validity of the asymptotic solutions depends 
on this rapid decay; 

(v) the edge angle should be less than about 30 degrees, since shallow shell 
solutions are employed for pure membrane and inextensional behavior. 

The DISH program models membrane and bending behavior, and accounts for the 
geometric nonlinearity associated with the initial prestress due to pressure 
stabilization. Non-axisymmetric deformations are treated by a Fourier decomposition of 
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displacements and forces in terms of circumferential harmonics. The response of the 
dish to general edge deformations can therefore be analyzed, usually in a matter of 
minutes or seconds on a PC. 

A flowchart showing the input/output links between the DISH program and other 
processors is shown in Figure 1 .  Figure 1 provides an overview of the software to be 
discussed in this section. 

2.1 Compiling and Linking

The FOR IRAN source code for the DISH structural program is stored in two files: 
DISHl .FOR, which contains the main structural analysis routines; and DISH2.FOR, which 
contains canned routines for the eigensolver. Both files can be compiled with the Lahey 
F77L compiler. The code is essentially FORTRAN 77 standard, although a few minor 
modifications in DISH 1 .FOR may be necessary for other compilers. Once compiled, the 
object modules DISHl .OBJ and DISH2.0BJ should be linked to obtain the executable 
DISH.EXE. 

2.2 Preparation of Input 

The input to the DISH program consists of geometric parameters, material properties, 
boundary conditions, and loads, and is read from the input file DISH.IN. A sample input 
file, to be discussed in detail, is shown in Table 1 .  Typically, a copy of an old input file 
can be quickly edited to produce a desired new input file. The input read statements are 
unformatted, so that no special format is required within a given line of data. Note that 
some lines are merely label or spacer lines. DISH expects these lines to be there, and 
strips them off during input. The input file in Table 1 is now discussed item by item. 

Run Title: The first line of input is taken to be the run title, and can be any ASCII 
string up to 80 characters long. 

T, RE, FL: The thickness, radius, and focal length of the undeformed dish. 

E, NU, MU: Young's modulus, Poisson's ratio, and the shear flexibility factor (see 
Shelltech Report 88-2). MU is 6/5 times the ratio of the in-plane elastic 
modulus to the transverse shear modulus, which is 1 2( 1 +NU)/5 for an 
isotropic material. 

NFOUR: The number of Fourier harmonics to be included in the analysis; in this 
case, two: n = 0 and n = 1 (see Table 1 ). 

NFOURT: 

NPTSW: 

The total number of Fourier harmonics listed in the input for the boundary 
conditions. If NFOUR = NFOUR T, then all harmonics which are listed are 
used. For NFOUR < NFOURT, only the first NFOUR harmonics are 
considered. This feature allows the program to ignore the boundary 
condition input for higher harmonics without requiring these lines to be 
deleted, since it may be necessary to include them later. 

The number of pressure data points for an n = 1 (asymmetric) wind load 
analysis, in this case, 1 6. Set to 0 if no wind load is included. 
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MESH: The number of constant strain "elements" taken between pressure data 
points for the numerical computation of wind load displacements. The 
total number of elements along the meridian is therefore given by 
(NPTSW-l )*MESH, which should be about 1 00 or greater for a converged 
solution. The current limitation on the wind load data is that 
(NPTSW- l )*MESH+ l cannot exceed 30 1 ,  i.e., a maximum of 300 constant 
strain elements along the meridian. Set to 0 if no wind load is included. 

The next line of input contains the five integers under "Boundary Condition Flags." Each 
must be set to 1 or 2, where 1 indicates that a displacement (Ur, Uz, Ut) or rotation 
(CHis, CHit) is prescribed, and 2 indicates that the corresponding stress resultant (Nr, 
Nz, Nst) or moment resultant (Ms, Mst) is prescribed. The directions of positive action 
for the force and displacement quantities are shown in Figure 2. Note that looking into 
the dish, positive theta is clockwise. 

In the input file shown, the first flag is set to 2 which indicates that the meridional 
moment will be prescribed at the edge, and the next four flags are set to 1 ,  which 
indicates that the circumferential rotation and all three displacements will be prescribed 
at the edge. Note that conditioning problems may arise if all the boundary conditions are 
chosen to be prescribed forces, i.e., all flags equal to 2 (see Shelltech Report 88-2). 

Under "Boundary Conditions" are NFOUR T lines of input. The first NFOUR lines are 
considered in the analysis. Each line includes 

NHARM: 

ICS: 

Boundary 
Conditions: 

The first integer in the line is the harmonic number; 0 for axisymmetric, 1 
for n = 1 ,  etc. 

The second integer should be set to 1 for a cosine harmonic, and 2 for a 
sine harmonic. In this case, the third line represents sin(2*theta) variation. 

The next five real numbers are the prescribed edge conditions for the 
harmonic specified at the beginning of the line. In this case, the first line 
specifies an axisymmetric edge pull Ur and simultaneous axial translation 
Uz. The third line specifies an n = 2 radial edge deformation of the same 
amplitude as the edge pull. Since Ms = 0 for all three harmonics (first 
entry of the five real values in each line), the edge is simply-supported, or 
hinged. 

To specify the loading condition, assign pressure values to 

PNOM: 

WINDAT: 

The nominal pressure load acting on the dish, in this case 689.7. 

This is an array of pressure values from NPTSW equally spaced sample 
points which are distributed along the theta = 0 meridian from the center r 
= 0 to the outer edge r = RE. The circumferential variation is assumed to 
be cos(theta), i.e., n = 1 .  The program linearly interpolates the pressure 
between sample points in the radial direction. If no asymmetric pressure 
load is desired, set NPTSW and MESH to 0 and leave this array out. 
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2.3 Generation and Interpretation of Output 

When run, the DISH program reads the input file DISH.IN, and produces two output 
files: DISH.ECO, an echo of the input data which serves to verify that the input has been 
read properly, and DISH.DAT, an intermediate output data file. (See flowchart in Figure 
1 .) 

2.3. 1 The Postprocessor DFCOMP 

Displacements and stresses for the deformed dish are obtained by running the program 
DFCOMP (Displacement and Force COMPutation). The executable DFCOMP .EXE is 
obtained by compiling the two FORTRAN files DFCOMP .FOR and SHAPE.FOR and 
linking the two object files. DFCOMP reads the data file DISH.DAT produced by the 
DISH program, as well as a small input file DFCOMP.IN, and produces an output file 
DFCOMP.OUT which lists the displacements, surface rotations, stress resultants, and 
moment resultants over a specified grid of points. 

Example DFCOMP.IN and DFCOMP.OUT files are listed in Tables 2 and 3. The input 
parameters are 

NPTS: 

RANGE: 

Adjusts the density of the grid of output points. In this case, 4 points in the 
radial direction by 2 in the circumferential. 

The first two numbers under RANGE are the m1mmum and maximum r 
values of the output interval. In this case, r ranges from 6.0 to 7 .5. The 
second two numbers are the minimum and maximum theta values (in 
degrees) of the output interval. 

The logical flag ITER determines whether the grid is referenced to the undeformed or 
deformed dish. Note that the results of the DISH analysis are based on analytical 
solutions for which displacements and stresses are referenced to the undeformed dish. If 
ITER is set to .FALSE., r and theta values have the conventional Lagrangian 
interpretation as the coordinates of a grid point on the undeformed dish. If set to 
.TRUE.,  r and theta refer to a particular point in space, and an iterative process is 
invoked in order to evaluate the displacements and stresses at the point of the 
undeformed dish which ends up at the grid point (r,theta) after deformation. 

The DFCOMP.OUT file shown in Table 3 was generated using the DISH.DAT file 
corresponding to the input file DISH.IN of Table 1 ,  and the DFCOMP.IN file of Table 2. 
DFCOMP.OUT lists 1 3  quantities at each of the grid points specified in the input file. 
The 1 3  quantities are the two rotations CHis and CHit of the normal (radians), the three 
displacements Ur, Uz, and Ut, the three moment resultants Ms, Mt, and Mst (moment per 
unit length), and the five stress resultants Nr, Nz, Ns, Nt, and Nst (force per unit length). 
The sign conventions are as depicted in Figure 2. 

2.3.2 The Subroutine SHAPE 

All the calculations pertaining to the deformed dish are performed by the subroutine 
SHAPE. The postprocessor DFCOMP is simply a driver which loops over a grid of r and 
theta points, calling SHAPE for each point. If the output format of the DFCOMP 
processor is not satisfactory, another driver which calls SHAPE and writes the output in 
a different format can be created. 
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The call parameters and operation of SHAPE are fully documented in the source code 
SHAPE.FOR. The first time SHAPE is called, it reads the data from the file DISH.DA T, 
and stores it in a common block. On subsequent calls, the data is already in memory, and 
can be rapidly accessed in order to evaluate displacements or stresses at different points. 

2.3.3 The Postprocessor DINFO 

Once �he DISH program has been run and the DISH.DA T file has been created, the 
program DINFO, which reads the DISH.DAT file, can be run to obtain some basic 
information about the "membrane solution" and the deformed dish. The classical 
membrane solution of shell theory is the axisymmetric deformation for which the 
pressure load is carried entirely by membrane tensile forces, with no edge bending (see, 
e.g., Shelltech Report 87-1 ). Table 4 shows the output from DINFO, based on the
DISH.DAT file corresponding to the input file DISH.IN of Table 1 .  The information is 
written to the screen, as well as to the file DINFO.OUT. 

Referring to Table 4, it is seen that DINFO provides the "edge pull" and edge rotation of 
the membrane solution, the membrane solution center displacement relative to the edge, 
the focal length of the membrane solution shape, and the axial displacement of the edge 
which is required for the focal point to be the same as for the undeformed dish. Note 
that the information associated with the membrane solution is independent of the 
boundary conditions specified in DISH.IN. DINFO also provides the decay distances of 
the edge effects, as well as the pressurization parameter. A pressurization parameter 
much greater than one indicates a high degree of coupling between prestress and edge 
effects (see Shelltech Report 87-1).  

3.0 Ring/Membrane Interaction: Interface with Finite Element Programs 

In order to alleviate the computational demands of an integrated finite element 
structural analysis of the membrane and support structure, a hybrid analysis technique 
can be employed in which the support structure is modeled by finite elements and the 
membrane is modeled by the DISH program. 

In this approach, the response of the ring and support structure to a given external 
loading is determined by a finite element analysis. The resulting deformations of the 
membrane support ring are then used as boundary conditions in the DISH program in 
order to determine the membrane response. If desired, the membrane edge forces 
computed by the DISH program can be fed back to the finite element analysis to obtain a 
first order correction to the loads on the support structure, which yields an updated ring 
deformation. This defines an iterative procedure for obtaining the solution to the 
coupled membrane/support structural problem. For reference while reading this section, 
the flowchart in Figure 3 shows the links between the primary programs and files 
involved. 

3.1 The Nominal State of the Assembled Concentrator Structure 

The total structure to be analyzed consists of a pressure stabilized paraboloidal 
membrane which is attached to a support structure such as the ring-spoke-centerpost 
design discussed by Kutscher et. al. ( 1 988). Kutscher et. al. also point out that a small 
amount of "edge pull" can correct for local distortions near the edge, and that this edge 
pull is just that amount needed to obtain the membrane solution. 
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Once the edge pull is applied to the pressurized dish, the new shape of the dish is very 
close to a paraboloid. The focal length of the deformed dish is increased, however, by 
the approximate factor R/S relative to the focal length of the undeformed dish, where R 
is the ratio of the edge radius of the deformed dish to that of the undeformed dish, and S 
is the ratio of the edge slope of the deformed dish to that of the undeformed dish. 

These observations suggest the design of a ring-spoke-centerpost support structure with 
the radius of the undeformed ring and pretension of the spokes chosen such .that the 
membrane tension contracts the ring to the radius specified by the membrane solution. 
The final picture is of a pressure-loaded dish and tensioned support structure in 
equilibrium, with the dish held in the shape given by the membrane solution. The 
receiver would be located at the focal length of the deformed dish, which is somewhat 
greater than that of the undeformed dish. The support structure should be designed such 
that external loads do not cause appreciable perturbations relative to this state, which 
will be referred to as the "nominal state" of the entire structure. 

3.2 Fourier Analysis of Finite Element Nodal Data 

In order to evaluate the effect of ring deformation on dish shape, the discrete nodal 
displacements and rotations from the finite element ring/support structural analysis must 
be converted to harmonic coefficients which are suitable for input to the DISH 
program. This is achieved by means of the program FSCOEF. The executable 
FSCOEF .EXE is obtained by compiling and linking the source files FSCOEF .FOR and 
FOURIER.FOR. (The subroutine FOURIER in the file FOURIER.FOR performs the 
discrete Fourier analysis.) 

The input to FSCOEF is the file FSCOEF.IN, which should contain the nodal 
displacements in the r, theta, and z directions and the nodal rotations about the r, theta, 
and z axes arranged as six columns of data. The first row of six numbers corresponds to 
the nodal displacements and rotations at theta = 0. The second row of six numbers
corresponds to the adjacent node, moving around the dish in a counter-clockwise 
direction, as seen looking into the dish. The total number of rows of data is therefore 
equal to the number NPTS of circumferential nodes around the ring. For the purposes of 
this input file, theta is defined as counter-clockwise looking into the dish, since most 
finite element models will be constructed with this convention. 

The output file FSCOEF .OUT contains the lines to be inserted under "Boundary 
Conditions" in the input file DISH.IN to the DISH program. FSCOEF computes the 
Fourier cosine and sine coefficients for all harmonics up to N = NPTS/2, which is the 
highest harmonic which can be reasonably computed based on NPTS circumferential 
nodes. In practice, the harmonic coefficients for N greater than NPTS/4 are usually not 
very accurate. (For a symmetric analysis, the Fourier sine coefficients (ICS = 2) will all
be negligibly small, so that the lines corresponding to these harmonics can be deleted.) 

The DISH.IN file is then created, with NFOURT equal to the total number of lines 
included under "Boundary Conditions." All five Boundary Condition Flags should be set to 
1 for prescribed displacements. The DISH program can then be run to produce the 
DISH.DAT file, and the postprocessor DFCOMP, described in Section 2.3. 1 ,  can be run in 
order to compute displacements and stresses in the dish. 
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3.3 Computation of Membrane Reaction Forces 

The postprocessor FCOMPN, which works similarly to DFCOMP, can be used to compute 
the nodal reaction forces and moments which the membrane exerts on the ring. The 
source code FCOMPN.FOR should be compiled and linked with SHAPE.OBJ. When run, 
FCOMPN reads the short input file FCOMPN.IN and the data file DISH.DAT, and 
computes the nodal forces and moments by "lumping" the continuous resultant forces and 
moments at the nodes. The nodal forces and moments are written to the file 
FCOMPN.OUT. 

In the input file FCOMPN.IN, ITER should be set to .FALSE.;  the number of grid points in 
the r and theta directions should be set to 1 and the number of circumferential nodes, 
respectively; the upper and lower limits for r should be set to the dish radius; and the 
upper and lower limits for theta should be set to the theta angles of the first and last 
nodes around the edge of the dish. The unit conversion factors FORF AC and MOMF AC 
are scalar multipliers for the forces and moments, and should be set to 1 .0 if no scaling is 
desired. 

3.4 Example: Ring Deformation from a SUPERSAP Analysis 

As an example, consider the dish frame analysis by Sallis ( 1 988), for a frame with hinge 
points at plus and minus 67.5 degrees subjected to a head-on wind load. The ring 
displacements from run SDF4E, which was re-run with SUPERSAP as run ASDF4E, are 
listed in Table 5. The integers in the first column of Table 5 are the node numbers 
around the perimeter of the ring where the dish is attached. Node 1 is at theta = 0 node 
9 is at theta = -90 (in Figure 2), and node 1 7  is at theta = - 1 80. Only one half the frame 
was analyzed due to symmetry. 

3.4.1 Fourier Analysis of SUPERSAP Output 

The last six columns in Table 5 are the displacements (in inches) and rotations (in 
degrees) relative to a Cartesian coordinate system, where the x and y axes are at theta = 
-90 and - 1 80 in Figure 2. The preprocessor R2P can be used to convert this data to the 
polar coordinate form required for input to FSCOEF. When run, R2P will first ask 
whether the ring displacement data is from a half-model symmetric analysis. If so, then 
R2P will compute the displacements and rotations for the remaining half of the ring from 
symmetry considerations. R2P then asks if unit conversion is desired. If so, the two unit 
conversion factors for the displacements and rotations are read from the file R2P .DA T. 
In this case, R2P .DA T contains the two numbers 0.0254, to convert from inches to 
meters, and 0.0 1 74533, to convert from degrees to radians. 

R2P reads the displacements and rotations in Table 5 from the file R2P.IN, and produces 
the file R2P .OUT, which is the r, theta, and z nodal displacements and r, theta, and z 
nodal rotations arranged as six columns. The file R2P.OUT, shown in Table 6, is then 
renamed FSCOEF .IN, and the program FSCOEF is run in order to obtain the file 
FSCOEF.OUT, which contains the Fourier coefficients of the displacements and rotations 
(see the flowchart in Figure 3). The file FSCOEF.OUT is shown in Table 7. In each line, 
the first integer is the Fourier harmonic number, the second integer indicates a cosine 
(ICS = 1) or sine (ICS = 2) harmonic, and the next five numbers are Fourier coefficients. 
Note that in this case, because the problem is symmetric, the sine terms are negligible so 
that all the lines with ICS = 2 can be deleted. 
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3.4.2 Preparation of Input to DISH 

The file FSCOEF .OUT, with the sine terms removed, is imported directly into the 
"Boundary Conditions" section of the file DISH.IN, which appears as shown in Table 8. In 
this case, a 3 mil thick steel membrane is chosen. Note that although NFOUR T must be 
set to 17 ,  which is the number of lines of boundary condition data, NFOUR is set to 9, so 
that only the harmonics up to N = 8 will be used. For 32 circumferential nodes, the 
Fourier coefficients beyond about the eighth harmonic are not very accurate. Figure 4 
illustrates the accuracy with which the Fourier series through N = 8 reproduces the 
SUPERSAP displacements in the z direction at the edge of the dish. 

For the Boundary Condition line corresponding to N = 0 in Table 8, the coefficients for 
Ur and Uz have been modified in order to account for edge pull and the new focal point 
of the membrane solution. The program DINFO was run to determine the edge pull Ur 
and edge translation Uz required to give the "membrane solution" shape with the same 
focal point as the undeformed dish, and these values were added to the SUPERSAP values 
in order to represent the fact that the support structure would be designed with 
pretension and ring radius such that the edge pull is adjusted properly in the nominal 
state with no external loads. Although spoke pretension was not included in the 
SUPERSAP model, the associated uniform radial displacement would just be linearly 
superposed on the results in Table 5. The DISH program is now run with the input file 
DISH.IN shown in Table 8, and the DISH.DAT file is produced. 

3.4.3 Computation of Nodal Loads 

In order to determine the nodal loads, the postprocessor FCOMPN is run, with the input 
file FCOMPN.IN shown in Table 9. In this case, loads are needed only for the 1 7  nodes 
halfway around the ring. Also, the sign convention for theta used by FCOMPN is 
opposite to that in Figure 2, in order to conform to the convention in the finite element 
node numbering. To convert from the MKS units used in the DISH analysis, the unit 
conversion factors FORF AC and MOMF AC in FCOMPN.IN were taken to be 0.22472 and 
8.84723 for conversion from Newtons to pounds and from Newton-meters to inch-pounds. 

The output file FCOMPN.OUT shown in Table 1 0  contains the force and moment reaction 
loads that the membrane exerts on the ring. Note that these loads are opposite in sign to 
the loads that the the ring exerts on the membrane, and that in applying these loads to 
the finite element model, the loads at nodes 1 and 1 7  should be divided by two due to 
symmetry. 

