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PREFACE
The research and development described in this document was conducted within the U.S.
Department of Energy's Solar Thermal Technology Program. The goal of this program is
to advance the engineering and scientific understanding of solar thermal technology and
to establish the technology base from which private industry can develop solar thermal
power production options for introduction into the competitive energy market.
Solar thermal technology concentrates the solar flux using tracking mirrors or lenses
onto a receiver, where the solar energy is absorbed as heat and converted into electricity
or incorporated into products as process heat. The two primary solar thermal technologies, central receivers and distributed receivers, employ various point- and line-focus
optics to concentrate sunlight. Current central receiver systems use fields of heliostats
(two-axis tracking mirrors) to focus the sun's radiant energy onto a single, towermounted receiver. Point-focus concentrators up to 17 meters in diameter track the sun
in two axes and use parabolic dish mirrors or Fresnel lenses to focus radiant energy onto
a receiver. Troughs and bowls are line-focus tracking reflectors that concentrate sunlight onto receiver tubes along their focal lines. Concentrating collector modules can be
used alone or in a multimodule system. The concentrated radiant energy absorbed by the
solar thermal receiver is transported to the conversion process by a circulating working
fluid. Receiver temperatures range from lOOoC in low-temperature troughs to over
l5000C in dish and central receiver systems.
The SoLar Thermal Technology Program is directing efforts to advance and improve each
system concept through solar thermal materials, components, and subsystems research
and development and by testing and evaluation. These efforts are carried out with the
technical direction of DOE and its network of field laboratories that work with private
industry. Together they have established a comprehensive, goal-directed program to
improve performance and provide technically proven options for eventual incorporation
into the nation's energy supply.
To successfully contribute to an adequate energy supply at reasonable cost, solar thermal
energy must be economically competitive with a variety of other energy sources. The
Solar Thermal Program has developed components and system-level performance targets
as quantitative program goals. These targets are used in planning research and development activities, measuring progress, assessing alternative technology options, and developing optimal components. These targets will be pursued vigorously to ensure a successful program.
This report organizes and documents the numerous analysis findings relating to the predicted structural response and optical performance of stretched-membrane heliostat
modules. The findings described herein evolved from the experimental and analytical
activities carried out over the last two and one-half years and are built on work
described in two prior SERI reports on the stretched-membrane heliostat concept. These
activities also led to a current set of experiments on 3-m-diameter stretched-membrane
modules to verify the analysis methods and predictions.
The author would like to acknowledge the contributions of Richard Wood, who provided
numerous helpful discussions and insights through his work on the experimental program.
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This work was supported by the Division of Solar Thermal Technology of the U.S.
Department of Energy. In particular, Martin Sheve and Frank Wilkins were very supportive in this effort, which is part of a larger overall initiative by DOE to identify and
evolve innovative ways to achieve lower concentrator costs, while improving performance over today's technology of glass/metal-based designs.
The author would also like to acknowledge the pioneering work of others on the
stretched-membrane heliostat concept. In particular, the DOE-funded work at the
Boeing Co. with Roger Gillette et ale provided the early stretched-polymer-membrane
heliostat concept for use with domed polymer enclosures in the late 1970s. The enclosed
heliostat concept was later dropped from further consideration in the early 19805, primarily when the analysis at SERI showed that considerable research progress needed to
be made in various materials to achieve performance targets. Simultaneously, analysis
also indicated that the concept of a stretched-metal membrane without an enclosure may
be attractive. Thus interest in the unenclosed stretched-metal-membrane reflector was
revived through the efforts of SERI and Sandia National Laboratories, Livermore (SNLL),
in late 1980. Two individuals who played a significant role in reviving this interest were
Dr. Barry Butler (while at SERI) and Tom Brumleve (while at SNLL).
In addition, we gratefully acknowledge the review comments provided by Dr. Barry
Butler of Science Application International Corp. (SAIC) and Mr. Dave White of Solar
Kinetics Inc.

Approved for
SOLAR ENERGY RESEARCH INSTITUTE

iv

TR-2338

SUMMARY
Objective
The objective of this report is to present the results of numerous structural investigations that were carried out over the past two years on stretched-membrane heliostats.
Most importantly this report provides insights on the trends and important design considerations that emerged from those investigations and that are important to the ultimate
development of cost-effective stretched-membrane modules.