Figure 5 shows plots of the meridional stress resultant Ns and the tangential stress 
resultant Nst at the edge of the dish due to the deformation under consideration, which 
includes Fourier harmonics through N = 8. The stress resultant Ns oscillates about a
constant value of about 6700 N/m, which is the prestress value of the nominal membrane 
solution. Near the hinge point at theta = 67.5, the stress is higher, due to bending of the 
ring about the hinges, but on either side of the hinge point, the stress drops below the 
nominal value. Also note that the edge forces for a steel membrane (solid lines in Figure 
5) are significantly greater than those for a composite membrane (dotted lines).

3.4.4 Perturbations about the Nominal State 

The nodal loads given in Table 1 0  are the total loads which the membrane exerts on the 
ring. From the comments of Section 3. 1 ,  however, it can be inferred that the frame will 
be designed in such manner so that in the nominal state with no external loads, the force 
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exerted on the dish by the ring is exactly that which is necessary to maintain the 
paraboloidal "membrane solution" shape. This nominal value of tension would be 
achieved by means of a small increase in the radius of the undeformed ring, combined 
with pretensioning of the spokes. These effects, though not included in the SUPERSAP 
analysis, could be included easily by linear superposition. 

In order to account for the fact that these "DC" terms have been omitted from the finite 
element analysis, only the difference between the membrane reaction forces of Table 1 0  
and the reaction forces o f  the membrane solution should be fed back t o  the finite 
element model. This yields a more realistic view of how the membrane and support 
structure will interact if the edge pull is properly adjusted in the nominal state. 

In order to obtain the change in load relative to the membrane solution, the DISH 
program is run a second time, but with the input file DISH.IN shown in Table 1 1 . This 
input file specifies the membrane solution, since the radial edge displacement in the 
boundary conditions is adjusted to the proper edge pull for the membrane solution. Now 
the program FCOMPN is run in order to obtain the nodal loads associated with the 
membrane solution. 

To obtain the difference in loads relative to the membrane solution, run the program 
FSUBTR (Force SUBTRact). FSUBTR takes two input files FSUBTR.IN1 and 
FSUBTR.IN2 of the form shown in Table 1 0, and subtracts the loads of the second from 
those of the first, and writes the resulting changes in loads to FSUBTR.OUT. With 
FSUBTR.IN1 chosen to be the file shown in Table 1 0, and FSUBTR.IN2 chosen to be the 
nodal loads of the membrane solution corresponding to the DISH.IN file of Table 1 1 , the 
file FSUBTR.OUT shown in Table 1 2  is obtained. The effect of feeding back these 
incremental membrane reaction forces to the finite element model is discussed by 
Schreiner ( 1 988). 

4.0 Coupled Optical/Structural Analysis using OPTDSH and DISH 

The ray trace program OPTDSH is capable of a non-axisymmetric optical analysis of a 
deformed paraboloidal membrane, using shape information from the DISH structural 
analysis program. OPTDSH computes the paths of incoming rays which reflect off the 
dish surface, and provides graphical information describing the focusing characteristics 
of the deformed dish. More detailed documentation pertaining to the structure and 
features of the OPTDSH program is provided in Appendix A. 

4.1 Interface between the Optical and Structural Codes 

The interface between the OPTDSH optical code and the DISH structural code is based 
on the subroutine SHAPE described in Section 2.3.2. Once the DISH program is run for a 
particular configuration, boundary conditions, and loading, a DISH.DAT file is produced 
which contains all the information necessary for computing shape information. When the 
OPTDSH code needs shape information at a particular point of the dish, it calls the 
subroutine SHAPE, which in turn accesses the data in DISH.DA T. The speed of the ray 
trace operation depends on the number of harmonics included in the structural model, but 
a typical analysis with several thousand rays can be carried out in a few minutes on a 286 
or 386-based computer. 
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4.2 Examples 

Examples to be discussed include the effects of pressure changes on the membrane and 
prescribed deformations of the edge. In the following examples, the undeformed 
membrane is taken to have a radius of 7.5 m, a thickness of 1 0  mils, a focal length of 9 
m, a modulus of 7.93 GPa, and Poisson's ratio 0.3. The stabilization pressure is taken to 
be 689.7 Pa, and the appropriate edge pull and axial translation are included so that the 
nominal state of the dish corresponds to the membrane solution, with the same focal 
point as for the undeformed dish. All graphical output is produced by OPTDSH, based on 
a field of randomly distributed incident rays which are parallel to the dish axis. 

4.2. 1 Head-on and Side Wind Loads 

Consider the case of wind blowing head-on into the dish. As a first approximation, this 
situation can be represented by a uniform increase in the stabilization pressure. For the 
present analysis the value 72.8 Pa corresponding to a 27 mph wind was used; this value 
was obtained from Sallis ( 1 988). The DISH program was therefore run with a 
stabilization pressure of 762.5 Pa, keeping the edge pull fixed at the value corresponding 
to 689.7 Pa. The resulting DISH.DA T file was used by OPTDSH in order to compute the 
ray trace results shown in Figure 6.  

Figure 6 is a spot diagram which indicates where parallel incident rays hit the focal 
plane. The shape of the symbol indicates the radial interval on the dish from which the 
ray was reflected. For example, the star symbols indicate rays which hit the dish at a 
radius between 6 m and 7.5 m. In this case, the rays which stray the furthest from the 
center of the focal spot bounced off the dish within 1 .5 m of the edge. This is due to the 
fact that the greatest slope changes occur near the edge. The maximum radius and rms 
radius of the focal spot are 1 3 . 1  em and 4.4 em respectively. For comparison, the 
stabilization pressure of 689.7 Pa with no edge pull yields a focal spot with an rms radius 
of 45.4 em. 

Now consider the case of wind blowing from the side. The pressure load was taken to be 
the nominal stabilization pressure (689.7 Pa) plus the cos(theta) wind load distribution 
specified under WINDAT in Table 1 .  Note that the wind pressure varies from zero in the 
center to a maximum of 72.8 Pa at the edge. The resulting focal spot, computed by 
OPTDSH, is shown in Figure 7. Note the "coma" effect due to the non-axisymmetric 
deformation. Since theta = 0 is on the right in Figure 7, the right side of the dish is 
under higher pressure than the left, causing the focal spot distortion shown. The 
maximum and rms radii of the focal spot are of the same order of magnitude as for the 
head-on wind load (see Figure 6). 

4.2.2 N = 2 Edge Displacement 

The effect on the focal spot of a cos(2*theta} radial edge displacement of amplitude 1 
CIT} is shown in Figure 8. Again, the rays which strike the focal plane furthest from the 
center are the ones which bounce off the edge of the dish. Note that the greatest error 
is at multiples of 90 degrees, where the maximum slope changes of the dish surface 
occur. The rms spot radius of 16.2 em indicates that this is an undesirable deformation 
from the standpoint of optical efficiency. 
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4.2.3 Ring Deformation from a SUPERSAP Analysis 

If the DISH program is run with the prescribed edge deformation from the SUPERSAP 
analysis as discussed in Section 3.4, a DISH.DA T file is produced which can then be used 
by OPTDSH to determine the optical effect of the ring distortion. The focal spot 
diagram is shown in Figure 9. The distortion is clearly non-axisymmetric, due to bending 
about the hinge points at plus and minus 67.5 degrees. The rms spot radius, however, is 
only 5 mm, which indicates that the frame is effective in preventing the edge of the dish 
from deforming. In fact, the effect of the ring distortion is negligible compared to that 
of the overall pressure increase due to the head-on wind load (see Figure 6). 

A second type of plot produced by OPTDSH is the "inverse" of the spot diagram, which is 
shown in Figure 1 0. This plot shows the dish surface, and the symbols indicate the region 
of the focal plane which is struck by incident rays from that point of the dish. The plus 
sign symbols in Figure 10 indicate rays which are reflected to a point very near the 
center of the focal plane, and the star symbols indicate rays which stray the furthest 
from the center. From Figure 1 0, it is evident that the left side of the dish is relatively 
undisturbed, with most of the rays directed toward the focus. There is substantial 
deformation near the hinge points, however, and rays which strike near the hinge points 
are deflected away from the center of the focal plane. 

5.0 Work in Progress: Integrated Thermal/Optical/Structural Analysis 

Current effort focuses on developing the capability to carry out ray trace calculations 
for incident rays which are not parallel to the dish axis. A subroutine RADISH has been 
implemented which can determine the intersection point between the deformed dish and 
an arbitrary ray. RADISH utilizes a rapidly convergent Newton-Raphson type algorithm, 
and relies on the subroutine SHAPE. 

The capability to trace off-axis rays, when included in the OPTDSH program, will enable 
modeling of additional effects such as sun size and random surface slope errors. Once 
these effects are incorporated, the optical/structural analysis can be interfaced with the 
thermal efficiency analysis, which models the absorption and loss of energy at the 
collector. 

6.0 Conclusions 

The DISH program for the axisymmetric and non-axisymmetric structural analysis of 
paraboloidal dish membranes has been implemented and documented, and an interface to 
optical analysis software has been provided, based on the subroutine SHAPE and the data 
file DISH.DA T. 

Software has been developed for transforming nodal displacements and rotations from 
finite element programs · to the Fourier coefficients required for input to the DISH 
program. Software has also been developed for transforming the stress and moment 
resultants computed by the DISH program to nodal forces and moments, which can be 
applied as membrane reaction loads in a finite element model. 

Preliminary optical/structural analyses have been carried out. It has been observed that 
the dish shape corresponding to the "membrane solution" of shell theory is very close to a 
paraboloid, with a focal length which is somewhat longer than that of the undeformed 
dish. For the load case and dish frame considered in run SDF4E of the finite element 
analysis by Sallis ( 1 988), analyses based on DISH and OPTDSH indicate that the ring 
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distortions do not have a significant optical effect, since the resulting rms focal spot size 
is on the order of a few millimeters. On the other hand, the distortions produced by 
overall pressure changes due to wind can lead to an rms focal spot size on the order of a 
few centimeters, which is non-negligible when compared to other unavoidable sources of 
error such as sun size. 
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Table 1 :  Sample input file DISH.IN for the DISH program.

1 0  mi l c ompos i t e  membrane wi t h  edge pu l l , ax i al t r a n s l . ,  a n d  w i n d  l oad . 

r---------RE--------FL--------------------------------------------------8EoMETRv 
: . �4E-4 7 . 5 9 . 0 

------------------------------------------
--------------------------------------

-E NU MU MATER I AL PROPER T I ES 

7 . 93E9 0 . 3  3 . 1 2  

NFouR _____ NFouRr ____ NPrsw _____ MEsH---------------------------ANALvs1s-F-ARAMETERs 
2 :s 1 6  1 0  

------<r-;>-oi;p:;-2-;>-F���;-�------------------------8ouNoARv-coNotr1oN-FLAGs 
CH i s/Ms CH i t /Mst Ur / Nr U: / N: Ut / Nst 
2 1 1 1 1 

---------------------------------------------------------
-----------------------

< I C$•1 • >  COS ;  I CS•2 •> S I N l  BOUNDARY COND I T I ONS 
NHARM 

0 
ICS CHi s/Ms CHi t / Mst Ur /Nr U: / N: Ut /Nst 

1 O .  0 .  2 . 1 23 1 4 1 E-2 -0 . 1 57578 0 .  
1 1 o .  o .  o .  o .  o .  
2 2 0. o. 2. 1 23 1 4 1 E-2 o. o .  

----------
-------------PNOM 

689 . 7  
< W I NOAT < I > , I • 1 , NPTSW ) 

O . OOOOOOE+OO 0 . �2�57�E+0 1 0 . 1 04994E+02 
o . 260:S89E+02 o . 3 1 1 1 74E+02 o . �6 1 278E+02 
0 . 506596E+02 0 . 5�31 1 1 E+02 0 . �9SS56E+02 
0 . 728000E+02 

0 . 1 S7 1 88E+02 0 . 20902�ET02 
0 . 4 1 0606E+02 0 . 4590 7 1 E+Q2 
0 . 642879E+02 0 . 686038E+02 

---------------------------------------------------�----------------

Table 2: Sample input file DFCOMP.IN for the post-processor DFCOMP.

I nput F i l e  DFCCIMP . IN 1 + or the postproces sor OFCOMP . 
----------------------------------�---------------------------------------------
I TER 
. FAI..SE. 

NF'TS 

4 , 2 
RANGE r ,  tnet� ( d l  
6 . 0 , 7 . 5  0 . , 90 .  --------------------------------

-
----------------------

-
------------------------
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Table 3 :  Sample output file DFCOMP.OUT for the post-processor DFCOMP. 
1 0 •n i. l  c: ompos i t ll'  f!l9mbrilnll' w i. th !!>dge pu l l , a:d a l  t r a n s l . ,  and w i n d  l oa d .  

i HEi A • 0 . (1(1 

R 

CH i s  
Ms 
l'lt 

O. oOOOOOE+0 1 .

-0 . 3 1 :i0:50E-02 

o . :�c;. 1 7 1 E-o4 

0 . 7 1 7:51 3E-O:i 

O . a:iOOOOE+0 1 

-0. 23 1 C;J«;JOE-O� 

o. :sa:;:;e:E-04 

0 . 101;Jb7:iE-04 

0. 700000E+01 

-0 . 7o0 1 :59E-03 

O. :Sb�1 34E-04 

0. 1 68640E-04 

0 . 7:50000E+O l 

0. 1 99067E-02 

-0 . 1 �001 0E-09 

-o. 1 8684BE- 1 0  

THETA • 

R 
CHis 
l'ls 
l'lt 

90 . 00 

O . aOOOOOE+0 1 

-o. :;sooasE-02 

-0. 470:5 1 1 E- 1 0  

-0. 1 4 1 1 :i:SE- 1 0  

O . a:iOOOOE+O l 

-o . 40aa04E-02 

-o . 7027B«;JE- 1 0  

-0 . 2 1 08�7E- 1 0  

0. 700000E+0 1 

-o . •:s� 1 1 4E-o� 

-O . l O:iaOOE-O«;J 

-O. :S l a7«;J«;JE- 1 0  

0. 7:50000E+0 1 

CH i t  
Mst 

O . OOOOOOE+OO 

0 .  OOOCIOOE+OO 

O . OOOOOOE+OO 

O . OOOOOOE+OO 

0 • .  OOOOOOE•OO 

O . OOOOOOE•OO 

O . OOOOOOE+OO 

O . OOOOOOE•OO 

CHi t  
l'lst 

0 . 7799�:5E-O:S 

-0 . 21 7284E-0:5 

O . b2 1 9 9 1 E-O::S 

-o . ��� 1 2SE-O:i 

O. ::Sb0464E-03 

-O . :i 1 0692E-O:i 

-0 . 4:ia:SB 1 E-02 -0. 484834E-O«;J 

0 . 301 74�E- 1 :5  0 . 3771;J 1 BE-02 

o . B9o34oE- 1 o

Ur 
Nr 
Ns 

U:: 
N: 
Nt 

0 . 1 73"i'44E-01 -O . l :ibi;J:i�E+OO 

o . a4:::5c1 E•04 o . : t s77BE•04

O. o7877 1 E•04 0 . 77:51 :5:5E•04 

0 . 1 8907::SE-01 -0. 1 :5794:5E•OO 

O . b43b:i2E+04 0 . 234487E+04 

O . bS:i032E+04 0 . 78�220E•04 

0 . 2024B::SE-0 1 -0 . 1 :5B31 4E+OO 

O. o4273�E•04 0 . 2:i�322E•04 

O. b90846E+04 0. 7Bb87BE•04 

0 . 2 1 �3 1 4E-01 -0 . 1 :57:57BE•OO 

O . b40276E•04 0 . 272301;JE+04 

O . o9:57:SBE+04 0 . 778924E+04 

Ur 
Nr 
Ns 

Uz 
Nz 
Nt 

Ut 
Nst 

0 .  OOOOOOE•(u) 

O . OOOOOOE+OO 

0. l)c)(I(I(IOE•OO 

o. OOOOOOE+(JO 

0 .  000(100E+OO 

O . OOOOOOE+OO 

O . OOOOOOE+OO 

0. fJOOOOOE+(IO 

Ut 
Nst 

0 . 1 :5:592:SE-o1 -O. l :i2:5 1 9E+OO -O. �b97:i:SE-03 

O . b20730E+04 0 . 206 9 1 0E•04 0. 242�oSE+03 

O . b:54307E+04 0 . 7 1 973SE+04 

0 . 1 73b:SOE-0 1 -O . l :i4 1 08E+OO -0 . 23 1 932E-03 

O . b20730E+04 0 . 2�4 1 :53E+04 0 . 2467:59E+03 

O . b:59962E+04 0 . 7::Sb094E+04 

O . l 9242BE-01 -0 . 1 :5:5796E+OO -0 . 1 04 729E-03 

0. 620730E+04 0 .  24 1 3"i':5E+(I4 0 .  24 1 :50oE+03 

o . cco01 aE•04 o . 7s�:;oc;.E+04 

0 . � 1 23 1 4E-Ol -0 . 1 :57:57BE+OO -O . l o9o92E-OB 

O. o20730E+04 0 . 2:58o3SE+04 0 . 22 1 3 1 2E+03 

O . o724�9E+04 0 . 77 1 934E+04 
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Tab le 4: Output from the postprocessor DINFO. 

1 0  m i l c o�pos i t e  �Pmbrane w i t h  e d g e  p u l l ,  ax i al t r an s ! . ,  a n d  w i n d  l oad . 

Membr � n e  Sol ut i on Dat a :  

Rad i a l  E?dge d i sp l ac enoent . . . . . . . . . . . . . . . .  Ur s 0 . 2 1 23 1 4E-0 1 
Mer 1 d i on a l  edge r ot at 1 on • • • • . . • • • • • • • • CH i s � -0 . 4�657�E-02 
Ax 1 a l d 1 sp l ac ement a t  center • • • • . • • • • • . UZc • O . l 47 406E-0 1 
App r o x i m� t �  f oc � l  l en g t h  • . • • • • • • • • • • • FLn�w 0 . 9 1 4 284E+0 1 

E d g e  d i s p l a c ement f or s�me f ocus • • • • • • • U Z e  - 0 . 1 �757 8E+OO 

Edge Ef f ec t  Da t a :  

Short decay d i st anc e • • • • • • • • • • • • • • • • DELT�S 
Long decay d i st anc e • • • • • • • • • • • • • • • • • DELTAL • 

Pressur i z at i on parameter • • • • • • • • • • • • • • • RHO • 

Decay d i st anc e  f or : er e  p r essure • • • • • DELTA • 

0 . 4 1 7 �20E-02 
0 . 353967E+0 1 
0 . 423467E+03 
0 . 1 72006E +OO 

Table 5: Nodal displacements and rotations from a SUPERSAP analysis.

. OOOOE+OO � . 842:!E-03 -2 . 6 1 78E-02 - 1 . �085E-02 . OOOOE+OO . (l(l(H)E•OO 
2 -4 . 1 575E-04 2 . 4624E-03 -2 . 8 1 53E-02 - 1 . 2755E-02 8 . 0255E -04 - 6 .  1 52 6E-,:04 
3 -5 . 93 1 1 E-04 1 . 5203E-03 - 3 . 2760E-02 7 . 973SE-CJ3 7 . 2646E-03 - l . 062 1 E- 03 
4 -4 . 6802E-1)4 3 . 3376E-04 - 3 . 5450E-02 3 . 6797E-02 2 . 2576E-02 -c;· .  995 1 E-04 
5 - 2 .  034::!.E-(l4 -b . 9644E-04 - 2 . 925�E-02 4 . 3752E-02 2 . 7 4 1 0E-02 - 1 . 1)858E-03 
6 - 1 . 2594E-04 - 1 . :04 1 0E-03 - 1 . 2 1 64E-02 -:. :5::0E-03 - 3 . 0 1 8 1 E-02 1 .  08'7·9E -<:•3 
7 -:: . •  5877E-03 1 .  b(l46E-07 - 1 . 4 1 45E-07 -6 . 6068E-02 - 1 . 46/0E-0 1 6 . 2807E-03 
6 - 8 . 8 1 7 1 E-03 1 . 9564E-03 - 2 .  2CI27E-02 -3 . 0882E-02 -2 . 6 1 76E-02 1 .  :652E-c)3 
9 -5. 5974E-03 1 . 995 1 E-03 -5 . 0 1 1 0E-02 -2 . 2748E-02 4 . 799 4 E -02 -4 . 2994E-03 

1 0  - 2 . 6290E-03 2 . 6233E-03 -6. 7805E-02 -2. 1 65QE-02 4 . 3570E-02 - 1 . 9262E-03 
1 1 - 1 . 287oE-03 3 . 4608E-03 -7 . 5856E-O:Z - 1 . 3089E-02 1 . :S65QE-02 - 1 . 4 6:.9E-03 
1 2  -3. �2:-0E-04 4 . 3780E-03 - 8 .  Cl 1 42E-02 -4 . 5939E-03 -�. 897 1 E-04 - 1 .  1 ::.2 1 E-03 
1 3  2 . 721 :SE-04 � . =::-saE-o� -B . 4 1 90E-02 -2. 490:'!·E-03 -:'! . •  3649E-03 -9 . C.6 1 7 E-(l4 
1 4  :i. :i920E-04 6. 23 1 :SE-03 -8 . 8444E-02 -4 . 7290E-03 - 1 . 5782E-03 -7 . 7379E-04

1 :5  :5 . :5CIB:SE-04 o . 983:5E-o3 - 9 . 2099E-02 -7 . 0824E-03 -3. 0b44E-04 - : . 332 1 E-04
1 6  ::; . ::;eq4E-o4 7 . 4 746E-03 -9. 4462E-02 -7 . 980 1 E-03 - 1 . 7080E-05 -2. 6859E-04 
1 7  · • OOOOE+OO 7. o442E-o3 -c.; . :;�c�E -cr:: -8. 0856E-03 . OOOOE+OO . . OOOOE+OO
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Table 6: Input file FSCOEF.IN to the Fourier analysis program FSCOEF. 

-0 . 7 21 92£-04 O . OOOOOE+OO -o . t.c492E-03 (1 . OOOOOE+OO -0 . 33::. 1 OE -03 0 .  (i(l(•(l(IE +(H) 
-o . c.::-.9CI:'E-1)4 () . t 94 39E-0:5 -0 . 7 1 :509E-03 -o . •  :57 1 cBE -o4 -0 . 2 1 56 1 £-03 -o . 1 07::":8E -C•4 
- 0 . 4 1 4 4 1 £-04 0 . 8�932E-06 -o . e:::;:: 1 oe: -o:. -O . C.3884E-04 0 . 1 7�09£-03 -0 . 1 6537E-04 
-0 . 1 3653E-04 -o . 5 1 .744£-1):5 -o . 9Cn)43E-03 0 . 29 1 83E-04 0 . 75290E-03 -0 . 1 7445£-04 

0 . 88547E-05 - 0 . 1 6 1 o2E-o4 -o . 7 4 30oe:-o.:: 0 . 20 1 68E-03 0 . 878 23E-03 -0 . 1 89� t F-04 
0 . 1 6264£-04 -0 . 3ooq8E-04 -0 . 30897E-03 0. 2585:E-,)3 -o . 46079e:-o:. o .  1 qo::e:-o4 

-o. 941 92E-1)4 -0 . 34969E-04 -0 . 35928£-(18 -0 . 85507E-04 -o. :::aoc.se:-o:: 0 . 1 0c;>e::E-03 
-CJ . 22173!i£-(;::) 0 . 50464E-05 -o . :s:;q49e:-o:. -o . 43Ci>:i 1 E-():3 -o . �5::::::;:e:-o3 o .. :.:os::E:-(•4
-0. 1 42 1 7£-03 0 . 50b76E-04 -0. 1 2728E-Q2 -o. 39703 £-(,):. o . e37o:SE-03 - o .  75C•39E-o.o+

-0 . :57477E-04 0 . 79370£-04 -rJ .  t 7:::::e:-o: -CJ . 2=:!25E-t)3 0 .  8 1 95:5£-(13 -o . :::::.c 1 9E -o4 
o .  34:<:40£-l):;i 0 .  9372<;JE-,:.4 -0 . 1 <;1267E-02 -0 . 1 0o:i3E-03 0. 33977E-1)3 -o . :::::;�5o�-o4
0 . :54<;172E-04 0. <;J7fJ0<;lE-04 -Q. 2Q356E-02 -0 . 72384£-04 0 •. 35<;187E -04 -0 . 1 9759E-04 
0 . 1 005 1 E-03 (J . <;J0730E-04 -0 . 2 1 384E-02 -0 . 722 6 1 E-04 -0. 1 0794E-04 -O . l e863E-04 
0 . 1 39:SOE-Q3 0 . 76 1 :ZC.E-04 -O . :Z24o:SE-02 -O . o87:58E-04 o . :s:.::;::4E-04 - o . t :=:so:sE-04 

0 . 1 6<;132E-03 0 . 54743E-04 -0 . 233c;�e-02 -0. 5:Z:Z45E-04 o .  1 1 2 1 oE-o3 -0 . '?3063E-05 

0 .  1 57S<;�E-1)3 0 . 285<;15E-04 -o. 2'39<;13£-,)2 -0. 27464E-04 o . 1 3o54E-03 -(1 . 46678E-05 
O . l <;l4 1 oE-03 -0 . 1 6<;174E- 1 0  -O . :Z4 1 97E-O::Z 0 . 1 2337E- 1 0  0 . 1 4 1 1 2E-03 0 .  OOO(l(IE +00 
0 . 1 978<;JE-03 -c1 . 285C?:SE-04 -0 . 23C?<;13E-CJ2 o . :74o4E-o4 o . i:::c.:s4e:-o:: o . 4cB7 SE-05 
O . l c93:ZE-03 -cJ .  54743E-04 -0. 23393£-02 0 . 5:Z2 4 5E-04 O . l l ::Z l oE-03 o . 930o3E-o5 
O . l 3950E-03 -0 . 76 1 :ZcE-o4 -O . :Z24cSE-O:Z 0 . 68758E-04 0 . :53324E-04 0. 1 3505E -(14 
o .  1 005 1 E-«:l3 -0 . 90730E-04 -0. 2 1 :'r.S4E-02 o . 7:Z2o 1 E-o4 - 0 . 1 07<;14E-04 0 . 1 6863E-04
0 . :54C?72E-04 -o . 97(1(1<;1£-<14 -o . 2CI356E-C12 0 . 72384E-04 0 . 35<;187E-04 0 . 1 <;1759E-04 
0 . 34240E-0:5 - o .  9372<;JE-C14 -0 . 1 '7'267E-O:Z 9 . 1 0o53E-03 0 . 33<;177E-03 0 . 2S�5C1E-04

-0 . 57477£-04 -0. 7<;1370E-04 -0 . 1 7:Z22E-O:Z o . :::2:::;e-o3 0 . 8 1 955E-03 0 . 336 1 9 E-04

-0. 1 42 1 7E-C13 -o . soc.7t.E-C14 -0 . 1 272SE-C•Z 0 . 39703£-03 CJ . 837o5E-03 0 . 7503'?E-04
- O . :Z:293:;E-0:3 -0 . 504o4E -os -0 . 5594<;�E-03 0 . 43<;15 1 E-03 - o . :;:;3::3e:-o: - o .  ::::oe:e:-::•4 
-0 . 64 1 '7':ZE-04 o . 34Bo'?E-o� -0. 3592SE-08 0 . 85507E-04 -0 . 280o8E-02 -o . 1 0 c; e: :: - c:3 

0 . 1 0264E-04 0 . 300C?8E-04 -0. 30897E-03 -o . ::::sa:s:::E-03 -0 . 4607<;JE-03 -O .. ! �C>::;e:-04 
0 . 88:547E-0:5 o . l o l o2E-o4 -0. 74300£-03 - o . :o1 c.ee:-o::. 0 . 87823£-03 O . l 8<;'5 l E-C>4 

- 0 . 1 3o53E-04 0 . 5 1 744E-05 -0 . <;l(U)43E-(13 -0 . 2<;1 1 83E-04 0 . 75290E-03 o. 1.744 5£-(14 
-0 . 4 1 44 1 E-04 - O . S5932E-Oc -0 . 83 2 1 0E-03 O . o3884E-04 O . l 7709E-03 0 . 1 8537E-04 
-0 . 63<;10:ZE-04 -O . l <;l43<;1E-05 -0. 7 1 S09E-03 0. S7 1 68E-C14 -0. 2 1 So 1 E-03 0 . 1 0738E-04 
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Table 7: Output file FSCOEF.OUT from the Fourier analysis program FSCOEF. 
(I 1 0 .  S l :'o998E-09 -o. 1 1 ::::e.s7F.- 1 1 O . bEI4�8bE-05 -O . l 3�5 1 4E-02 -o . 1 7(• 5::-.oE- 1 2 

'1 1 0 . 1 :::25 1 8E-03 -o . 1 :::::i473E -o3 -0 . 1 0694oE-03 o·. 993879E-03 c, . 4�::5e:.E -o4 
1 2 o . ::::o78oE- 1 0 0 . 1 05 1 29 E- 1 0  -o . "' 1 0 1  o4E- 1 1 0 . 1 20c.50E-09 -1) , 5 7 c:-� .... 1 C.- l l 
= -n . t 4 5 9 1 7E-•)3 0 . 7382bBE-04 0 . 938 9 1 5E-04 -o . :7a:�il e:-o:::: -n . 58:"".8A8E-i"•4 
� 

� -o . ::::: t 9<? 1 E- t o -0 . 1 06 5 1 5E- 1 0 0 . 1 9 l 898E- 1 0  -0 . 59Af>O:<'E- l 0 o . qs 1 : 1 7 E- 1 1 .. ... ... -o . ::.c.oa47e:-o::: 0 . 1 08434E-03 -0 . 1 42cs26E-04 -0 . 3 1 4277E.-03 o. 753<,� 4 ::.E -05
3 : -0 . 1 1 9588E-09 - 0 . 296606E - 1 0  o .  1 7 0!:89E- 1 1  -0 . 94 1 352E.- 1 0 -(! . 42�·5 1 81:- 1 1 
4 0 .  ::'28R43E-(>4 -o . J 7Qio7:.E-o4 -n . ::;:r,c-.::t 7E-04 O . t 672(1:E-04 0 .  1 7 c0 1 BE-f'•4 

4 
.... 0 .  :;;4 1 34 6E- 1 0 0 . 1 1 4 559E- 1 0  -o . 2o:::::::e..c.e:- 1 '' 0 .  :::=�<rE- '· 0 -t) . 3C l fle. l  r - 1 1 .. 

5 0 . 739720E-03 - 0 . 1 39 1 2 1 E-03 -o . ::c.o99::.e:-o4 0 . 25 1 C.3 1 E-03 (1 . 59 1 :.7t:,E-(15 

5 : o .  ::.o95:'4E -o9 0 . 60764 7 E- 1 0  -o . e·4 3927E- 1 1 0 . 1 62332E-09 -0 . 44c.::.s::.e:- t t

6 0 . 5 1 90 1 5E-03 -0 . 70 1 596E-04 o . ::::o:>970E-o4 0 . 1 29 1 56E-03 -() . 445q�5E:-(J5 

6 2 o .  ::::seo7 1 e:-o9 0 . 397 43:'E- 1 0  0 . 1 4B4::::8E- 1 0  o . S9o 1 :::7E- 1 0 o . :s::::::::;ee:- 1 1 

7 -rJ .  25 1 4:i7E-03 0 . 3934:i9E-04 Oo ::5:::=c:;E-(•4 -0 . 487 1 1 4E-04 -0 . 4 5 1  (;:::7E-O� 

7 2 -0. 1 73389E-09 - 0 . 20523C.E- 1 0  0 . 1 9C.95C.E- 1 0  0 . 1 4 1 2 1 8E- 1 1  o . ::::os457E- l 1

B -0 . 473359E-03 0 . 4760C.:iE-04 -o . 2::c.c53e:-o:; -0 . 748008E-04 0. :::::;::::.237·E-1:>C. 
8 ::! -0. 347427E-09 - 0 . 35C.:53C.E- 1 0  0 . 1 3C.4::::4E- 1 1 -0 . 1 09 1 40E- 1 0  0 . 5S 1 43�E- 1 2  

9 1 -o . 1 :246:2E-03 o . 394o3c.e:-o:; -0 . 1 77C. 1 3E-04 -o . 1 77 1 3:5E-,:•4 o . ::::4 ::c. t oe:-os
9 2 -0. 123:21 :iE -Oil' -0 . 889643E- 1 2 -0 . 1 002:5 1 E - 1 0 0 . 2:i04 2 1 E- 1 0 -0 . 2 1 4 1 25E- 1 1  

1 0  1 o . ::::0 1 64 1 E-03 -0 . 1 7:2372E-04 -O . C.39249E-O:i o . ::::34999e:-o4 0 . 1 0759C.E-OS 

10 2 0. 1 7 9:iOBE-09 0 . 1 40C.74E- 1 0 -0 . 1 '?33:iOE- 1 1 0 . :5229 1 0E- 1 0  -0 . 1 783C.C.E- 1 2  

1 1 1 0 . 20969 1 E-03 -0 . 82329:i E-0:5 0 . 8934B5E-0:5 0 . 2 1 8:5C.2E-04 -0 . 785C.87E-OC. 

1 1 2 0 . 1 8 1 9 1 4E-09 0 . 1 06862E- 1 0 0 . 1 29892E- 1 0 O. :i:i00 1 BE- 1 0  -0 . 4 1 4 254E- 1 ::: 

1 2  1 -0 . 1 4403 1 E-0:i 0 . 34:547 1 E-0:5 o . 799407E-o:; -0 . 1 47759E-06 -o . 1 1)7o83E-o:;

1 2  2 -0 . 7 1:5948E- 1 1 -O . :i09 :5C.2E- 1 1 0 . 1 34C.:50E- 1 0 0. 460242E'- 1 0 o . :: 1 :s::ee:- 1 1
13 1 -O. l :i:5C.9 1 E-03 0 . 42804 1 E-O:i -0 . 27:5:iBBE-O:i -0 . 1 3B632E-0 4  -0 . 1 8472'?E-Oc 

1 3  2 -0 . 20 1 794E-09 -0 . 2:50 1 :i2E- 1 1 0 . 2:52020E- 1 1 o . ::o::::2 1 eE- 1 0  -0 . 90 l 24 9E- 1 2

1 4  1 -0 . 1 079 1 9E-03 o .  7 1 646 1 E-I;.'lC. -O . C.2 1 907E-05 -0 . 9 1 :598C.E-05 0 . 5926/0E-06 

1 4  � -O . l :i9708E-09 0 . 1 523 1 0E- 1 3  - 0 . 230 1 :i8E- 1 1  0. 434080E- 1 0 0 . 379904E- 1 2  

l :i  1 o. :5c.:sc.e:-o4 -0 . 5C.4:i2 1 E-OC. 0 . 387328E-OC. 0 . 4 588BOE-05 0 .  593(1 1 ::e: -I) C. 

1 5  2 O . :i970 1 7E- 1 0  0 . 1 1 444 1 E- 1 1  0 . 6C.BC.9:5E- 1 1 O . C. l 1 843E- 1 0  -0 . 1 84�29E- 1 1

1 C.  1 0 . 142 1 C.9E-03 -0. 2590BC.E-1 1 O . :i 1 307 1 E-05 0. 1 1 C.208E-(14 0 . 702 1 C.3E- 1 2 

1 6 2 0. 1 697 4 1 E-09 -0 . 1 :59 1 60E- 1 1 0 . 1 34879E- 1 0 0. 743839E- 1 0 0 . 1 2::2 1 3E- 1 1
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Table 8: Input file DISH.IN with prescribed edge displace ments from FSCOEF.OUT. 

3 mi l £teel mpmb r a n e ;  ASOF4E Edge D i £ p l ac ement s ,  edge p � l l , au i a l t r � � s l . r---------RE--------FL--------------------------------------------------6�oME1Rv 
7 . :5 

E---------Nu--------;:;u---------------------------------------MATERI�L-PkDPERTtEs 
:: . O'YE 1 1 o. :: � - 1 2  

NFOuR _____ Ni=ouRr ____ NF-rsw-----;:;EsH--------------------------;;;;NALvs'i s-F-ARAMETERs
9 17 0 0 

------<1-�or;p:;-:-:>-F���;>---------------------------eouNoARv-coNnt'TioN-FLAGs
CHi s /Ms CH i t / Mst Ur / Nr U: / N: Ut / Nst 

1 1 1 1 1 

------<ics:i-;;-cos; -iCs;�=>-siNi---------------------------8ouNoARv-coNo1rioNs 
NHARM I CS CH i s /Ms CH i t / Mst Ur / Nr U: / N: Ut / Nst 

0 1 0. 8 1 3'?98E-09 -o . 1 1 3o87E- 1 1 2 .  o9209E-3 -2. 1 1 088£-2 -(1 . 1 7(J:i30E- 1 2  

1 1 0 . 1 32:i 1 8E-03 -o. 1 2:5473E-03 -0 . 1 0o94oE-03 0. 9«;'3879E-03 0 .  4:i3:563E-04 

2 1 -0. 1 4:59 1 7E-03 0 . 739::ZoBE-04 0 . 9389 1 :SE-04 -0 . 27S2:5 1 E-03 -O . S9388SE-04· 

;;, 1 -0. 3o0847E-03 0 . 1 08434E-03 -0 . 1 4::Zo::ZoE-04 -0 . 3 1 4277£-03 0 . 7:S::::943E-O:i 

4 1 0. 32B843E-04 -0. 1 79o73E-04 -O . :i:io3 1 7E-04 0 . 1 b7202E-04 0 . 1 7c0 1 8E-04 

:; 1 0 . 7397::ZOE-03 -0 . 1 39 1 2 1 £-03 -O . ::Zo0993E-04 0 . 2:S 1 63 1 E-03 O . :S9 1 270E-O:i 

o 1 0 , :5 1  '?0 1 :SE-03 -0 . 70 1 :5'9oE-04 0 .  202970E-Q4 0 .  1 2«;' 1·:ScE-03 -0. 44:59:S:SE-O:S 

7 1 -0 . 2:i1 4:57E-03 0 . 3934:59E-04 0 . 2:5326:SE-C•4 -0 . 4 87 1 l 4E-04 -0 . 4 S 1 03i'E-IJ:S 

8 1 -0. 4733:59E-03 0 . 47b0o:SE-o4 -0 . 23bc:i3E-O:S -o , 748008E-04 0 . 233237E-Oc

'9 1 -o. 1 3:Z4o2E-03 O .  3'9463&.£-0:5 -0 . 1 77 6 1 3£-04 -0. 1 77 1 3:SE-(t4 (1 , 242 e l OE-OS 

1 0  1 0 . 20 1 64 1 E-03 -0 . 1 7:Z372E-C•4 -O . e3'?249E-OS 0 . 234'999£-04 0 . 1 07:59eE-OS 

1 1 1 0 . 209c 9 1 E-03 -O . B:Z329:SE-O:S 0 . 8'934BSE-O:S 0 . 2 1 8:Sc:ZE-04 -0 . 7SSC.S7E-Oo 

!2 1 -0 . 1 4403 1 E-O:S 0 . 34S47 1 E-OS 0 . 7'?9407E-O:i -0 . 1 477:59£-06 - 0 . 1 07C:B3E-O:S 

!3 1 -O . ! :S:ic9 1 E-03 0 .  429Ct4 ! E-OS -0 . :Z7:S:i88E-O:i -0 . 1 3Bc3::E-04 -0 . 1 847Z«;'£-t)c 

1 4  1 -O . l 079 1 9E-03 0 . 7 l o"-c 1 E-Oo -O . c2 1 907E-O:i -0. 9 1 �986E-OS O . :S9::C.70E-OC. 