Discussion
This report follows and extends the work of several previous reports that present the
background leading to the development of stretched-membrane modules and analysis
methods to study the structural response of the stretched-membrane module. Specifically this report presents and discusses the design implications based on our analysis of
single- or double-membrane concepts, and the amplification of initial imperfections and
deflections caused by loading, which results from stability considerations.
An understanding of the structural response of stretched-membrane modules is needed to
design cost-effective and ultimately optimal stretched-membrane reflectors. Though
simple in appearance, the structural response of the stretched-membrane module can be
quite complex in its load/deformation response; this structure is not well studied in literature. The concept of the stretched-membrane heliostat reflector has been a DOE
research focus for some time and is currently being guided through the development
process by Sandia National Laboratories, Livermore, * with the help of industry partners.
DOE supported the concept mainly because of the potential significant
improvement in cost and performance, as discussed in previous works.
In this document we present analysis results for both single- and double-membrane concepts corresponding to a range of design and loading conditions. For idealized configurations and loadings, we discuss the relative merits of various design features for both of
these designs. In addition, we studied the structural stability (i.e., the tendency of structural deformation to grow with little increase in applied load) of the tensionedmembrane, compressed-frame combination. Stability considerations are important in
determining the amplification of both initial displacement imperfection and the deformations caused by wind and weight loading on the structure.

Conclusions and Recommendations
The analysis predictions carried out and described in this report have led to the following
conclusions:
•

Stretched-membrane/frame combinations respond quite differently to external
loads than can be inferred by studying the decoupled frame and membrane independently. Thus the coupled membrane/frame problem should be considered to ensure
an accurate description of its response.

*Responsibility for this development process has now been shifted to Sandia National
Laboratories, Albuquerque.
v
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•

Out-of-plane frame flexural rigidity is important for both single- and doublemembrane concepts. Frame torsional rigidity is not as important an issue with
double-membrane concepts, but it becomes increasingly important when singlemembrane concepts are used and when low-stiffness membranes and/or lowstiffness attachments that connect the membrane to the frame are used.

•

The method of attaching the membrane to the frame can affect the performance of
the module significantly, especially with double-membrane designs, because the
double membrane can enhance both the bending stiffness and the roll resistance of
the frame.

•

Stability considerations are important when considering the amplification of both
initial imperfections and the amplification of the deformations that result from
external loading by wind and weight environments. Compared to the frame alone,
the membrane/frame combination, whether of the single- or double-membrane
design, will have a greatly enhanced stability margin under radially directed loads.
This is true for both in-plane and out-of-plane frame deformations. Moreover,
double-membrane concepts increase the stability margin significantly above that
for a single-membrane design. Further, the knowledge of the critical buckling tension level, which can be derived from the simple analyses presented herein, can
result in some simple design tools.

•

The double-membrane systems provide a very efficient structural system. From a
weight perspective, the second membrane can, in fact, offer a more efficient.
structural stiffening effect than a corresponding increase in flexural rigidity with a
single-membrane concept. This occurs since the double-membrane design couples
the membrane stiffness into the problem in a more effective way than is possible
with single-membrane designs. In addition, the second membrane adds significant
stability margin to the reflector module and thus can inhibit the amplifications of
initial imperfections as well as out-of-plane deformations caused by wind and
weight loading.

The current analyses point to a number of design issues that may be critical to the design
of optimal stretched-membrane modules, and we recommend that these issues be studied
more thoroughly. More specifically, the following issues need the most immediate attention: the flutter-induced fatigue of the membrane; the potential to unload the membranes in double-membrane designs as the frame twists and moves radially inward; the
effects of nonuniform wind-induced pressure loading; the effects of in-plane weight
loading; and finally the effects caused by supports that have finite stiffness.