1 � 1 o .  :;:sc.3et:�E-<•4 -o. Sc4:S2l ::-oc. o. 3873:::ee:-oc o. 4:;essoe:-o:s o .  :;c;-::o 1 ::e:-oc.

l c  1 0 . 1421 c9E-03 -0 . 2:i909oE- 1 1 O . :S 1 307 1 E-O:i 0 . 1 1 6208E-04 0 . 702 1 c=E- 1 2  

-------------------------------------;.'REssuRE-LoAo-oArA

----------------------------------
-----------------------------------------------
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Table 9: Input file FCOMPN.IN to the program FCOMPN. 

I n put F i l e  FCOMPN . I N ,  f or t h e  p ost p r oc es s or FCDM�N . 

--------------------------------------------------------------------------------

I T ER 
. FALSE . 

NF'TS 
1 ' 1 7 

RANGE r , t h e t � < d l  FDRFAC 
7 . � , 7 . �  o .. , 1 80 . 0 . �2472 

MOMFAC 
8 . 84723 1 

----------- --------------------- ------------------------------------------------

Table 1 0: Output file FCOMPN.OUT of nodal forces and moments from FCOMPN. 

3 m i l steel m@mb r �n e ; ASDF4E Edge D i s p l a c emen t s , e d g e  pul l , a x i al t r an s l . 

i'"\ = 7 . !:;0000 

Node Theta 

1 0 . (10 

2 1 1. :.� 

3 �2 . ::i0 

4 33. 75 

� 45. 00

6 �o. ::; 

7 67 . 50 

8 7 8 . 7� 

9 90 . 00 

1 0  1 0 1 . 2� 

1 1 1 1 2 . :50 

1 2  1 =3 . 7:; 

1 3  1 3:5 . 00 

1 4  1 46 . 25 

1 :5 1 :57 . 50 

1 6  1 68 . 7:5 

1 7  1 80 . 00 

Fr 
Mr 

-0 . 206069E+04 
O . OOOOOOE+OO 

-0 . 204223£+04 
0 . 1 6� 6 1 6E- 0 1  

-0 . 1 97729E+(I4 
-0 . 6428 1 7E-O:Z 
-O . l 9344 1 E+04 
-o . 3�B 1 �4E- 0 1  
-0 . 20��32E•04 
·0 . 2237 1 6E-c) l 

-0 . 22786 1 E+04 
O . l 38 1 82E-0 1 

-0 . 23 1 1 :i9E+04 
0 . 1 7 1 0�4E-0 1 

-0 . 2063:S3E+04 
-0 . 1 39:5 1 1 E- 0 1  
-0 . 1 83742E+04 
-0 . 320:523E-0 1 
- 0 . 1 88360E+04 
-0 . 1 9:S724E-0 1 
-0 . 2044 9 1 E+04 
-0. :5099 1 0E-02 
-o. 207c9cE+04 
-0. 8085 9 1 E-02 
-0 . 203333E+04 
- O . l 4958oE-O l 
-0 . 20o840E+04 
-0 . 1 1 o 1 73E-0 1 
-0. 2 1 :Z329E+04 
-0 . 3:S38o6E-02 
- 0 .  208774E+CI4 

o . :::::c.::eae:-o3
-0 . 20439:SE+04 
-0 . 476050E-09 

Ft 
Mt 

0. (ll)c)QOOE + 0(1 
0 . 3 1 1 870E-0 1 

-o . 479l):::e:+o:: 
0 . 2304 1 4E-01 

-O . c304 1 8E+02
-0 . 60257 1 E- 0 1  

0 . 838 1 22E+02 
-0 . 1 687:!.9E+O(J 

o . ::9c873E+03
-0 . 44968QE-O l 

0 . 2 1 6076E+03 
0 . 309586E�OO 

-0 . 1 8Bc:::.e+o:::; 
(1 . 4:i5740E+OO 

-0 . 4 1 7957£+03 
0 . 1 58300E+OO 

- 0 . 1 7o92oE+03 
-0 . 1 92432E+OO 

0 . 1 :S:S5cOE+03 
-0 . 1 7473:SE+OO 

0 . 1 6 1 372E+03 
O . S 1 0 1 3 1 E-0 1 
0 . 739874 E+0 1 
0 . 1 20co9E+OO 
0 . 1 92036£+02 
O . o45797E-0 1 
c) . 9940 1 (1E+02
0 . 98::i383E-0 1 
0 .  3042l)SE+r;:;: 
O . l c7 1 03E+OO 

-0 . 6 1 4438E+02 
0 . 1 23720E+OO 
0 . 4 7 8952E-04 
O . o80 1 86E-0 1 

1 .3-19 

F: 
M: 

-0 . 859337£+03 
O . OOOOOOE+OO 

-0. 8�2099E+03 
0 . 690066E-02 

-0 . 826953E+03 
-0 . 2c7840E-02 
-0 . 8 1 0606E+03 
-0 . 1 4923 1 E-0 1 
-(1 .  85743 1 E+03 
-0 : 932 1 50E-O::Z 
-0. 943279E+03 

O . :i7:5759E-02 
-0 .. 9���:3E+03 

0 . 7 1 272:iE-02 
-0. 859039E+03 
-O . S8 1 :Z94E-02 
-o . 77 1 :S53E+o::: 
-O. l :::3�:5 1 E-O l 
-0 . 789293E+03 
-0. 8 1 �:i 1 5E-02 
-0 . 85 1 S22E+03 
-0 . 2 1 24o2E-02 
-0 . 8639:58E+03 
-0 . 3369 1 3E-rJ2 
-0 . 8472 1 0E+03 
-o. o=::=7sE-02 
-0 . 860746E+03 
-0 . 4840:S3E-02 
-0 . 88 1 8'7'2E+03 
-O . l 47444E-02 
-0 . 868200E+03 

0 . 1 359:i3E-03 
-0 . 85 1 337E+03 
-O . l 98354E-09 



Table 1 1 : Input file DISH.IN for me mbrane solution only. 
3 m i l st•el m�mb � an e  w i t h  ax i svmmet� i c  Pd g e  pul l and ax i a l t r an s l at i on .  

r---------RE--------�c--------------------------------------------------GEDMETRY 
7 . 62E - 5  7 . 5  � . 0 

E---------Nu--------Mu---------------------------------------MATERIAL-PRGPERT!Es 
: . 09E l 1 t) . 3 

NFouR _ ____ NFouRT ____ NF-rsw _____ MESH---------------------------ANALvs!s-F-���METERs
1 1 0 0 
------<r-;:-oi5;:;-2-;>-F���;>--------------------------�ouNDARv-coNo1rroN-FLAGs 
CH i s / Ms CH l t / Mst U� / N� U: / N: Ut /Nst 

:: 1 1 1 1 

------
-------------------------

-------------------------------------------------
< I CS-1 • >  COS ; I CS•2 • >  S I N >  BOUNDARY COND I T I ONS 

NHARM I CS CH i s / Ms CH i t / Mst U� /Nr U: / Nz Ut /Nst 
0 1 O. 0. 2 . 68524 E-3 - 1 . 97537E-2 0 .  

PNOM------------ ----------------------------------------PREssuRE-LOAD-DATA 
689 . 7  

1 .3-20 



Table 1 2: Change in nodal forces and moments relative to 
the me mbrane solution, from FSUBTR. 

Change i n  edge f orce• r w l at i va to n omi n a l  s t • t a .  
3 mi l- steal membrane; ASOF4E Edge Di s p l acement s ,  e d g e  pul l ,  •x i a l t r � n � l . 

R • 7 . �0000 

1 o . oo 

:::. :;o 

4:5. 00 

7 67. :50 

8 78. 7:5 

90 . 00 

1 0  1 0 1 . 2:5 

1 1 1 1 2 . :50 

1 2  

13:5. 00 

1 4  1 46 . 2:5 

1 6  1 6S . 7:i 

1 7  1 80 . 00 

Fr 
Mr-

Ft 

l'lt 

F: 

Mz 

-o. 6:s::oo:::E+0 1 o .  O(I(IOOOE+<'c' -o . 34339oE•0 1 

O .  OOOOOOE+OO 0. ::t 1 870E-0 1 0. OOOOCu)E+OO 

0 . 1 1 9�99E+02 -0 . 4 7902:!E+02 0 . 3804l"I2E+0 1 

o. 1 6:5o1 6E-01 o .  2�·04 1 4E-0 1 o .  o'iiOOooE-02 
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Non-Axisymmetric Optical Model of 
Solar Dish Concentrators (OPTDSH) 



Non-Axisymmetric Optical Model 
of Solar Dish Concentrators (OPTDSH) 



Int roduc t i on 

A previous program devel oped at SERI ( Kut s cher , 1 987 ) u s ed a we ight ed 
ray-trace algori thm to  provide an opt i cal  f i gure of merit  for an ax i symme tric  
reflec tor having a shape whi ch devi ates  from an ideal parabo l o i d  o f  
revolution .  T o  s tudy the res ponse  o f  d i sh concentrators to  real-world effec t s  
( such as wind and gravity load s , s ens i t ivi ty t o  manufac tur ing t o l erance s ,  
et c . ) ,  nonax i symmetric structural model s ( such a s  finite  el ement s imul a t i ons  
or analyt i cal repre sentat ions l i ke the one described in the main body o f  thi s 
report ) are requi red . In order to  quant i fy the impact of nonax i s ymme t r i c  
s t ructural deforma t i ons , a nonax i symmetric  opt i cal model ( which a l l ows 
calculat i on of thermal effi c i ency as wel l ) � s  al s o  needed . Thi s  sect ion
document s  the development and u s e  of a nonaxi symmetric opt i cal  computer 
program whi ch ha s been interfaced wi th the DI SH s t ructural code . 

General Capabi l i t i e s  of OPTDSH 

The pres ent program (OPTDSH ) u s e s  a 3-d imen s i onal ray-trace t echni que a s  
described b y  Spencer and Murty ( 1 962 ) .  Rays are generated a t  infini ty e i ther 
on a uni form ( Cartes ian )  grid or in a random fashion . Each ray i s  traced t o  
the d i sh surface , error t erms are incorporated , the resul t ing d i rect ion upon 

ref lect ion i s  comput ed , and the ray i s  then traced to i t s  inter s ec t i on wi t h  the 
t arge t plane . 

A variety of opt i ons have evo lved in t erms of how the d i s h  surface can be 
spec i f i ed . The s e  are s chematically ind i cated in Figure 3- 1 .  A surface can be 
described by a gri dwork of po int s whi ch g ive the po s i t ion ( he i ght , z )  of the 
surface as a func t i on of ( x , y )  or ( r , 9 ) .  Such informat ion is typical  out put of 
s tandard finite  el ement structural code s . The part ial derivat i ve s  o z / ox and
o z / oy of the surface at the intersect ion point of each incoming ray are also
needed . OPTDSH could be modif ied to accept these quant ities as input , but 
present ly computes these derivat ives and pos it ions between mesh point s us ing a 
l inear 2 -dimensional interpolat ion s cheme as out l ined by Press et al ( 1 9 87 ) . 

A me sh of point s describing a surface can a l s o  be analyt ically generated by a 
s impl e  user-provided driver a s  indi cated in Figure 1 :  by the program GENDAT . 
Two examples  o f  such a program which creates  . DAT f i les  appropr iate  for input 
to OPTDSH are shown in Figures 2 and 3 .  The f i r s t  l ine in any of the . DAT 
input f i l e s  to  OPTDSH i s  a Ti t l e  l i ne o f  textural informat ion . Next , the d i sh 
radius , focal l ength,  and target d i s tance ( in cons i stent units ) are input . The 
next l ine contains a grid f l ag ( IGRID ) which t e l l s  OPTDSH what t ype of 
subsequent data t o  expect , the number of rad ial ( or X-coordina t e )  grids ( NR ) , 
and the number of az imuthal ( or Y coordinate )  gr ids  ( NT ) . The s e  parameters are 
further described in Table 1 .  NR rad ial ( or X) coordinate va lues and NT 
az imuthal ( or Y )  coordinate values are then ent ered as free-format ted input . 
In the pre sent examples the s e  happen to be on an equally spaced grid, but 
unequal grids  can be used . The rema�n�ng informat ion are the po s � t � ons  
( Z-coordinate ) of the surface at each o f  the gri d  point s . The s e  are ent ered in 
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C : \D I SH - - > GENDAT 
Ent e r  T I TLE : 

Perfect pa rabo l i c  d i sh ; f/D = 0 . 6 ;  P o l a r  g r i d  
Enter I G R I D , NR , NT : 

1 , 7 , 5  
Enter d i sh rad i u s , foc a l  l ength , and d i s tance to target ( m ) : 
7 . 5 , 9 . 0 , 9 . 0  

Enter name o f  d e s i red output . DAT f i l e  ( max imum o f  6 characters ) ,
prefaced by an option a l  d i sk d r ive d e s ignator ( de fault i s  C : ) :

POLAR 

Data F i le ( C : POLAR . DAT ) Be ing A rch ived . . . .
Stop - Program term inated . 

C : \D I SH - - > TYPE POLAR . DA T > PRN 
Perfect parabo l i c  d i sh ; f/D = 0 . 6 ;  

7 . 5 0 0 0 0 1  9 . 0 0 0 0 0 0  
1 7 

O . O OO O O O E+ O O  1 . 2 5 0 0 0 0  
5 . 0 0 0 0 0 0  6 . 2 5 0 0 0 0  

- 3 . 1 4 1 5 9 3  - 1 . 5 7 0 7 9 6 
3 . 1 4 1 5 9 4  

O . O O O O O OE + O O  O . O O O O O OE+ O O  
O . O O O O O OE + O O  
4 . 3 4 0 2 7 8 E - 0 2  4 . 3 4 0 2 7 8 E - 0 2  
4 . 3 4 0 2 7 8 E - 0 2  
1 . 7 3 6 1 1 1 E - 0 1 1 . 7 3 6 1 1 1 E- 0 1
1 . 7 3 6 1 1 1 E- 0 1  
3 .  9 0 6 2 5 0 E - 0 1  - 3 .  9 0 6 2 5 0E - 0 1
3 . 9 0 6 2 5 0 E - 0 1  
6 . 9 4 4 4 4 4E - 0 1 6 . 9 4 4 4 4 4 E - 0 1
6 . 9 4 4 4 4 4E - 0 1

1 . 0 8 5 0 6 9  1 . 0 8 5 0 6 9  
1 . 0 8 5 0 6 9  
1 . 5 6 2 5 0 0  1 . 5 6 2 5 0 0  
1 . 5 6 2 5 0 0  

P o l a r  g r i d  
9 . 0 0 0 0 0 0  

5 
2 . 5 0 0 0 0 0  
7 . 5 0 0 0 0 1  

2 . 3 8 4 1 8 6 E - 0 7  

O . O O O O O O E + O O  

4 . 3 4 0 2 7 8 E - 0 2  

1 . 7 3 6 1 1 1 E- 0 1

3 . 9 0 6 2 5 0 E - 0 1

6 . 9 4 4 4 4 4E - 0 1

1 . 0 8 5 0 6 9  

1 . 5 6 2 5 0 0  

3 . 7 5 0 0 0 0  

1 . 5 7 0 7 9 7  

O . O O O O O OE + O O  

4 . 3 4 0 2 7 8 E - 0 2  

1 . 7 3 6 1 1 1 E - 0 1  

3 .  9 0 6 2 5 0 E -. O  1 

6 . 9 4 4 4 4 4 E - 0 1

1 . 0 8 5 0 6 9  

1 . 5 6 2 5 0 0  

Figure 2 .  Example GEHDAT program which generates . DAT 
finite element-like grid points on a polar basis 
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C : \D I SH- - > GENDAT 
Enter T I TLE : 

Perfect parabo l i c d i sh ; f/D = 0 . 6 ;  Carte s ian g r i d  
Enter I GR I D , NR , NT : 

2 , 5 , 5  
Ente r d i sh radius , foc a l  l ength , and d i s tance to target ( m ) : 
7 . 5 , 9 . 0 , 9 . 0  

Enter name o f  d e s i red output . DAT f i l e  ( max imum of 6 characters ) ,
prefaced by an opt iona l d i sk �r ive des ignato r ( de fau l t  i s  C : ) :

CARTSN 

Data F i le { C : CARTSN . DAT ) Be ing A rch ived . . . .
Stop - Program term inated . 

C : \DI SH- - > TYPE CART S N . DAT > PRN 
Perfect parabo l i c d i sh ; f/D= 0 . 6 ;  Carte s i an g r i d  

7 . 5 0 0 0 0 1  9 . 0 0 0 0 0 0  9 . 0 0 0 0 0 0  
2 5 5 

- 7 . 5 0 0 0 0 1  - 3 . 7 5 0 0 0 0  O . O O O O O OE + O O  3 . 7 5 0 0 0 0  
7 . 5 0 0 0 0 1  

- 7 . 5 0 0 0 0 1  - 3 . 7 5 0 0 0 0  0 .  {I O O O O OE + O O  3 . 7 5 0 0 0 0  
7 . 5 0 0 0 0 1  
3 . 1 2 5 0 0 0  1 . 9 5 3 1 2 5  1 . 5 6 2 5 0 0  1 . 9 5 3 1 2 5  
3 . 1 2 5 0 0 0  
1 . 9 5 3 1 2 5  7 . 8 1 2 5 0 0E - 0 1 3 . 9 0 6 2 5 0E - 0 1 7 . 8 1 2 5 0 0E - 0 1
1 . 9 5 3 1 2 5  
1 . 5 6 2 5 0 0  3 . 9 0 6 2 5 0 E - 0 1 O . O O O O O OE + O O  3 . 9 0 6 2 5 0 E - 0 1
1 . 5 6 2 5 0 0  
1 . 9 5 3 1 2 5  7 . 8 1 2 5 0 0E - 0 1  3 . 9 0 6 2 5 0 E - 0 1 7 . 8 1 2 5 0 0E - 0 1
1 . 9 5 3 1 2 5  
3 . 1 2 5 0 0 0  1 . 9 5 3 1 2 5  1 . 5 6 2 5 0 0  1 . 9 5 3 1 2 5  
3 . 1 2 5 0 0 0  

C : \DI SH- - >

Figure 3 . E:x:ample GENDAT program which generates . DAT 
f inite element -like grid points on a cartes ian basis 
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Table 1 .  Description of Parameters Contained in Input 
Piles to OPTDSH 

!GRID/ 
!SURF Meaning NR NT ZA 

- 1 / 6 ' Use SHAPE N/A N/A N/A 
( 0 )  ( 0 )  

0 / 1  Perfect ( analyt ical ) N/A N/A N/A 
parabola ( 0 )  ( 0 )  

1 / 4  Polar grid of mesh points # R ' s  # 9 ' s z-coord 
( > 0 )  ( >0 )  

2 / 5  Cartes ian grid of mesh # X ' s  # Y ' s  z-coord 
points (>0 ) ( >0 )  

3 / 7  Parabola with l ine # Par amp; # Sets Par am 
Gauss ians Values 

( 3 )  ( 1 4 )  

4 / 8  Zernike Monomial Order of N/A Z-Mono 
representat ion ( 0 )  Coeffs 

fit 
( <=4 ) 

f/D= . 6  Parabo l i c  d i sh represented by Zernike monom i a l s  

0 . 0
0 . 0

7 . 5 0 0 0 0 0  9 . 0 0 0 0 0 0  9 . 0 0 0 0 0 0  
4 3 0 

0 . 0
0 . 0 2 7 7 7 7 8  
0 . 0  
0 . 0 2 7 7 7 7 8  
0 . 0  

Figure 4 .  Example of . DAT input file 
which uses Zernike monomials 

0 . 0  
0 . 0  
0 . 0  



free-format , NT az imuthal ( or Y )  val ue s  for each of the NR rad ial  ( or X )  
value s . 

Returning t o  Figure 1 , . DAT informat ion can a l s o  be generated by mea sured 
surface dat a .  For examp l e ,  SERI ' s Scanning Hartmann Opt ical Tes t er . ( SHOT ) 
( Wood , 1988 ) al l ows opt i cal  surface mea surement s  t o  be analyzed in such a way 
that the surface can be descr ibed in terms of a series  of Z ernike monomial s 
( as di scus s ed by Malacara , 197 8 ) .  The computed coeff i c i ent s can then be input 
to OPTDSH and used to further evaluate opt i cal performance .  An exampl e  of such 
an input f i l e  �s presented as Figure 4 .  

In Figure 4 ,  the third l ine of input ind i cates the grid flag ( IGRID=4 for 
Zernike monomi al s )  and the order o f  fit to be used ( NFIT=3 ) .  The number of 
coef f i c ient s ,  � ,  given by : 

� = (NFIT+ 1 ) * (NFIT+ 2 ) / 2 

equal s  1 0 . The he ight on the dish surface is then given by : 

NFIT+1 z(x,y) = .E i"'1 
� B j -1 i-j LJ ij x y j"'1 

and the part ial derivat ives are : 

and 

NFIT 
= .E .E i"'1 j"'1 

with the � coe f f i c i ent s given by : 

where : 

� .B j -1 i-j LJ J i+1 , j +1 X Y j"' 1 

(i -j+ l) B. 1 . xj-1 yH1+ , j 

� = [ i * ( i - 1 ) / 2 ]  + j 
In the example in Figure 4 ,  the fourth and s ixth coe f f i c i ents ( = 0 . 0 2 7 7 7 7 8 )  
represent the y2 and x2 terms , respect ively . All other terms are zero . This set
of coe f f ic i ent s ,  there fore , represents a parabol ic surface with a focal length
of f=9 . 
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OPTDSH can a l s o  be adapted to study spec ial i zed geometries . For exampl e ,  F i gure s 
5 and 6 show input . DAT f i l e s  for a perfect p�rabola ( z  = r2 / 4 f )  and a parabol ic 

dish with a series o f  l ine Gauss ians ( appropriate for analyz ing welded s eams of 
various amp l i tudes and widths ) respect ively . 

In Figure 6 , the thi rd l ine of  input ( after the t i t l e  and radius , focal 
length,  and target d i s tanc e )  spec i f i e s  IGRID=3 ( indicat ing a parabol a  wi th l irie 
Gauss ians ) ,  NR=3 [number of parameters is 3 :  the amp l i tude (A) , ·  the x-coordinate 
of each l ine Gauss ian ( � ) , and the standard deviat ion (cr) associated with each 
l ine Gauss ian ] , and the number of l ine Gauss ians is n = 1 4 . The next 14 l ines 
contain the amplitude , x-coordinate ,  and standard deviat ion o f  each of the l ine 
Gaus s ians . The surface he ight is then calculat ed as : 

n z(x,y) = (1J.if)*(x2 + y2) + L Ai EXP[ -V2((x-�)/crl] 
i"'l 

A descri p t i on of  the remaining f i l e  interfaces shown 1n Fi gure 3-1 wi l l  be 
provided before the interface wi th DISH i s  described . A conf igura t i on opt i on 
f i l e ( CONFIG . OPT ) i s  read by OPTDSH to  def ine sys tem c�nfigutation opt i ons . Thi s  
f i le  al so cont ains  defaul t analys i s  parameters whi ch spec i fy error parameters  
( sun shape and s i ze ,  s pecular i ty ,  etc . a s  out l ined by O ' Ga l lagher , 1 98 7 ) and 
thermal parameters as required for comput ing therma l ef f i c i ency ( a s  di s cu s sed by 
Lewandowski , 1 9 8 7 ) .  

Output F i l e s  

The OUTPUT . SAV f i l e  contains hi s t ogram f requency information of the number of  
rays striking concentric annular zones in the target ·plane . A sample l i s t ing of 
such a f i l e  i s  shown in Figure 7 .  The f i r s t  column ( RGRI D )  gives the rad ius of  
the annular grid u s ed to  tally rays ; the maximum radial  value used is  the .rad ius  
of  the d i s h .  The second column (NBIN) contains the number of rays whi ch 
intersect the target plane within the corre s ponding annulus . The next column 
( FREQ ) gives the frac t i on of the total rays · contained within each annulus 
(NBIN/Total fl of Rays ) .  The last  two column s ( TOTRAY and FRACT ) pre s ent the 
cumulat ive number of rays and fract i on of rays contained wi thin a gi ven rad i u s  
respect ively.  

A THERML . DAT f i l e  is  al so output . Thi s  file  contains a tabulat ion of  the therma l 
efficienc i e s  a s  a func t i on of  receiver aperture rad ius for each opera t ing 
temperature mode led . An example of such an output f i l e  i s  given in Figure 8 . 
For each temperature of interest , the annular bin number , the rad ius of  each 
annular bin , and the number of rays within each bin are tabul ated in the f i r s t  
three columns . The l a s t  two column s give the therma l efficienc i e s  for a 
col lector with a primary only and for a primary with secondary concentrator . 
Such eff i c i en c i e s  are cal culated as ind i cated by Lewandows ki ( 1 987 ) .  
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Pe r fect ( an a l y t i ca l ) pa rabo l i c  d i sh ; f/D = 0 . 6
7 . 5 0 0 0 0 0  9 . 0 0 0 0 0 0  9 . 0 0 0 0 0 0  

0 0 0 

F�gu�e 5 .  Example of . DAT �nput f�le fo� analyt�c au�face 

f/D= . 6  Parabo l i c  d i sh w i th l ine Gau s s i ans ; A = 5mm ; l m  w i de ; s = 5mm 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 ' 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

. 0 0 5 , 

7 . 5 0 0 0 0 0  9 . 0 0 0 0 0 0  9 . 0 0 0 0 0 0  
3 3 1 4  

- 6 . 5 ,
- 5 . 5 ,
- 4 . 5 ,
- 3 . 5 ,  
- 2 . 5 ,
- 1 . 5 '
- 0 . 5 ,

0 . 5 ,
1 .  5 '
2 . 5 ,
3 . 5 ,
4 . 5 ,
5 . 5 ,
6 . 5 ,

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

. 0 0 5  

F�gu�e 6 .  Example of . DAT �nput f�le fo� model�ng welded seams 



Focal Length = 9 . 0 0 0
Numbe r o f  Rays - 5 0 0  -

Seed for Ray Gene rat ion = - 5 
D i s h  Rad ius = 7 . 5 0 0  
D i s tance to Target = 9 . 0 0 0  
De lta X , Y  = . 0 0 0 0  
Max imum Rad i a l  I n t e r s ec t i on o f  Target P l ane = . 3 1 7 8 4  
RMS Rad ius o f  D i s t r i but i on on Target P l ane = . 1 0 3 47 
RMS Dev i a t i on from Mean = . 0 5 0 1 0  

RGR I D  NB I N  FREQ TOTRAY FRACT 
. 0 7 5 0 0  4 4 2  . 8 8 4 0 0  4 4 2  . . 8 8 4 0 0  
. 2 2 5 0 0  5 6  . 1 1 2 0 0  4 9 8  . . 9 9 6 0 0  
. 3 7 5 0 0  2 . 0 0 4 0 0  5 0 0  . 1 . 0 0 0 0 0  
. 5 2 5 0 0  0 . 0 0 0 0 0  5 0 0  . 1 . 0 0 0 0 0  
. 6 7 5 0 0  0 . 0 0 0 0 0  5 0 0  . 1 . 0 0 0 0 0  
. 8 2 5 0 0  0 . 0 0 0 0 0  5 0 0  . 1 . 0 0 0 0 0  
. 9 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  

1 . 1 2 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  
1 . 2 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
1 .  42 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
1 . 5 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
1 . 7 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
1 . 8 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
2 . 0 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
2 . 1 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
2 . 3 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
2 . 4 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
2 . 6 2 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  
2 . 7 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
2 . 9 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
3 . 0 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
3 . 2 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
3 . 3 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
3 . 5 2 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  
3 . 6 7 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  
3 . 8 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
3 . 9 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
4 . 1 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
4 . 2 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
4 . 42 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
4 . 5 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 .  0 0 0 0 0  
4 . 7 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
4 . 8 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
5 . 0 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
5 . 1 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
5 . 3 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
5 . 4 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
5 . 6 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
5 . 7 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
5 . 9 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
6 . 0 7 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  

Figure 7 .  Sample 6 . 2 2 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  
6 . 3 7 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  OUTPUT . SAV file 

6 . 5 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
6 . 6 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
6 . 8 2 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
6 . 9 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
7 . 1 2 5 0 0  0 . 0 0 0 0 0  5 0 0 . 1 . 0 0 0 0 0  
7 . 2 7 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
7 . 42 5 0 0  0 . 0 0 0 0 0 5 0 0 . 1 . 0 0 0 0 0  
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Temperature = 5 0 0 . 0 0 0 0  deg r e e s  C 
J , RVALS ( J ) , D I ST C J ) , ETAVSR ( J , 1 , I ) , ETAVSR ( J , 2 , I ) : 

1 . 0 0 0 0  8 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0  
2 . 0 0 5 9  1 9 . 0 0 0 0  . 0 0 3 4  . 0 0 2 3  
3 . 0 1 1 7 4 1 . 0 0 0 0  . 0 1 1 4 . 0 1 0 1  
4 . 0 1 7 6  4 4 . 0 0 0 0 . 0 2 8 6  . 0 2 6 1  
5 . 0 2 3 5  5 9 . 0 0 0 0 . 0 4 7 1 . 0 4 3 3  
6 . 0 2 9 4  7 0 . 0 0 0 0 . 0 7 1 9 . 0 6 6 8  
7 . 0 3 5 2  7 6 . 0 0 0 0  . 1 0 1 3 . 0 9 46 
8 . 0 4 1 1 8 5 . 0 0 0 0 . 1 3 3 2  . 1 2 4 8  
9 . 0 4 7 0  1 0 1 . 0 0 0 0  . 1 6 8 9  . 1 5 8 7  

1 0 . 0 5 2 9  8 6 . 0 0 0 0  . 2 1 1 3 . 1 9 9 0  
1 1 . 0 5 8 7  1 0 0 . 0 0 0 0  . 2 4 7 3  . 2 3 3 7  
1 2  . 0 6 4 6  8 9 . 0 0 0 0  . 2 8 9 2  . 2 7 3 9  
1 3  . 0 7 0 5  9 4 . 0 0 0 0 . 3 2 6 4  . 3 1 0 1  
1 4 . 0 7 6 4  9 0 . 0 0 0 0  . 3 6 5 6  . 3 4 8 7  
1 5  . 0 8 2 2  9 0 . 0 0 0 0  . 4 0 3 1  . 3 8 5 5  
1 6  . 0 8 8 1  9 5 . 0 0 0 0  . 4 4 0 6  . 4 2 2 1  
1 7  . 0 9 4 0  8 4 . 0 0 0 0  . 4 8 0 1 . 4 6 1 0  
1 8 . 0 9 9 9  8 5 . 0 0 0 0  . 5 1 4 9 . 4 9 5 4  
1 9  . 1 0 5 7  7 0 . 0 0 0 0  . 5 5 0 0  . 5 3 0 2  
2 0  . 1 1 1 6 8 8 . 0 0 0 0  . 5 7 8 8  . 5 5 9 3  
2 1  . 1 1 7 5  6 6 . 0 0 0 0  . 6 1 5 1 . 5 9 5 1  
2 2  . 1 2 3 4  6 4 . 0 0 0 0  . 6 4 2 1 . 6 2 2 6  
2 3  . 1 2 9 2  4 0 . 0 0 0 0  . 6 6 8 1  . 6 4 9 3  
2 4  . 1 3 5 1  4 5 . 0 0 0 0  . 6 8 4 0  . 6 6 7 1 
2 5  . 1 4 1 0  5 3 . 0 0 0 0  . 7 0 1 9 . 6 8 6 3  
2 6  . 1 4 6 9  4 3 . 0 0 0 0  . 7 2 3 1  . 7 0 8 6  
2 7  . 1 5 2 7  3 3 . 0 0 0 0  . 7 4 0 0  . 7 2 6 8  
2 8  . 1 5 8 6  2 6 . 0 0 0 0  . 7 5 2 7  . 7 4 1 0  
2 9 . 1 6 4 5  1 7 . 0 0 0 0  . 7 6 2 3  . 7 5 3 0  
3 0  . 1 7 0 4  2 1 . 0 0 0 0  . 7 6 8 1  . 7 6 1 2 
3 1 . 1 7 6 2  1 9 . 0 0 0 0  . 7 7 5 5  . 7 7 0 6 
3 2  . 1 8 2 1  2 3 . 0 0 0 0 . 7 8 2 0  . 7 7 9 1  
3 3  . 1 8 8 0  1 2 . 0 0 0 0 . 7 9 0 2  . 7 8 8 4  
3 4  . 1 9 3 9  1 1 . 0 0 0 0 . 7 9 3 6  . 7 9 3 5  
3 5  . 1 9 9 7  l CI .  0 0 0 0 . 7 9 6 6  . 7 9 8 3  
3 6  . 2 0 5 6  1 1 . 0 0 0 0  . 7 9 9 1  . 8 0 2 9  
3 7  . 2 1 1 5  4 . 0 0 0 0 . 8 0 1 9  . 8 0 7 6  
3 8  . 2 1 7 4  9 . 0 0 0 0  . 8 0 1 8 . 8 0 9 4  
3 9  . 2 2 3 2  3 . 0 0 0 0 . 8 0 3 7  . 8 1 2 9  
4 0  . 2 2 9 1  4 . 0 0 0 0 . 8 0 3 0  . 8 1 3 8  
4 1  . 2 3 5 0  2 . 0 0 0 0 . 8 0 2 7  . 8 1 4 9 
42 . 2 4 0 9  2 . 0 0 0 0 . 8 0 1 5 . 8 1 5 1  
4 3  . 2 4 6 7  1 . 0 0 0 0 . 8 0 0 2  . 8 1 5 5  
4 4  . 2 5 2 6  3 . 0 0 0 0 . 7 9 8 5  . 8 1 5 3  
4 5  . 2 5 8 5  1 . 0 0 0 0  . 7 9 7 5  . 8 1 6 0  Figure 8 .  Sample 
4 6  . 2 6 4 4  . 0 0 0 0  . 7 9 5 7  . 8 1 5 8  THERML . DAT file 
4 7  . 2 7 0 2 . 0 0 0 0  . 7 9 3 4  . 8 1 4 9 
4 8  . 2 7 6 1  . 0 0 0 0  . 7 9 1 0 . 8 1 4 0  
4 9  . 2 8 2 0  1 . 0 0 0 0 . 7 8 8 6  . 8 1 3 0  
5 0  . 2 8 7 8  . 0 0 0 0 . 7 8 6 5  . 8 1 2 4  
5 1 . 2 9 3 7  . 0 0 0 0 . 7 8 4 0  . 8 1 1 4 
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Tempe rature = 8 0 0 . 0 0 0 0  degrees C 
J , RVALS ( J ) , D I ST ( J ) , ETAVSR ( J , l , I ) , ETAVSR ( J , 2 , I ) : 

1 . 0 0 0 0  8 . 0 0 0 0  . 0 0 0 0  . 0 0 0 0  
2 . 0 0 5 9  1 9 . 0 0 0 0  . 0 0 3 3  . 0 0 2 2  
3 . 0 1 1 7 4 1 . 0 0 0 0  . 0 1 1 1  . 0 0 9 9  
4 . 0 1 7 6  4 4 . 0 0 0 0  . 0 2 8 2  . 0 2 5 9  
5 . 0 2 3 5  5 9 . 0 0 0 0  . 0 4 6 3  . 0 4 2 9  
6 . 0 2 9 4  7 0 . 0 0 0 0  . 0 7 0 6  . 0 6 6 1  
7 0 3 5 Z  7 6 . 0 0 0 0  0 9 9 5  . 0 9 3 6  
8 . 0 4 1 1  8 5 . 0 0 0 0  . 1 3 0 7  . 1 2 3 4  
9 . 0 4 7 0  1 0 1 . 0 0 0 0  . 1 6 5 7  . 1 5 6 9  

1 0  . 0 5 2 9  8 6 . 0 0 0 0  . 2 0 7 2  . 1 9 6 7  
1 1  . 0 5 8 7  1 0 0 . 0 0 0 0  . 2 4 2 2  . 2 3 0 9  
1 2  . 0 6 4 6  8 9 . 0 0 0 0  . 2 8 3 1  . 2 7 0 5  
1 3  . 0 7 0 5  9 4 . 0 0 0 0  . 3 1 9 1  . 3 0 6 1  
1 4  . 0 7 6 4  9 0 . 0 0 0 0  . 3 5 7 0  . 3 4 4 0  
1 5  . 0 8 2 2  9 0 . 0 0 0 0  . 3 9 3 1  . 3 8 0 0  
1 6  . 0 8 8 1  9 5 . 0 0 0 0  . 4 2 9 1  . 4 1 5 9  
1 7  . 0 9 4 0  8 4 . 0 0 0 0  . 46 7 0  . 4 5 3 9  
1 8  . 0 9 9 9  8 5 . 0 0 0 0  . 5 0 0 2 . 4 8 7 4  
1 9  . 1 0 5 7  7 0 . 0 0 0 0  . 5 3 3 6  . 5 2 1 2  
2 0  . 1 1 1 6 8 8 . 0 0 0 0  . 5 6 0 4  . 5 4 9 3  
2 1  . 1 1 7 5  6 6 . 0 0 0 0  . 5 9 4 8  . 5 8 4 0  
2 2  . 1 2 3 4  6 4 . 0 0 0 0  . 6 1 9 7  . 6 1 0 3  
2 3  . 1 2 9 2  4 0 . 0 0 0 0  . 6 4 3 5  . 6 3 5 8  
2 4  . 1 3 5 1  4 5 . 0 0 0 0  . 6 5 7 1 . 6 5 2 3  
2 5  . 1 4 1 0  5 3 . 0 0 0 0  . 6 7 2 6  . 6 7 0 2 
2 6  . 1 4 6 9  4 3 . 0 0 0 0  . 6 9 1 3  . 6 9 1 1  
2 7  . 1 5 2 7  3 3 . 0 0 0 0  . 7 0 5 7  . 7 0 8 0  
2 8  . 1 5 8 6  2 6 . 0 0 0 0  . 7 1 5 6  . 7 2 0 7  
2 9  . 1 6 4 5  1 7 . 0 0 0 0  . 7 2 2 4  . 7 3 1 2  
3 0  . 1 7 0 4  2 1 . 0 0 0 0  . 7 2 5 3  . 7 3 7 8  
3 1  . 1 7 6 2  1 9 . 0 0 0 0  . 7 2 9 7  . 7 4 5 5  
3 2  . 1 8 2 1  2 3 . 0 0 0 0  . 7 3 3 1  . 7 5 2 3  
3 3  . 1 8 8 0  1 2 . 0 0 0 0  . 7 3 8 1  . 7 5 9 8  
3 4  . 1 9 3 9  1 1 . 0 0 0 0  . 7 3 8 2  . 7 6 3 1  
3 5  . 1 9 9 7  1 0 . 0 0 0 0  . 7 3 7 8  . 7 6 6 1 
3 6  . 2 0 5 6  1 1 . 0 0 0 0  . 7 3 6 7  . 7 6 8 8  
3 7  . 2 1 1 5  4 . 0 0 0 0  . 7 3 6 0  . 7 7 1 5  
3 8  . 2 1 7 4  9 . 0 0 0 0  . 7 3 2 1 . 7 7 1 3  
3 9  . 2 2 3 2  3 . 0 0 0 0  . 7 3 0 2  . 7 7 2 6  
4 0  . 2 2 9 1  4 . 0 0 0 0  . 7 2 5 6  . 7 7 1 4  
4 1  . 2 3 5 0  2 . 0 0 0 0  . 7 2 1 3  . 7 7 0 3  
4 2  . 2 4 0 9  2 . 0 0 0 0  . 7 1 5 9 . 7 6 8 3  
4 3  . 2 4 6 7  1 . 0 0 0 0  . 7 1 0 4  . 7 6 6 3  
4 4  . 2 5 2 6  3 . 0 0 0 0  . 7 0 4 4  . 7 6 3 8  
4 5  . 2 5 8 5  1 . 0 0 0 0  . 6 9 9 0  . 7 6 2 0  
4 6  . 2 6 4 4  . 0 0 0 0  . 6 9 2 6  . 7 5 9 3  
4 7  . 2 7 0 2 . 0 0 0 0  . 6 8 5 7  . 7 5 5 9  
4 8  . 2 7 6 1  . 0 0 0 0  . 6 7 8 6  . 7 5 2 4  
4 9  . 2 8 2 0  1 . 0 0 0 0  . 6 7 1 4  . 7 4 8 8  
5 0  . 2 8 7 8  . 0 0 0 0  . 6 6 4 4  . 7 4 5 5  
5 1  . 2 9 3 7  . 0 0 0 0  . 6 5 6 8  . 7 4 1 7 
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The capabi l i ty of archiving and re-read ing a f i l e  whi ch contains the 
intersec t i on po int s of each ray wi th both the d i s h  surface and the target plane 
has been incorporated . The ray informa t i on i s  saved as a binary f i l e  to  reduce 
s t orage requiremen t s  and acces s t ime . Roughly 16-19 byte s  per ray ( depend ing on 
the number of rays t raced ) are required to archive the data . 