VI
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1.0 INTRODUCTION
The emphasis of this report is on extending our know ledge of the optical and structural
response of the stretched-membrane concept to help accelerate the development and
design of cost-effective heliostat reflector modules. The stretched-membrane heliostat
concept, its importance, and the context in which it would appear to have the most
impact, are discussed in Murphy (1983). Ultimately we hope that this work will assist in
developing design guidelines and requirements for cost-effective reflector modules when
coupled with the development work that DOE is now carrying out under Sandia National
Laboratories, Livermore (SNLL).
In a previous report, we developed and used a methodology to aid in the understanding of
various response mechanisms (Murphy and Sallis 1984) that affect the optical and
structural performance and, ultimately, the design and cost of single-membrane
modules. In another report (Murphy 1985), we describe a more comprehensive analytical
method to consider a wider range of design issues. In Murphy (1985), the capability to
study double-membrane modules and the attendant stiffening benefit that can accrue is
provided along with the ability to analyze the effect of various attachment approaches
on performance. In this report, we study these issues in relation to designing for optimal
performance (not cost) in stretched-membrane modules. Further, in this report we
introduce stability considerations and investigate the resulting implication to both the
design and performance of the reflector module. We use the method in Murphy (1985) as
well as the NASTRAN finite element code (Schaeffer 1979) for the performance
predictions presented here.
The study of the double-membrane concept, which can be described as a drumlike
structure formed by a support frame on which two parallel membranes are stretched (see
Figure 1-1), is important from a number of perspectives. Such modules are currently
being developed because of their good adaptability to focusing; focusing can be
accomplished by partially evacuating the plenum chamber between the membranes, thus
causing the reflective membrane to curve and hence focus. Moreover, the doublemembrane concept offers several significant structural performance benefits that may
outweigh the benefits of single-membrane designs in cases where the vacuum focusing is
not needed.
l

Attachments are important considerations not only from a practical production
perspective but also because the method of attachment can influence the level at which
the membrane stiffness can be coupled into the frame. This is especially true with the
double-membrane designs. The coupling effect can enhance either the bending or rollresistance capability of the frame or both in retarding out-of-plane deformations and can
improve the structural performance of the module significantly. Further, this coupling
effect can influence the degree of stability enhancement that the membranes can offer
to the system.
Stability considerations are also of concern even though typical early designs will be
conservative; membrane tensions will be well below the critical levels, and collapse of
the structure will not be of concern. These stability considerations are important
because the nearness to the critical tension level determines the level at which the
amplifications of initial imperfections and of lateral deformations caused by wind and
weight loading will occur. Hence researchers will ultimately need this information to
fully evaluate the optical quality of the reflective surface and to develop optimal
structures. Further, the knowledge of the critical tension levels allows for a more

~
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complete understanding of the deformation process and can also lead to the development
of simple design tools.
Note that the idealized frame and membrane geometry as illustrated in Figure 1-1 is
used as the basis for all the analyses and associated discussions in this report, except
where noted otherwise. Further, unless stated otherwise, both the frame and membrane
are assumed to be of steel construction. Finally, when we descr ibe the membraneinduced load on the frame we will always give a value corresponding to the total load on
the frame whether discussing single- or double-membrane designs. In the case of doublemembrane designs, we will also assume that the initial tension on each membrane is the
same (e.g., if we give a total initial membrane tension on the frame, for a doublemembrane design, of To = 17,500 N/m this will imply that each membrane has an initial
tension of 8,750 N/m).

3
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2.0 RESPONSE TRENDS FOR SINGLE- AND DOUBLE-MEMBRANE MODULES
2.1 Some General Load Deformation Response Characteristics

In this section we describe the performance of double-membrane and single-membrane
concepts and point out differences and similarities in the predicted response of the two
design approaches.
Since Murphy and Sallis (l984) discussed the details of the
deformation response of single-membrane modules extensively, we do not repeat these
details here. Proceeding from the predicted load deformation response for specific
cases, we discuss the various deformation mechanisms and the anticipated effect on the
design of these reflective modules.
We analyzed the load deformation response using an incremental large deformation,
small strain analysis method described in detail in Murphy (1985) and also using the
NASTRAN finite element code. The NASTRAN <Schaeffer 1979) analysis is much more
general and not constrained by many of Murphy's (1985) assumptions and thus helps to
verify the simpler model for specific cases corresponding to a range of parameters.
Consider the single- and double-membrane reflector modules described in Figure 2-1.
Let the total average tension level on the frame before lateral pressure loading be To'

a) W1 axisymmetric portion of membrane deformation

0'>

~
C"l
o
o

"Scalloped" or
deformed shape

b)