Menu Opt i ons 

An overvi ew of the various menu opt i ons whi ch a l l ow the user to  acce s s  the 
capabi l i t i e s  of OPTDSH are shown in Figure 9 .  The f i r s t  set of opt i ons  a l l ows 
mod i f i cat i on of configurat ion parameter s , analyses to  be performed , or 
terminat i on of the program . De s i red opt ions are s pec i fied via Func t i on-Key entry 
as shown in Figure 1 0 . Return to  the previous menu l evel can a l s o  be achi eved 
by pre s s ing the Escape key . The main menu i s  initially obtained by running the 
OPTDSH program by entering : 

OPTDSH<Enter> 

Configurat i on 

Select ion of the Configura tion opt i on ( F 1 ) a l l ows acce s s  to  the sys tem ,  error , 
and thermal analys i s  parameters  a s  shown in Figure 1 1 . The variou s  
spec i f i cat i on opt ions a s sociated w i t h  each of the s e  parameters are i l lu s t rated 
in Figures 1 2  thru 1 4 ,  respect ively . To change a given parameter , enter 
parameter ( s ) and the i r  de s i red ( a l l owabl e )  value ( s )  a s  "Parameter"="Value" . 
Mul t iple change s  can be entered at a s ingle t i me .  For exampl e  in Figure 1 2 , to  
change the defaul t disk drive des i gnation from C to D and to  change the graphi c s  
board from EGA t o  CGA type : 

IDRV=D , IGRF=2<Enter> 

When all parameters of a given category have been sui tably a l t ered a blank l ine 
(<Enter> only )  returns. to  the menu shown in Figure 1 1 .  Modi f ication s  to  default  
parameters can be updated to  the CONFIG . OPT file  ( so that the s e  new opt i ons wi l l  
be used each t i me OPTDSH i s  executed ) by pres s ing the F 2  key , o r  mod i f i ed 
parameters can be used locally for the pres ent analys i s  only by pre s s ing the F l  
key . 

Analys i s  

Once the de s i red configurat i on parameters have been s e t  ( or the ini t ia l  default  
va lues are de s i red to be used ) ,  the analys i s  module of OPTDSH can be acce s s ed 
via the F2 key from the ma in menu (Figure 1 0 ) . The user wi l l  then be prompted 
for the type of input f i l e  de s i red ( Figure 1 5 )  a s  d i s cus s ed above under 
"General Capabi l i t i e s " . Once a f i l e  type ha s been selec t ed , the user mus t  
provide a f i l e  name t o  be used . The pre s ent exampl e  ( Figure 1 5 )  u s e s  a f i l e  
named PARAB . DAT l ocated on the C :  drive . To indi cate thi s ent er : 

PARAB<Enter> 
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S e lect Opt ion : 

F l : Conf igurat ion 
F 2 : Ana lys i s  
F 3 : End 

Enter F - Key Cho ice : Figure 1 0 . Example of main menu options 

S e lect Con f igura t i on Opt ion : 

End Conf igurat ion : 
F l : Do NOT Update Conf igurat ion F i le 
F 2 : DO Update Conf igurat i on F i l e  

Mod i fy Pa ramete rs : 
F 3 : Sys tem 
F 4 : E r ror 
F 5 : The rma l 

Enter F - Key Choice : 

Paramet e r  
I SY S  
I DRV 
I PRT 
I GRF 

Va lue 
3 
c 
2 
3 

Figure 11 . Example of configuration option menu 

SYSTEM PARAMETERS 

De s c r ipt ion 
SYStem type ; l =PC , 2 = XT , 3 = AT , 4 = Compac 
default d i sk DRiVe des ignat ion ; A - F  
PR inTe r type ; O = None , 2 = Epson 
GRaPH ics board ; 2 = CGA , 3 = EGA 

Ente r Pa ramete r ( s )  & Va lue ( s )  to be changed ( s eparated by comma s ) as 
Parameter = Va lue ; Nu l l  Ent ry/C a r r iage Return ind icates no furth e r  changes : 

Figure 12 . Example of system parameter specification options 
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Pa ramet e r  
SLOP 
SPEC 
SUNS 
TRAK 
D I ST 

Value 
3 . 0 0 0  
1 . 5 0 0  
2 . 7 3 0  

. 0 0 0  
1 . 0 0 0  

ERROR PARAMETERS 

De s c r ipt ion 
S LOPe error ( m rad ) ; > = 0 . 0  
SPECu l a r ity e r r o r  ( m rad ) ; > = 0 . 0  
SUN S igma ( m rad ) ; > = 0 . 0  
TRAcKer error ( m rad ) ; > = 0 . 0  
error D I ST r ibut ion ; O = None , l =Gaus s i an , 2 = P i l lbox 

Enter Pa ramet e r ( s )  & Value ( s )  to be changed ( s eparated by comma s ) a s  
Parameter = Va lue ; Nu l l  Entry/Ca r r iage Re turn indic ates no further change s : 

Parameter 
TAMB 
TRC 1 
TRC2 
TRC3 
TRC4 
NTMP 
ABSR 
EM I T  
ARAT 
RSCL 
NBI N 
RH01 
RH02 
BLOK 
DN I R  
COND 
DELF 

Figure 13 . Example of error parameter specification options 

Va lue 
2 0 . 0 0 0  

5 0 0 . 0 0 0  
8 0 0 . 0 0 0  

. 0 0 0  
. 0 0 0  

2 . 0 0 0  
. 9 8 2  
. 9 9 8  

5 . 0 0 0  
1 . 0 0 0

5 0 . 0 0 0  
. 9 0 0  
. 9 0 0  
. 9 6 0

8 0 0 . 0 0 0  
. 7 3 7  
. 0 0 0  

THERMAL PARAMETERS 

De s c r ip t i on 
Ambient Tempe rature ( deg . C )
ReCe iver Temperature for ana l y s i s  # 1  ( deg . C )
ReCe ive r  Tempe ratu re for ana l y s i s  # 2  ( deg . C )
ReCeiver Tempe rature for ana lys i s  # 3  ( deg . C )
ReCe ive r Tempe rature for ana l y s i s  # 4  ( deg . C )
Numbe r o f  TeMPe rature ana l y s e s  to be run ( 0 - 4 )
e f fect ive rece iver ABSoRptance ( 0 - 1 )  
e ffect ive rece iver EMITtance ( 0 - 1 ) 
A rea RAT io of rece ive r wa l l  to aperture 
Receiver ape rture SCaLe facto r 
Number o f  rad i a l  B I Ns for therma l ana lys i s  
re f l ectance o f  pr imary m i rror 
ref lectance o f  secondary m i rror 
BLOcKage fac t o r  ( 0 - 1 )  
D i rect Norm a l  I Rrad i ance ( W/m � 2 )  
CONDuc t ive heat l o s s  coe f f i c ient ( W/m � 2 - K ) 
DELta Foc a l  l ength d i s t ance ( m )  

Ente r Pa ramete r ( s )  & Value ( s )  to be changed ( s eparated by commas ) a s  
Parameter = Va lue ; Nu l l  Entry/C a r r iage Return ind icates no further change s : 

Figure 14 . Example of thermal analysis parameter specification options 
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S e l ect Data F i l e Opt ion : 

F 1 : F in i te E l ement Data ( . DAT ) 
F 2 : Shape Data ( . SHP ) 
F 3 : Ray Data ( . RAY ) 
F 4 : Return to Prev ious Menu 

Enter F - Key Cho i c e : 

Ente r name of d e s i red . DAT input f i l e  ( max imum of 6 characters ) ,
prefaced by an opt i on a l  d i s k  d r ive des ignator ( d e fau lt i s  C : ) :

PARAB 

Data F i le ( C : PARAB . DAT ) Be ing Read . . . .
Ente r ( Approx imate ) # o f  Rays ( 1 - 1 0 0 0 0 ) to be Traced : 
2 0 0 0  
Enter I ntege r Seed fo r Ray Gene rat i on between ± 3 2 7 6 7  

( O =u n i form X - Y  G r i d ) : 
3 4 5  

Focal Length = 9 . 0 0 0  
Number o f  Rays - 2 0 0 0  
Seed for Ray Gene rat i on = - 3 4 5  
D i s h  Radius = 7 . 5 0 0  
D i s tance to Target = 9 . 0 0 0  
De lta X , Y  = . 0 0 0 0  

Trac ing 2 0 0 0  Rays ; P l ease Stand By . . . .
1 0 0  Rays Traced 

Figure 15 . Example of analysis session using OPTDSH 

Next , the number of rays de s i red to be traced mus t  be spec i f ied ( the pre s ent 
maximum i s  10 , 000 ) .  Ent er : 

f1 of Rays<Ent er> 

Fina l l y ,  an int eger s eed for ray generat i on and error term t reatment 1 s  
required . Any number between -32 7 6 7  and +32767 can b e  used (note that po s i t ive 
numbers wi l l  automat ically be converted to  negat ive numbers for purpo s e s  of  
random number generat i on ) . A s eed of  zero ( 0 )  wi l l  cause a uni form X-Y gri d  of 
rays to  be used rather than a randomly generated pat t ern . Enter : 

Seed for Random Number Generat i on<Ent er> 

Some information about the spec i f i ed configurat i on being traced i s  echoed to  the 
computer moni tor and the number of rays traced i s  updated after every 1 0 0  rays . 

2-1 6  



Se lect G�aph i c s  Opt i on : 

F l : H i s togram o f  Rad i a l  D i stance in Target P lane 
F 2 : Spot D i agram of D i sh Surface 
F 3 : Spot D i agram in T a rget P l ane 
F 4 : The rma l E f f i c iency P lot 
F 5 : Retu rn to P rev ious Menu 

�nter F -Key Choice : 

Figure 1 6 . Example of graphical display options menu 

Graphical Di splay 

After the spec i f ied number of rays have been traced , the graphical d i s play 
options menu i s  pre s ented ( Figure 1 6 )  . It should be noted that OPTDSH u s e s  a 
graphi c s  subrout ine l i brary named Grafmat i c s  ( 1 984) ; pro s pec t i ve users wi shing 
to re-comp i l e  the OPTDSH source code mus t  have ac c e s s  to the appropriate ver s i on 
( in terms of FORTRAN compi l er and sys t em graphics hardware ) of thi s commercial 
produc t .  

The f i r s t  graphi c s  opt i on ( F l ) generates  a hi s t ogram plot of the number of rays 
contained within concentr i c  annul i in the target plane . Thi s  i s  s imply a plot  of 
the RVALS ( J )  and DIST ( J )  columns of data conta ined in the THERML . DAT f i l e  ( see 
Figure 8 ) . The x-axi s  can be s caled by the RSCL thermal parameter ( F i gure 
1 4 ) . A sampl e  frequency hi s togram plot  i s  shown in Figure 17 . 

The second opt i on ( F2 ) provide s a graphical d i s pl ay of the int ersection o f  rays 
with the d i sh surface .  An exampl e  of the inter s ec t i on of 2000 rays wi th the d i sh 
surface i s  shown in Figure 18 . Symbol s are used to indicate the rad ial  zones 
in the. target plane to  whi ch s pe c i f i c  rays are reflected . The user can 
opt i ona l l y  sel ect the maximum rad ial value in the target plane to be used for 
the zonal grouping of reflected rays . For examp l e ,  from Figure 1 7 , the rad ial 
d i stance at whi ch s ome rays int ersect the targe t plane may exceed 0 . 3  m.  
However , mos t  of the rays are contained within an aperture having a rad ius of 
0 . 2  m.  Figure 1 8  was therefore generated for concent ric radial  zones out to 
0 . 2  m .  

When the third opt ion i s  chosen ( F3 ) , stat ist ics associated with the intersect ion 
of rays in the target plane are displayed and the radius of the spot diagram in 
the target p lane can be speci fied by the user ( the default is to use the maximum 
radial excurs ion in the target plane ) . Once this has been done , a zonal spot 
diagram of the rays intersect ing the target plane is displayed ( Figure 1 9 ) . As 
with the previous display ,  symbol s  are used to indicate the radial zone on the 
dish surface from which each ray was reflected . The maximum and RMS radius of 
the intersect ing rays i s  indicated,  as is the RMS deviat ion . 
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Figure 18 . Distribution of randomly generated rays on the dish 
surface ; zonal binning is out to 0 . 2  m in the target plane 
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The f inal graphics  opt i on (F4 )  plo t s  thermal efficiency as  a funct ion of 
aperture rad ius for the number of thermal analyses s peci f i ed by the NTMP thermal 
parameter ( Figure 1 4 ) . Up to 4 temperatures can be run at a t ime ;  the s e  
temperatures ( in °C ) are the first  part of the l egend shown at the l ower 
right-hand corner ( Figure 2 0 ) . The s econd part of the l egend indicates whether 
the efficiency curve i s  for a sys tem with a primary onl y  ( 1 )  or a sys tem with 
both a pri�ary and s econdary ( 2 ) . Efficiency plot s can be generated which 
d i s play primary only data , primary with s econdary only data , or both primary and 
prima1:y with secondary ( F l  thru F3 in Figure 2 1 ,  res pectively) . The third 
piece of informa t i on contained in the l egend i s  the rad ial value at which the 
efficiency i s  a maximum . 

I f  a printer i s  active ( IPRT=2 in Fi9ure 12 ) , opt i onal hardcopy of the vari ou s  
graphical d i s plays can b e  generated b y  responding "Y" t o  the "Hardcopy Pes i red ? "  
query . Note that i f  an EGA graphics adapter i s  i n  use ( IGRF=3 in Figure 12 ) , a 
screen dump ut i l i ty ( such as  GRAFPLUS from Jewell  Technologies , Inc . )  mus t  have 
been ins talled prior to running OPTPSH . 

Once the graphi c s  menu i s  exi ted , the data file  menu i s  modi f ied to  allow 
archival of the traced ray informat ion ( Figure 22 ) .  By choo s ing FS , a file  name 
i s  reques ted and a . RAY f i l e  i s  created . 

Interface with the PI SH Struc tural Code 
------ ------------ - - ----- --------------

The interface with the DISH structural code is through files having . SHP 
extens ions . Typically,  these are DISH . DAT f i les created by the DISH program 
which have been renamed to have a . SHP extension . It should be emphasi zed that 
this interface is analyt ical in the sense that the pos it ion and s lopes of the 
dish surface at each ray intersect ion point is computed exactly : no interpolation 
is required . An example . SHP file is shown in Figure 23 . The meaning of the 
various input values are described in the main body of this report . 
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Select The rma l Effic iency Graph i cs Opt io� : 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

F l : Primary 
F2 : Primary with Secondary 
F3 : Pr imary + Primary with Secondary 
F4 : Return to Prev ious Menu 

Enter F-Key Cho ice : 

Figure 21 . Thermal efficiency plot options 

Select Data 'F i l e  Opt ion : 

F l : F in i t e  E lement Data ( . DAT ) 
F2 : Shape Data ( . SHP ) 
F3 : Ray Data ( . RAY ) 
F 4 : Re-Process Previouly Traced Rays 
F5 : Arch ive T raced Rays 
F6 : Return to Previous Menu 

Enter F-Key Cho ice : 

Enter name of des ired output . RAY f i l e  ( max imum o f  6 characters ) ,
prefaced by an opt ional d i sk drive des ignator ( defau lt i s  C : ) :

PARAE 

Ray F i l e  ( C : PARAB . RAY ) Be ing A rch ived . . . .

Figure 22 . Archival of . RAY file 
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A x i s ymme t r i c  edge 
1 

2 . 5 4 0 0 0 0 E- 0 4  
3 . 0 0 0 0 0 0 E- 0 1  
O . O O O O O OE+ O O  

3 . 1 4 1 5 9 3  
3 . 8 4 6 1 5 4E - 0 1  

4 2 3 . 4 8 7 0 0 0  
0 

O . O O O O O OE+ O O  
O . O O O O O OE + O O  
3 . 3 3 0 9 0 5 E- 0 5  
O . O O O O O O E+ O O  
1 . 2 2 7 9 6 3E - 0 3  

- 6 . 2 3 3 4 3 3E - 0 2  
O . O O O O O OE+ O O  
O . O O O O O O E+ O O  
O . O O O O O O E + O O  

1 . 0 0 0 0 0 0  
O . O O O O O OE+ O O  
O . O O O O O OE + O O  
O . O O O O O OE+ O O  
O . O O O O O OE + O O  
1 9 3 9 7 . 8 1 0 0 0 0  
4 2 7 6 4 . 7 1 0 0i)() 
4 . 5 6 9 8 5 8 E - 0 5  

pu l l , 1 0  m i l  compos i te , s imp ly- supported . 
1 

7 . 5 0 0 0 0 0  
3 . 1 2 0 0 0 0  

2 . 1 2 3 1 4 1 E- 0 2  
7 . 6 8 6 3 9 0E - 0 5  

1 8 . 0 0 0 0 0 0  
2 

1 
O . O O O O O OE+ O O  
O . O O O O O O E+ O O  
O . O O O O O OE+ O O  

1 . 0 0 0 0 0 0  
O . O O O O O O E + O O  
O . O O O O O OE + O O  

- 4 . 1 4 9 3 0 4 E - 0 1  
O . O O O O O O E + O O  
O . O O O O O O E+ O O  
O . O O O O O O E+ O O  
O . O O O O O OE + O O  
O . O O O O O O E + O O  

7 5 1 . 7 2 0 2 0 0  
O . O O O O O O E+ O O  
O . O O O O O OE+ O O  
O . O O O O O OE+ O O  

- 4 . 0 4 2 3 7 8 E - 0 2  

1 0  5 0 
9 . 0 0 0 0 0 0  7 . 9 3 0 0 0 0 E + 0 9  

6 8 9 . 7 0 0 0 0 0  O . O O O O O O E + O O  
O . O O O O O O E+ O O  O . O O O O O O E + O O  
3 . 9 4 7 9 1 1 E - 0 1  9 . 2 3 0 7 6 9 E - 0 1  

1 9 . 5 0 0 0 0 0  2 0 1 4 2 2 0 . 0 0 0 0 0 0  
1 1 1 

0 O . O O O O O OE + O O  O . O O O O O OE + O O  
O . O O O O O OE + O O  O . O O O O O O E + O O  
O . O O O O O OE + O O  O . O O O O O O E + O O  

- 9 . 0 7 5 1 3 1 E - 0 8  O . O Q O O O OE + O O  
O . O O O O O OE + O O  - 5 . 1 1 6 4 7 0 E - 0 4  
3 . 7 6 5 5 4 8 E - 0 8  O . O O O O O O E + O O  
O . O O O O O O E+ O O  9 . 5 7 4 9 2 4E- 0 1  

1 . 0 0 0 0 0 0  O . O O O O O O E+ O O  
O . O O O O O O E+ O O  O . O O O O O O E + O O  
O . O O O O O OE + O O  O . O O O O O OE+O O 
O . O O O O O O E+ O O  O . O tiO O O O E + O O  
O . O O O O O OE+ O O  O . O O O O O O E+ O O  
O . O O O O O O E+ O O  0 . 0 0 0 0 90 E+ O O  
8 . 8 7 5 3 7 5 E- 0 1  O . O O O O O OE + O O  
O . O O O O O OE + O O  4 6 5 5 4 . 7 5 0 0 0 0  
- 9 1 9 6 . 5 2 3 0 0 0  O . O O O O O OE + O O  
O . O O O O O O E + O O  O . O O O O O OE+ O O  
4 . 0 4 2 3 7 2 E - 0 2  O . O O O O O O E + O O  

Figure 23 . Examp1e of DISB . DAT �nput f�1e used w�th SHAPE opt�on 
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Appendix A 

Asymptotic Solutions for 
Edge Effects in Thin Shells 

presented February 10, 1988 
to the SERI Membrane Dish Workshop 

by C. R. Steele and C. D. Balch 
Division of Applied Mechanics 

Stanford University 
Stanford, California 94305 



Current Work with SERI 

Goal: 
To develop asymptotic shell solutions and in

corporate them into design formulas and software 
for the stress and displacement analysis ·of thin 
dish reflectors . 

Scope:  
• Initially curved, thin dish, i .e . , a paraboloid.

• Elastic behavior, small strains .

• High prestress due to pressure loading.

• Edge effects due to support conditions .
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General Approach to Shell Problems 

Total Solution 
(for given load & B . C . 's) 

Particular Solution N 
(Membrane solution:
no bending moment or 
transverse shear . ) 

Complementary Solution -....:.. 

(Edge effect : has local (. 
bending and shear . ) 

I t 

+ 

The edge effect is needed to satisfy the B . C . 's .  

A-2 
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Axisymmetric Shell Problems 

Fourth-order system, similar to a beam: 

M 
d H

ds X
h 

+ 

0 

0 

0 

0 

A(s) 
M 
H 

X 
h 

for edge loads alone 

. P  

The coefficients A( s) are functions of position.

A-3 



The Prestress ,  or Pressurization Effect 

Beam: r w 
l?�x H l f T �< - �.---------�1}: > T 

Shell of Revolution: Modify one compo
nent of .the matrix [A] in the shell equations .

The new nonlinear term contains the ·dimen
sionless stress quantity 

p � l

-1 < p < 1 

p = -1 

NR p = 
2Etc 

=:::i>> high tensile prestress 

=:?> low to moderate prestress 

�> local buckling of the shell 
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Asymptotic Solutions for Shell Edge Effects 

WKB Method, with large parameter 

Dimensionless solution form: 

M 
H 

X 
h 

_ -Ae(s) � ]__ - e [<Po + ,\ <1?1 + ,\2 <1?2 + · · .] 
� 

l rapid variation 

Steps of the method: 

(i) Substitute above form into shell equations. 

(ii)  Collect terms in each power of A .
(iii) Obtain an eigenvalue problem for e' (s) . 
(iv) Eigenvalues are the decay constants for

the edge effects .  
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Asymptotic Solutions : The WKB Method 

WKB Method: Suited for equations with variable 
coefficients and rapidly varying solutions . 

Example: High frequency vibration of a string 
with variable density m(x) . 

d2w 
Equation : T dx2 + w2 m(x) w = 0 

SL.oWl-'1' 
VARiiJJ(f ------....... �N V�CL-0 P L!  - ..--

"- -
/ - -

We have the large parameter 

For very high frequencies -

FDM, F-EM: Mesh --+ 0;  Cost --+ oo .  

WKB : Cost --+ 0 .
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Decay Behavior of the Edge Effects

For low membrane prestress ; p = 2�� = 0(1) :
�---...:�� £ "' JR  :t

£DGJ;" 
flFI:!'C t
s rRt£S5eS 

For high membrane prestress ; p = 2�� � 1 :

EDG-C 
EFFet T
s r� £�es

&,"' J f R;t

� �  jB£ � r 
D nTA-I.Ic C FRoM

) 

e-o e:,.,;-

(two edge-effect solutions) 
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Example: Pressurized Paraboloid 

y 

Paraboloidal shell with focal length /; subjected 
to a uniform pressure load p. The meridian curve is the
parabola y = r2 /( 4!).

Specifications for para-boloid, from Murphy ( 1987) . 

Geometry Material Properties Load 

t = 0.254 mm E = 209 GPa p = 2000 Pa 
re = 7.5 m v = 0.3 
f = 9 m  
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'i:' § 
= 0 ·.:s CG -� 

Rotation of the Shell Surface 

25. 
E9 

20. 

'i:' 
8 15. -

= . 9 -CG 
0 � 

10 . 

5. 

0. 

-5. 
0. 1 . 2. 3. 4. 5. 

r (m) 
6. 7. 8. 

Rotation x as a function of radial distance r for the 
�imply supported parabolic shell under pressure load. The 
solid line is the asymptotic solution; cross marks are ANSYS 
results from Murphy ( 1987) .  

16. 
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4. 

2. 

0. 

. . . . . . 

. . . . . 

. . . 

. . . . . . 

. . . 0 0 I 0 0 o 0 0 •o 0 0 0 0 0 0 0 1 •  0 0 0 I 0 0 0 0 •o o o 0 0 0 0 0 I 0 0 0 I I I 0 0 o• I o o 0 0 0 I 0 •o 0 I tl 0 0 o o ... 0 I 0 0 0 0 I o 
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. . . . . . . . . 

. . . 

. . .

. . . 

. . 
. . . . . . . •  ·=· . . . . . • . .  : • • • . . . . .  ·: · . . . . • . . . . . • • . . . .  ·=· . • . . • . . .  � · . . . . . . . ·=· . . • . . . . .

7.3 

. . . . . . . . . 

. . . 

7.4 
r (m) 
(a) 

7.5 7.3 

. .. . 

. . .

. . .

. . . 
7.4 

r (m) 
(b) 

Asymptotic solution for the meridional rotation 
x near the edge of the parabolic shell under pressure load. 
(a) Simply .supported edge: the meridional rotation reaches a 
maximum value at the edge r = 7 .5m. (b) Built-in edge: the 
meridional rotation is zero at the edge. 
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Bending Stress (Simply Supported Edge) 

� 
gell 
1)1) . 5 "0 5 

=:1 

1 .2 

1 .0 

. 8 

. 6 

. 4 

.2 

. 0 
0. 

. . . . 
I I I I I I I I ! I I I I I I I I I � I I 0 I I I I I � � I I I I I I I I � 1 0 1 1 o 1 1 o ": ' 1 1 1 o o 0 1 e !  0 0 1 1 1 0 1 0 -:· 1 t 

. . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . · · · · · · · · " · · · · · · · • • <1' • • • • • • • •  .... · · · · · · · · · - · · · · · · · ·  .. · · · · · · · · · - · · · · · · · ·  ... · · ·

. . . . . . . 

. . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . 
· · · · · · · · ! · · · · · · · · ·� · · · · · · · · � · · · · · · · · · � · · · · · · · · -:· · · · · · · · · ! · · · · · · · · -:· ·  . . . . .  

. . . . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . .  \ . . . . . . . . ·=· . . . . . . . .  .; . . . . . . . . .  ; . • . . . . . •  .; . . . . . . . . .  i • • • • • • • •  ·= . . . . . . . 

. . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . . . 
. . . . . . . . . . . . . . . . . . . . . . . . . . .  ,, . . . . . . . . . . . . . . . . . • . . . . . . . . . . . . . . . . .  -· . . . . . .  . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . 
• • • • 0 • 

1 . 2. 3. 4. s. 
r· (m) 

6. 7. 8. 

Asymptotic solution for the meridional bending 
stress  in a simply supported parabolic shell under pressure 
�oad. The bending stress (f ,pB is shown as a function of the 
radial distance r. 

Displacements (Simply Supported Edge) 

-
e 5 
= 
u 
e � 
"S. en 
Q 

2. 

1 . 

0. 

-1 .  

-2. 

-3. 

-4. 

-s. 

-6. 
0. 

Vertical disp. v � 
E9 -::----:---___,. E9 E9 

1. 2. 3. 4. s. 6. 
r (m) 

7. 8. 

Horizontal displacement h and vertical displace
ment v for the simply supported parabolic shell under pres
sure load. Solid lines are the asymptotic solution; cross marks 
are ANSYS results from Murphy ( 1987 ) .  
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Future Work: Non-axisymmetric Behavior 

Discrete Supports 

Wavy Edge Displacement 

Non-axisymmetric Loads , e .g . , Wind 

A-l l  



Preliminary Results 
for Non-axisymmetric Edge Effects 

Shallow parabolic shell : 

I 
I _. 

I • 

. , 

Assume large prestress p � 1 .

y 

X 

The shallow shell equations for edge effects 
reduce to 

Et 
DD.D..w - N D..w + R2 w 0 
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Asymptotic Solution 
for High Circumferential Harmonics 

w 

(n � 1) 

Decay distances of edge effects are:  

Rt < v'Ri 1 R 1 + t 2n2p

8short f'V 

Rt < v'Ri 1 + R �
t n2 

High circumferential harmonics die out fast ,
even with large prestress . 

Next Step:  Apply this approach to the equations 
in matrix form, and solve non-axisymmetric shell 
problems by Fourier series . 
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Concluding Remarks 

• Asymptotic solutions have been derived for
edge effects in thin parabolic shells loaded by pres
sure . These solutions compare favorably with AN
SYS finite element results ,  and capture extremely 
rapid stress variations near the edge of the shell . 

• The asymptotic solutions provide the "decay
distances" for edge effects ,  and thus offer physical 
insight into the shell ' s  behavior. 

• Prestress ,  or high tension of the shell, is
found to significantly effect the decay distances . 
Preliminary calculations suggest that the most sig
nificant prestress effects are axisymmetric .  

• The membrane and edge-effect solutions for
shells of revolution can be employed for rapid com
puterized analysis and design studies . 
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Appendix B 

Non-Axisymmetric Deformations of Thin 
Paraboloidal Shells with Initial Prestress 

presented May 12, 1988 
to the SERI Membrane Dish Research Group 

by C. D. Balch and C. R. Steele 
Division of Applied Mechanics 

Stanford University 
Stanford, California 94305 



Current Work with SERI 

Goal: 

To develop analytical solutions for the non
axisymmetric structural response of a thin, parab
oloidal shell , and to incorporate the solutions into 
design formulas and software. 

Scop e :

• Initially paraboloidal dish .

• Elastic behavior ,  small strains.

• High prestress due to pressure loading.

• Non-axisymmetric edge effects .

• Non-axisymmetric loads , e .g . , wind load.
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General Approach to Shell Problems 

Total Solution 

(for given load & B . C . 's) 

Particular Solution N 
(Membrane solution: 
no bending moment or 
transverse shear. )  

Complementary Solution --... 

(Edge effect :  has local 
bending and shear. )  

I 1 

+ 

The edge effect is needed to satisfy the B . C'. ' s .  

B-2 
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Axisymmetric Shell Problems 

Fourth-order system, similar to a beam: 

M 
d H
ds . X 

h 
+ 

0 
0 
0 
0 

A(s} 
M 
H 
X 
h 

for edge loads alone 

p 

The coefficients A( s) are functions of position.
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The Prestress, or Pressurization Effect 

T �� -�r---------�i � T 

Shell of Revolution: Modify one compo
nent of the matrix [A] in the shell equations.

The new nonlinear term contains the·  dimen
sionless stress quantity 

p >> 1 

-1  < p < 1 

p = -1

NR 
p = 2Etc 

====>> high tensile prestress 

===>> low to moderate prestress 

��> local buckling of the shell 
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Non-axisymmetric Problems: Equilibrium 

\ 
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Non-axisymmetric Problems: Kinematics 
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Non-axisymmetric Problems: Governing Equations 

Displacement and Force Quantities : 

Xs (n) rM8 (n )
xe rMse 

D = u.,. . F =  rN.,. ' 

Uz rNz 
U() rNse 

Tenth- Order Matrix Form of the Shell Equations : 

F A(s) p d + 
F 

0 ds D D 

The equations include the effects of 

• Transverse shear deformation

• Moderate rotation: e(NL) = e(L) + �JJ2 
• Initial prestress :  Perturbations relative

to a nominal state of membrane tension
are considered.
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Response of a Shell to Edge Loads 

I. Membrane (Negligible Bending) : 

II . Inextensional (Negligible Membrane Strain) :

III . Edge Effects ( Coupled Stretching/Bending) :
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Asymptotic Solutions 

For the tenth-order system: 

dY -- + A(s)Y = 0 ds 
Use the formal asymptotic expansion: 

Y = exp (/ �(s)ds) [Yo (s) + Y1 (s) + . . . ]
(A - Ie)Yo 
(A - Ie)Yi 

0 
dYi-1 ds (i > 1) 

Note:  This approach is accurate for the edge
effect solutions , but not for the membrane and in
extensional solutions. 
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Dr=cA'f  DisT,Jf-AJCFS o P  TH-�
�C> &J; EFFJ:C. /5:.
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-

-

-
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- - ..  . . . .
.

. .
.

.
. . . .

...
. .

.
. . . . . ... . .

.
. . . . . .

. . . . . . . . . . . . . . . . . . . . .
. . . .  

.. 

0 0.2 0.4 0.6 

n../IT2C/(2r) 
0.8 

Decay distance 6 as a function of n for the two edge 
bending solutions, with nominal prestress N,r2/(2Etc) = 
N,rtf(2Etc) = 0 (solid line) , 4 (dashed line), and 40 (dotted 
line). The longest decay distance occurs for the axisymmetric 
case n = 0. 

B-10 

1 



Decay Behavior of the Edge Effects 

For low membrane prestress ;  p = �! = 0(1 ) :
�_____;:�� � ,v JR ;t

£DG-IF 
EFFE"c r 
s rR£SS�S 

For high membrane prestress;  p = �!_ � 1 :

EDG-C 
e-Frt:t r 
s r�c:�e-s

�- �1tvjf Rt f 

(two edge-effect solutions) 
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The Shallow Shell Equations 

For a paraboloidal dish, the equations are 

1 1 
Et Jj.�¢ + 

R 
jj.uz .= 0

2 - 1 Etc ��Uz - N�uz -
R

�¢ = 0 

Membrane and inextensional solutions to the 
above equations take the form of simple harmonic 
functions which satisfy 
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Thin Paraboloidal Shells with Initial Prestress 
Description of the DISH Computer Program 

This appendix provides a brief description of the DISH computer pro
gram for the analysis . of paraboloidal shells. The program is written in 
standard FORTRAN-77 and can be run on an IBM PC. A sample input 
file is shown in the following table.

Table C-1.  Sample input file for the DISH program. 

Input File DISH . IN ,  for the DISH structural analysis program. 

T RE 
2 . 54E-4 7 . 5

FL 
9 . 0

GEOMETRY 

E NU MU 
3 . 12 

MATERIAL PROPERTI ES 
2 0 9 . E9 0 . 3

NFOUR 
2 

NPTS 
4 , 2

RANGE r ,  theta ( d )  NPTSW 
6 . , 7 . 5 0 . , 90 . 16 

( 1  • >  Disp . ; 2 •> Force ) 
CHis/MS CHit/MSt Ur/Nr UZ/NZ 
1 1 1 1 

( ICS•1 • >  COS ; ICS•2 • >  S IN )  
NHARM ICS CHis/MS CHit/MSt 
0 1 0 . 0 .
1 1 o . 0 .

Ut/Nst 
1 

Ur/Nr 
0 .
0 .

MESH 
10 

ANALYSIS PARAMETERS 

BOUNDARY CONDITION FLAGS 

UZ/NZ 
0 .
0 .  

BOUNDARY CONDITIONS 
Ut/Nst 
0 .  
0 .  

PNOM PRESSURE LOAD DATA 
2000 . 
( WINDAT ( I ) , I•1 , NPTSW) 

0 .  0 . 27777 8E+02 0 . 555556E+02 0 . 83333 3E+02 0 . 111111E+03 
0 . 1 3 8 8 8 9E+03 0 . 166667E+03 0 . 194444E+03 0 . 222222E+03 0 . 250000E+0 3 
0 . 277778E+03 0 . 305 556E+03 0 . 3 3 3 3 3 3E+03 0 . 3 61111E+03 0 . 3 8 88 8 9E+0 3 
0 . 4 16 667E+03 

Table C-1 shows an input file for the analysis of a paraboloid with 
clamped edges and wind loading. The first line of numbers contains the 
thickness T, edge radius RE, and focal length FL. The second line of num
bers contains the elastic modulus E, Poisson's ratio NU, and the shear
flexibility factor MU (see Eq. (5)). 
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Specifications for paraboloidal dish.
Geometry Material Properties Load 

t = 0.254 mm E = 209 GPa p = 2000 Pa 
re = 7.5 m ll = 0.3 
/ = 9 m 
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Prescribed Radial Edge Deformation:  Ur = Uo cos 2(} 

p = 2000 Pa
= 0.02 atrn

( p = 50 )  

� ::-.J 0 
0 
0 C\l 0 
0 

� -
-c <=!  - o  

- o  - -
O o  

RorAI_coiJ� :.= o  
:e .....; 0 �  

1-s ) ,_,... -
- o  

0 

�J e 0 
0 
0 
0 
� 0 
0 
0 I 

0 1 

1 nun 

a.-- 15 m -.e  

· - - - -- - - - - -- - - -- - - -- - - - - - - - - - - - - · · - - - - - --�. 

. .  · · · · · · · ··· · · ·· ··· · · ··-·· · · ··-·· : ···-··· ·:=�=�=�·-.;.:.:.__;· -- · X e- :;. ts-o 
I (!j ) I • I 

2 

B-15 

3 4 5 

r (m) 
6 7 8 



- -
- _, 

- "'J' * . 