W2 nonsymmetric,

"scalloped," membrane shape caused by support constraints

Figure 2-1. Axisymmetric and Asymmetric Deformation Modes for a Typical Membrane
4
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For the double-membrane modules, each of the membranes contributes exactly one-half
of the radially inward-directed load on the frame. The loading on the membrane and
frame because of wind and weight is uniform and perpendicular to the plane of the
membrane, and the frame is supported at three points spaced evenly around the
circumference. The supports are rigid and offer restraint only in the direction that is
perpendicular to the plane. Most of the examples in the main body of this report assume
three supports and a nominal 5-m-radius frame.
The deformation response predictions, described in Figures 2-2 through 2-9 and discussed
in this report, explain the various performance features of the double-stretchedmembrane module.
It is important to distinguish between the axisymmetric and
asymmetric deformation contributions (see Figure 2-1) to the total deformation of the
membrane reflector surface. The axisymmetric portion arises from a uniform pressure
differential across a membrane with a fixed boundary. The asymmetric portion arises
from the nonuniform but periodic reaction forces at the supports (see Murphy and Sallis
1984). In all the discussions related to the double-membrane concept, we describe only
the optical surface errors resulting from the asymmetric deformation because we assume
that a pressure vacuum control has eliminated the error contribution from the
axisymmetric membrane deformation. Note, however, that we considered both modes of
deformation in the deformation analysis and that it is quite simple to add the
axisymmetric deformation portion, if required, to arrive at the total deformation for the
membrane.

-EE
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Steel frame and membranes
T = 17500 N/m (100 Ib/in.)
h = 120 mm

c:

-

Single membrane

0

o

Q)

;:;::
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./
uniformly around ring)
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./
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P, total

Figure 2-2.
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Maximum Frame Displacement Midway between the Supports as a
Function of the Total Effective Load per Unit Reflector Area
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Figure 2-2 shows that the module frame
deforms laterally in a linear manner with
pressure. Here, the pressure is applied
uniformly in a direction perpendicular to
the plane of the membrane. Both frame
and membranes are made of steel. In
Figure 2-2 the maximum lateral deflection
of the frame that is measured midway between the three supports is a function of
uniform pressure P on the membrane for
several designs. The curve labeled simple
ring corresponds to a uniform line load,
which has an integrated total value that is
equivalent to a uniform pressure load over
the plane of the membrane, and applies to
a simple ring without a membrane. Note
that in all cases the load on the frame
caused by the membranes introduces
frame instability response and, for a
single-membrane module, the load/deforrnation response is greater than that of
the ring alone. The single-membrane conFigure 2-3.
Membrane
Attachment
figuration is less stiff to lateral def iec-"
Details Showing Radial
tions than a simple ring with no membrane
and Hard Attachments
tension because of the frame instability
response.
Double-membrane modules,
however, can overcome the frame instability response and be significantly stiffer than
the ring alone, as we can see from the bottom two curves, because of two effects that
couple the membrane stiffness with the frame in a manner not possible with the singlemembrane concept. The curve corresponding to the highest overall stiffness and the
lowest deflection represents a double-membrane concept where the attachment does not
allow the membrane to move independently in either the radial or circumferential direction (i.e., a hard attachment) from the attachment point on the frame (see Figure 2-3).
Thus, the membrane not only inhibits the rolling of the frame but the membrane also
must strain the same amount as the frame at its attachment point. This bending strain
compatibility effect at the attachment is analogous to the membrane acting as an additional flange attached to the frame; we refer to this effect later as the flange effect.
The curve above the curve we have been discussing, but below the simple ring curve,
represents a double membrane where only a radial fix at the attachment point is used. In
this situation, the membrane moves freely in the circumferential direction at the attachment point but not radially (see Figure 2-3). Such a situation may occur if there is a
clamp or a periodic attachment at the frame; in this case, only the roll resistance of the
frame is enhanced since, as the frame bends, the membrane is free to move in its circumferential direction and is not forced to strain in that direction with the frame.
Radial attachment