0 
0 

--
-
...--

0 
..... Cli..... 
- I .. , ....,..... 
.... 
... 
:.; c: :.; � � 

- I """ . -
TJ 

· -
,...., - 0 

� 
I 

0 
:C 

I 
0 

- -.:-.: .. 

. . - - · -
_ ,., ,.,  .. .,. .. ..  

-
· 

-- ---- - - -- --- --- - _ _ _ __ _ _ _ d _ .. 

· · · · · · · . .... ............. 

1 2 

.... ...... . ..... . 
··· ···· 

3 4 5 
r (m) 

.--- � - ·

6 

. 
' ' , 

7 

Radial displacement Ur and vertical displacement 
Uz as functions of r for a paraboloidal shell subjected to a 
cos 29 prescribed radial edge displacement. Results shown for 
9 = 0° (dashed lines) and 9 = 90° (dotted lines). The results 
for the axisymmetric case of a clamped edge are shown for 
comparison (solid lines). 
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Q ltj 
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N, - �  
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r (m) 
6 7 

Stress resultants N, and N, as functions of r for 
a paraboloidal shell subjected to a cos 28 prescribed radial 
edge displacement. The stress resultants are shown for 8 = 

0° (dashed lines) and 8 = 900 (dotted lines), and for the 
axisymmetric case of a clamped edge for comparison (solid lines). Note the si�cant drop in the circumferential stress 
N, near the edge for 8 = 90°. 
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Radial displacement Ur and vertical displacement 
U .r  along the line 8 = 0° for a paraboloidal shell subjected to 
cos n8 prescribed radial edge displacements. Results shown 
for n = 4 (dashed lines), n :::: 16 (dotted lines), and n = 64 
(dot-dashed lines). The results for the axisymmetric case of 
a clamped edge are shown for comparison (solid lines). With 
increasing n the edge effects decay more rapidly; outside the 
edge zone, the displacements approach those of the axisym
metric case. 
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Asymmetric Wind Load p = 2000 Pa
+ lh->�pl 

Axisymmetric 
( n = 0 ) 

tn ::-.1 

cos a 
( n = 1 ) 
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:v Q -0 

- - - - -

.. . . . . . . . . . . .  

0 1 2 
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Stress resultants N, (solid line) and N, (dashed 
line) along 6 = 0° for a clamped paraboloidal shell subjected 
to the asymmetric load Pn = Pw sin t/> cos 6, with Pw = 1000 Pa 
and a nominal pressure load of 2000 Pa. The circles and dia
monds are the membrane solution from Fliigge (1973), which 
agrees with the present analysis except near the edge. The 
present analysis includes the rapidly decaying edge bending 
effects, which account for the abrupt drop in the circumfer
ential stress N, near the edge. 
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Displacements u,. and u :r along 8 = 0° for a pa
raboloidal shell with a clamped edge subjected to the asym
metric load Pn = Pw sin tP cos 8, for Pw = 1000 Pa {dashed 
lines) and Pw = 2000 Pa {dotted lines). The displacements of 
the axisymmetric solution with the nominal pressure load of 
2000 Pa are shown for comparison (solid lines). 
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Concluding Remarks 

• The equations for non-axisymmetric defor
mations of shells of revolution have been derived 
in state-vector (matrix) form, including the effects
of initial prestress due to pressue load, and trans
verse shear deformation. 

• Asymptotic solutions for non-axisymmetic
edge bending effects are presented. These effects 
involve coupled bending and membrane behavior, 
and typically decay rapidly with increasing dis
tance from the edge. High prestress is found to 
affect the decay behavior significantly. 

• For the non-axisymmetic membrane and in
extensional behavior of a paraboloidal shell , solu
tions are obtained using shallow shell theory. 

• A computer program has been developed
which is based on the asymptotic solutions and the 
results from shallow shell theory. The program can 
be used for axisymmetric and non-axisymmetric 
analyses of a paraboloidal dish, and runs on a P C .  

B-22 



Appendix C 

Structural and Structural/Optical 
Analysis of Dish Membranes* 

presented at SERI on August 25, 1988 
by Chad D. Balch 

*work supported by SERI under subcontract number CJ -8-00632-1 ,  
6/20/88 through 8/26/88. 



OUTLINE 

Part I :  Structural Analys is  

A.  Overvi ew of  capab i l i t ies and l im i tati ons 
of the structural analys i s  software 

B. Theoretical background 

C. The D I SH structural c od e  and related 
processors , exar-np les 

D .  Interface with a finite element mode l

Part I I :  Coupl ed Structural/Optical Analys is  

A.  Interface with the OPTDSH ray trace code 

B.  The OPTDSH ray trace c od e  (jorgensen) 

C. Coup l ed structural/ opt ical analys i s ;
examp l es and s oftware d emo. 

Work in  Progress ;  Conc lud ing Remarks 
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The D ISH Program: Capab i l i t i es 

1 .  Based on analyt ical soluti ons from shel l 
theory;  runs in  a few minutes on a P C. 

2 .  Hand l es the fo l l owing prob lems : 

A .  Arb itrary edge deformation 
(under pressure load ing) 

· ··· ·· ·········· ·-······· ····-· · · · ·  . . .  

p 

B. A symmetric  pressure l oad ing 

p 0 + 

3 . Interfaces w i th OPTDSH for rap id ray trace 
analys i s .
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Limitat ions 

1 .  Thin s he l ls 

2 .  Smal l s trains 

3 . .  Smal l p erturbations from the " membrane 
soluti on .. 

4 .  Edge effects should d ie out with d ecay 
d istances smal l relat ive to rad i i  of curvature 

5 .  Edge angle  should b e  l ess  than about 3 0°,  
s ince s ome shal l ow she l l  solutions are used . 
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Non-axisymmetric Problems: Kinematics 

s 

C-4 
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Non-axisymmetric Problems: Governing Equations 

Displacement and Force Quantities : 

Xs ( n) rM5 ( n ) 
xe rMse 

D =  Ur . F =  rNr ' 

Uz rNz 
ue rNse 

Tenth-Order Matrix Form of the Shell Equations : 
<� ) <� ) (61) d F (t��) F P 

+ A(s) ds D D 0 

The equations include the effects of 

• Transverse shear deformation

• Moderate rotation: c(NL) = c(L) + �1'2 
·• Initial prestress : Perturbations relative 

to a nominal state of membrane tension 
are considered. 
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Asymptotic Solutions 

For the tenth-order system: 

dY -- + A(s)Y = 0ds 
Use the formal asymptotic expansion: 

Y = exp (j �(s)ds) [Yo (s) + Y1 (s) + . . .]
(A - Ie)Yo 
(A - I�)Yi 

0 

(i > 1 ) 

Note:  This approach is accurate for the edge-
effect solutions, but not for the membrane and in-
extensional solutions . ( FtJr fn"'�"+ .fof'flt4v. /Q fro"") 
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Response of a Shell to Edge Loads 

I. Membrane (Negligible Bending) : 

II. Inextensional (Negligible Membrane Strain) :

III. Edge Effects (Coupled Stretching/Bending) :
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Decay Behavior of the Edge Effects 

For low membrane prestress ; p = �� = 0(1) :
�----=�� � �J R.  :i:

£D&� 
#Ft:c r 
s rRt:SSiiS

For hi.Qh membrane prestre_ss;  p = �� � 1 :

EDG-C 
EFrec r
s r� e))eS

w---- �"'Jf R;t: } 

(two edge-effect solutions) 
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The Shallow Shell Equations 

For a paraboloidal dish, the equations are 

Membrane and inextensional solutions to the 
above equations take the form of simple harmonic 
functions which satisfy 
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Figure 1 :  Flowchart of d a t a  paths for str uctural and str uctural/opt ical analyses. 



sample input n8r the DISH program. 

1 0  mi l c: otnpos1 t e  n1embrane wi t h  t. d g e.  pul l ,  a�: i o.l t r a n s l . ,  arod w i n d  l oild . r---------RE--------F�--------------------------------------------------GEDMETRv 
: . �4E-4 7 . �  9 . 0 

--------------------------------------------------------------------------------
E NU MU MATER I AL F'ROF'ERT I ES 
7 . 93E9 0 . 3 3. 1 2  

NFouR _____ NFOuRT ____ NF-rsw _____ MEsH---------------------------ANALvsis-F-ARAMETERs 
2 :s 1 o  1 0  

------ci-:>-oi;p�;-2-:>-F���;r-�------------------------iouNoARv-coNotrioN-FLAGs
CHl s /Ms C H l t / Mst Ur /Nr U: / N: Ut / Nst 
2 1 1 1 1 

( I CS• l • >  COS ; I CS•2 • >  S I N l BOUNDARY COND I T I ONS 
NHARM I CS CH i s/Ms CHi t / Mst Ur /NP' U:. / N: Ut /Nst 

0 1 o .  o . 2. 1 ::� 1 4 1 E-2 -0. 1 :i7:i78 o .
1 1. o. o. o .  o . o .
2 2 o . o . 2. 1 23 1 4 1 E-2 o. o. 

PNo�------------------------------------------------------PRissuRi�oAo-oArA 
oe9 . 7 
( W I NDAT ( I l , I • l , NF'TSWl 

O . OOOOOOE+OO O . :i2:i:i7:iE+O l  0. 1 04994E+02 
0 . 2o0389E•02 O . :S l 1 1 74E+02 O . :So 1 278E+02 
O . :iOo:i9oE•02 O . :i:i3 1 1 1 E+02 O . :i9S:i�oE+02 
0 . 728CIOOE+02 

O. l :i7 1 SSE+02 
o . 4 1 0oOoE•02 
O . o42879E+02 

0 . 20902:iE+0.2 
0 . 4'!i907 1 E+02 
o . osoo3BE+02 

----------------------------·---------------------------

Sample input file DFCOMP.IN for the post-processor DFCOMP. 

I nput Fi l e  DFC�MP . I N ,  + or the postproc essor OFCOMP. 

I TER 
. FALSE. 

NF'TS 
4 , 2 

RANGE r ,  tnet• ( d l  
e . o , 7 . :i  o . , 9C .

-------------------------------------------------------------------------------
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/ 
CHit, Mst 

e 
r Ur , Nr 

Uz, Nz 

Sign conventions for forces, displace ments, 
moments, and rotations at edge of dish. 
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Sample output file DFCOMP.OUT for the post-processor DFCOMP. 
1 0  m i l compoll' i t P. me-mbr anl! w i t h  Pdge pu l l , a:d al t r a n s l . ,  and w i n d  J o  ... d .  

1 HE 'T A  • (1 , (II) 

R 

CH i s  
Ms 
Mt 

O. oOOOOOE+Ol 
-o. 31 :5CI:50E-02 

o . :::S9 1 7 1 E-C14 
0 . 7 1 7:5 1 :SE-O:i 

O. o:iOOOOE+01 
-o. :::s t 990E-02 

0 . 3o:i:iS2E-04 
0 . 1 0t;Jo7:iE-04 

0. 700000E•01 
-0 . 7o0 1 :59E-O:S 

o . :5o21 ::>4E-04 
0 . 1 6Bo40E-04 

0 . 7:iOOOOE+0 1 
o . 1 990o7E-02 

-o; t :soo t oE-09 
-0. 1 Bo84BE- 1 0  

THETA • 

R 
CH i s  
,.,. 
Mt 

90. 00

O . oOOOOOE•0 1 
-O. �BOOoBE-02 
-0. 470:5 1 1 £- 1 0  
-0. 1 4 1 i :i:SE- 1 0  

O . o:iOOOOE+0 1 
-0 . 406604E-02 
�0 . 7027B9E-1 0  
-0 . 2 1 0B:7E- 1 0  

0. 700000E+01
-0. 432 1 1 4£-02 
-O . l O:.OOOE-09 
-O. :S l o799E- 1 0  

0. 7:iOOOOE+0 1 

CH i t  
Mst 

O. OOOOOOE+OO 
0. 000(1(10E+OO 

o. 0(1(10(1(1£+(10 
0. OCIOOOOE+fJO 

0. OOCIO(lOE+OO 

O. OOOOOOE+OO 

O. OOOOOOE+OO 
0. 000(1(1(1£+00 

CHi t  
l'lst 

0 . 77992:iE-O:S 
-0. 21 7284E-O:i 

0 . 621 99 1 E-O:S 
-o. :::=� 1 2SE-o:; 

0. 36Cl464E-03 

-o . :il 0o92E-O:i 

-0 . 4:i�:iBl E-02 -0 . 494834E-09 
0 . �0 1 742E- l :i  0 . �77 9 1 BE-02 
o . e9o34oE- 1 & 

Ur 
Nr 
Ns 

U% 
N: 
Nt 

0 . 1 73944£.:.0 1 -O . l :io9:i2E•t:,O 
O .  64�:io1 E+04 0. 2 1 :i77SE+Cl4 
0, 67B77 1 E+CI4 0. 77:i l :i:5E+04 

o . o4�o:i2E+04 
O . o9:50:32E+04 

0 . 234497E+04 
0 . 784220£+04 

0 . 2024B:SE-0 1 -0. 1 :i83 1 4E+OO

0. o427:�E•04 0. :::;:::;:::E+CI4 
0. 69094oE+04 0. 786S7BE+CI4 

0 . 212� 1 4 E-01 -O . l :i7:i7BE+OO 
0 . 640276£+04 0 . 27::::>09E+04 
0 . 69:i7:iBE+04 0 . 77B924E+04 

Ur" 
Nr" 
Ns 

U: 
N: 
Nt 

Ut. 
Nst 

o. (11)(11)(11)£+(1(1 

0 .  (lOOClOCIE+OO 

O. OOOOOOE+OO 
0. OOOCIOOE+CIO 

0. (lO(l(lOOE +00 
O . OOOOOOE+OO 

0. OOOOOOE +(10 
O . OOOOOOE+OO 

ut 
Nst 

0 . 1 :i:i9::5E-01 -0 . 1 :i:::51 9E•OO -0 . 3697:i:iE-O:S 
0 . 620?:SOE+04 0. 2069 1 0E+04 0 . 24::36BE+O:S 
0. 6:54::!:07£•04 0. 7 1 973BE•Cl4 

0 . 1 736:50E-01 -0 . 1 :54 1 0SE+OO -0 . 2� 1 9:2E-O:S 
0. 6207::'>C,E+Cl4 0 .  ::24 1 :i:SE+04 0. 2467:i9E+O:S

o. o:i99o2E+Cl4 o. 736094£+04 

O . l 9242BE-01 -O. ! :i:5796E+OO -0. 1 0� 729£-03 
0. 6207�0£+(14 0 .  24 1 :!.9:5£+(14 0. :24 1 :iObE•O:!. 
O. o6601 6E+04 0 . 7:i350«;JE+04 

0. 2 1 231 4E-01 -o . 1 57:i7BE+OO -Cl . l c969:<:E-ClS 

0 .  C.2073CIE•04 0. 2:58c39E+04 O. 2:Z 1 :3 1 2E+03 

O . C.724�8E+04 0 . 77 1 934E•04 
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.., 
4 

� 
0 
7 

s 

• 
1 0  

1 1  
12 

1:: 
1 4  

1 5  
1 o  

1 7  

Output from the postprocessor DINFO. 

1 (I noi 1 c on.pos 1 t P. n·�mbr" <�ne wi t l'l t.od«;�e- pul l , c.:-: i c. l  t ,.  cons 1 .  , carod wi nd 1 oeo.� . 

Rflld i  •1 f!'d9• d i  s p l c.C'f'no�nt • • • • • • • • • • • • • • • • Lll" • 
M�r" l d l OMfll l edge r" OtOit l on • • • • • • • • • • • • • •  CH l s  • 

Hl:l lll d l s� l i' C: E!'m!Pnt l't C l!"n t er" • • • • • • • • • • •  U Z c:  • 

Arr..-ox i m� � •  + oc � l  ! Pn «;� t l'l  • • • • • • • • • • • • •  FLn•w • 

E�ge d i sp l i'c: ement f or" s��• f ocus • • • • • • •  UZ• • 

Sho..-t dec•y d i st•nc:e • • • • • • • • • • • • • • • •  DELT�S • 

Long dec•y di st•nce • • • • • • • • • • • • • • • • •  DELTAL • 
Pr"essu..- i : •� i on P•�"•metel" • • • • • • • • • • • • • • •  RHO • 

Dec•y d i st•nce f or : e..-o p ressure • • • • •  DELTA • 

o . : 1 ::. 1 4E-o 1 

-o . 4:;o�7c;E-t): 

O . l 4740bE-O l 

0 . '? 1 4 :s•E • O l  

-o. 1 :::;7::ee.•oo 

(1 , 4 1 7c;'20E-02 
o . :::;::c;c.7E•O l 
0 . 4:34S7E+03 
o. 17:ooc.E+<IO 

Nodal displace ments and rotations from a SUPERSAP analysis . 

• C)(II:OOE +00 : . e4::e:-o:::: -:. c 1 7SE-02 - l . CIOBSE-02 • (li)(IOE•OO • c:u:u:u:tE +(10 
-4 . 1 �-:':iE-04 : .  4S24c-o:. -: . 8 1 ::i:;E-02 - 1  • =7�::iE -()2 e . o:::;E-04 -6. 1 ::;:e.E-•)4

. - :. . C�:;l 1 E-0:•4 1 . :;:o::e:-o� -:: . :7c.vE-o: 7 . 4i73�E-O� 7 .  :c.4c.E-c)3 - 1 . 0o: 1 E-0:: 
-4 . bE!I):'£-1)4 =-. ::37CE-04 -�. =-·� :i0£-(J2 :: . o7q7e:-o:z : . ::;7oE-o: -c;., qc;o:; 1 E-04 
- : .  034:::.E.-(14 -c. c;·c,44E-04 -�. cr=�=E-o:: 4 . ::7:;::£-02 :: . 74 1 0£-o: - 1 . oe:;ae:-o::: 
- 1 . ::sc;-,.E-o4 - 1 .  ::4 1 �·E-o:: - 1 . :1 £>4£-o: -=·· =��()£-(.)':: -:: . 0 1 E: 1 E- r.:: 1 .  osc;·c;::-•:•3 
-3. 5B77E-03 1 • ol.14o£-o7 - 1 . 4 1 45£-07 -c. C.OcSE-0� - 1 . 46 7(1£-C:• 1 c .  ::eo7E-(•3 

-9 . 8 1 7 1 E-03 1 .  c;':,c4E-<13 -:. :zo:7E-i:J2 -: . (1882£-02 -: . c. 1 7 cE-o:: 1 .  =.:-:::zE-(•3 
-:5. :i'97.:E-0:3 1 . 99:i1 E-03 -:;. (1 1 1  OE-02 -:. :i:74BE-02 4 . 71fq4e:-o:: -4 . 2'i'94E-<:t3

-::. s::c;ooe:-o:s :. a::3E-O� -o. 7eo:;E-o:: -:. 1 C.:iOE-02 4 . 3:i70E-02 - 1 . e��::c.:e:-o:: 
-1 . 2B7c.E-03 3 . 4C.OBE-03 -7 . :iB5oE-02 - 1 . 3089E-02 1 . :5C.:iOE-o: - 1 . 4o:.qE-<13 

-s: ::::.oE-C:'4 4 . 3780£-03 -8 . 0 1 42£-02 -4 . :i939E-O:S -:;. 897 1 £-(14 � 1 . 1 :·2 1 E-03 
:. T.: l :iE-04 :; . ::�SE-O:S -B. 4 1 qoe-o:z -:. 4Cii(13E-(13 -3. 3C.49E-03 -e�� . e. c. 1 7E -(14 

:;. :;c;-::oE-C14 6. �:: 1 :;£-0� -B. S444E-O: -4 . 7290E-03 - 1 . :i7B2E-O:S -7 . 7::79E-04 
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