Hard attachment

When the membrane offers bending, roll resistance, or both to the frame at the attachment point, the amount of membrane material that participates in this effect and the
level of this effect depends on the stiffness and thickness of the membrane material.
This is not the case with single-membrane designs where, in most cases, only the membrane tension influences the frame deflections. The one exception corresponds to situations where the membrane is offset (vertically above the plane passing through the frame
center of torsion) and has a hard attachment that adds to the frame bending stiffness as
a flange.
6
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When considering the roll-resistance enhancement that the double membrane with a
radial attachment offers to the frame, note that one membrane experiences a local
tension increase at a given ·circumferential attachment position, while the opposite
membrane at the same circumferential location experiences a localized tension
decrease. The directions of the local tension increments always resist the rotation of the
frame associated with nonuniform out-of-plane deformations. Thus, the double membranes add considerable rotational stiffness to the system, and the out-at-plane deformations are correspondingly retarded as well since the out-of-plane bending and frame
rotation are strongly coupled. Further, the double membranes interact with the frame
under loading normal to the membrane plane even at low tensions. In addition, since the
upper and lower membranes have tension increments of equal magnitude but of opposite
sign, local radial deformation cannot compensate to make the tension uniform in the
upper and lower membranes. Thus, the rotational restraint offered by the membranes
leads to in-plane tension increments in the membrane that do not occur in most singlemembrane designs.
For most single-membrane designs where the radial stiffness of the frame is low compared to that of the membrane, the frame adapts radially to keep the membrane tension
constant and thus offers little roll restraint. For the offset, hard-attachment, singlemembrane case, however, variations in the membrane tension occur near the frame
because of the flange effect; these effects generally dissipate rapidly, moving radially
inward on the membrane surface.
Figure 2-4 shows the variation of effective out-of-plane stiffness (defined as the lateral
loading per unit area divided by maximum out-of-plane deformation midway between the
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supports) caused by lateral loading of the membrane/frame combination as a function of
membrane tension. Each curve is also normalized by the stiffness of the corresponding
membrane/frame combination at zero initial tension. Several points are noteworthy
here: First, since the stiffness changes as a function of tension, the deformation process
is nonlinear with changes in tension. Second, all cases experience the decrease in
stiffness with the increase in tension. (This decrease in stiffness is caused primarily by
the tendency of the ring compressive load in the frame to amplify the deformations
caused by the loads that are normal to the plane of the frame, as is discussed more fully
in the section describing buckling phenornena.) Third, the decrease in stiffness is less
pronounced for a double-membrane concept than it is for a single-membrane concept.
Finally, the more effectively the membrane is attached to the frame, the less impact
tension increases have on stiffness.
2.2 Frame Bending Stiffness Effects
Next, we consider the effect of varying the frame stiffness properties, in particular the
cross-section height, assuming a steel frame of constant width and wall thickness.
Figure 2-5 shows the flexural and torsional rigidity for the assumed frame (inset), as a
function of height.
The assumed external loading that induces the deformations
illustrated in Figures 2-7 through 2-10 is composed of two parts, as illustrated in
Figure 2-6. First, we assume that a normal pressure of 10 Pa (0.21 Ib/ft ) acts on the
membrane. This corresponds to a mean dynamic wind-loading pressure of about 4.0 m/s .
(9.0 mph) if the heliostat were facing directly into a uniform velocity wind. For the
orientation of the collector, this pressure (facing upward with normal being 300 from
vertical) corresponds more closely to the effect experienced by the collector from a
8.0-m/s (i8-mph) uniform wind stream that is parallel to the ground. The second load
component is the weight of the structure, and this component is the largest lateral
loading component element for the cases considered here. To put this in perspective, at
a frame half-height of 150 mm the normalized weight loading of the frame and
membranes, acting normal t~ the membrane (for the double-membrane concept), is
approximately 94 Pa (2.0 lb/ft ). We have not considered the in-plane component of the
weight vector in either the NASTRAN or the simplified analysis because of the relatively
high in-plane stiffness when compared to the out-of-plane stiffness for most module
designs. Both the frame and the membranes are assumed to be steel, and the membranes
are assumed to be 0.254 mm (0.010 in.) thick; a total tension of 17,500 N/m (lOO Ib/in.)
on the frame is also assumed. Figures 2-7 through 2-9 show the corresponding effect of
increasing the height of the frame cross section on the maximum out-of-plane
deflection * and both the peak and rms surface slope errors corresponding to the
asymmetric component of surface deformation for the assumed loading. The highest
curve (largest deflection) in each of these figures corresponds to a single-membrane
design that is mounted in the center of the frame as seen in Figure 1-1; the second
highest curve corresponds to a double-membrane design with a radial attachment; and
the lowest (best performance) curve corresponds to the double-membrane design with a
hard attachment. The effect of increasing the height of the frame is quite dramatic.
The relative benefit of double-membrane designs increases with frame height because
the membrane offers more effective roll restraint as the membranes spread farther apart
and the effective moment arms increase in length. Further, the benefit of hard versus
radial attachment decreases as frame height increases because the bending resistance of
*The peak displacement occurs midway between the supports.
8
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the frame increases relative to the membrane-induced flange effect discussed
previously. Thus, for the cases considered here, the roll-resistance effect is more
dominant than the flange-induced effect.
Comparing Figure 2-9 with Figure 2-7 shows that, for all practical purposes, the rms
surface error is almost linearly proportional to the peak deformations calculated in
Figure 2-7.
Figure 2-10, which illustrates another aspect of the design and response analysis
presented in Figures 2-7 through 2-9, shows the rms surface error of the module as a
function of the approximate total areal weight of the reflector module. The weight of
the module is normalized by the total reflective area. Figure 2-10 illustrates the weight
benefit of the different design approaches and shows the potential to design an all-steel
module that has a total load module of rms sl~e error of less than 0.5 mrad and that has
an areal weight of less than 100 Pa (2.1 Ib/ft"), To understand the trend of the curves,
consider that when larger errors are allowed (i.e., thus requiring lower weights) the
fixed-thickness double membranes are the dominant weight element and the singlemembrane design is more weight efficient. However, as more stringent error constraints
are imposed on the design, the frame becomes a more dominant weight factor. At an
areal weight of about 85 Pa, for the cases considered, the required frame weight increase
for the single-membrane design exceeds the weight of the second membrane plus the.
corresponding frame weight for the double-membrane design (with hard attachments).
Thus, the double-membrane design becomes more weight efficient. Note that the wall of
the frame and the membranes are fairly thick, indicating that the module has not been
optimized and that further weight reductions appear possible.

2.3 Response Trends Caused by Material Selection
We also investigated the effect of material selection on the performance of the module,
where the loading on the module is the same as in Figure 2-6. Figures 2-11 through 2-13
show the effect of selecting either aluminum, steel, or an aluminum/silicon carbide (SiC)
material for a double-membrane module design where hard attachments have been assumed. In each case, both the membranes and frame are assumed to be of the same
material and have the frame configuration as shown in Figure 1-1. The total tensioninduced load on the frame is assumed to be 17,500 N/m (l00 lb/in.). Table 2-1 defines
the material constants used in the above analysis.

Table 2-1. Material Properties Assumed in Figures 2-11 through 2-13
Material
Steel
Aluminum
Aluminum SiC

Young's Modulus (Pa)
2.07
7.58
1.10

x
x

x

10 11
10 10
10 11

Density (kg/m 3)
7800
2600
2720

12

Poisson Ra tic
0.3

0.3
0.3
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Figures 2-11 and 2-12, which are analogous to Figures 2-7 and 2-9, respectively, show the
maximum deflection of the frame between the supports and the rms surface error, each
as a function of frame half-height, Figure 2-13, which is analogous to Figure 2-10, shows
the rms surface error as a function of area normalized weight. Note that the frame wall
and membrane for all cases have the same thickness as the respective steel components
and further that none of the modules has been optimized. A potential performance
advantage exists when using either aluminum or aluminum/SiC material because the
load-induced deformations and surface errors are controlled mainly by the weight of the
structure. In such situations, the required mass in the structure is most strongly dependent on the density of the material used and much more weakly on the strength-toweight ratio of the material. Thus, for the cases studied here, the performance is more
responsive to changes in weight or mass than to corresponding changes in material stiffness. Figure 2-13 shows that either aluminum or aluminum/SiC performs similarly from
a weight perspective, but each offers a significant weight performance improve- ment
relative to the steel design for the loading case investigated. Although first observations
indicate that a cost of aluminum (per unit mass) that is three times the cost of steel is
justified, we need to consider numerous other issues. Weldability, minimum acceptable
wall and membrane thickness, ease of handling and shipping, and impacts on fabrication
must be considered in future trade-offs to assess the potential benefits of using different
materials.
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2.4 Frame Torsional Stiffness Effects
Figures 2-14 and 2-15 show the effect of holding either the flexural rigidity constant and
varying the torsional rigidity, or conversely holding the torsional rigidity constant and
varying the flexural rigidity. Two design cases (i.e., for a single-membrane design and
for a double-membrane design with a simple radial attachment) are plotted, assuming a
90-Pa load on the membrane (no weight loading is considered here). h is assumed to be
101.6 m~ (4 irz)'
In Figure 2-14 the flexural rigidity is constant (i.e., EI =
1.77 x 10 N· m ), and the torsional rigidity varies. For the double-membrane concept
(bottom curve), the torsional rigidity has little effect on the maximum out-of-plane
deflection of the frame. However, for the single-membrane concept (upper curve), the
results indicate a significant effect on the response. In Figure 2-15, whege fle
rigidi ty varies but torsional rigidity is held constant (i.e., GK = 0.38 x ION· m ), a
significant impact occurs on the module deformation response for both the single- and
double-membrane response concepts. Thus, from a design perspective, torsional rigidity
is not an important feature for the double-membrane concept (at least for the relatively
stiff membranes and attachments investigated to date); but for single-membrane concepts or in situations where the membrane attachment and possibly membrane stiffness
are quite low, the torsional rigidity is of significant importance.
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2.5 Membrane Stiffness Effects
Figure 2-16 illustrates the effect of decreased membrane stiffness on the lateral
response of the frame/membrane combination to pressure loading only (i.e., no weight
effects). Note that the frame is still steel and the total membrane load on the frame is
17,500 N/m (100 lb/in.), Here the maximum frame deflection between the supports is a
function of frame half-height for one single- and two double-membrane designs. The two
double-membrane designs have lowered moduli as indicated in the figure. One could also
infer that the trend shown in Figure 2-16 for decreased membrane stiffness is similar to
the trend expected for a decrease in attachment stiffness. Even with reduced moduli the
double-membrane concept provides benefits but, as the membrane stiffness becomes very
low, the double-membrane response approaches the response of a single-membrane
concept,
Figure 2-17 illustrates the effects of membrane modulus on the effective lateral stiffness of the module, where a steel frame (as shown in Figure 2-5) with a half-height of
150 mm is used. The tension is assumed to be constant at 17,500 N/m (100 Ib/in.).
Membrane thickness is constant at 0.254 mm (0.010 in.) as considered before. Figure 2-17 considers both a single-membrane design and a double-membrane design with a
hard attachment, and only the modulus of the membrane is allowed to vary. The membrane material modulus greatly affects the performance of the double-membrane design.
Thus, higher moduli membranes result in better performing double-membrane designs.
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Further, the double-membrane concept approaches the performance level of the singlemembrane design (from a stiffness perspective) as the moduli of the membrane approach
zero. For reference, the figure also shows the moduli corresponding to steel, aluminum,
and a fairly weak polymer material.
2.6 Effects Caused by Changes in Frame Radius and Number of Supports

Up to this point we have considered a nominal constant radius of 5.0 m and three supports for the membrane module concepts investigated. In the next three figures we look
at the effect of changing the radius and the number of supports. For Figures 2-18
through 2-20, we assume that To = 17,500 N/m, steel design is as in Figure 1-1, construction is double membrane with nard attachments, and loading is as shown in Figure 2-6.
Changing the number of supports can have a dramatic effect as seen in Figure 2-18,
where the maximum frame deflection is a function of the number of simple (and infini tely rigid) frame supports for a fixed-frame geometry (R = 5 m and h = 101.6 rnm) and
membrane tension state. Increasing the number of supports dramatically reduces the
deformations between the supports. The impact of the performance improvement on the
rms surface error will be significant but not quite as pronounced as one might imply from
Figure 2-18. This is because the rms surface error is roughly proportional to the peak
deformation amplitude times the square root of the number of supports (Murphy and
Sallis 1984; Murphy 1985). This effect is shown in Figure 2-19, which plots the weightper-unit area of the reflector module as a function of the number of supports for several'
fixed values of rms surface errors. The loading and frame design are the same as those
discussed in Figure 2-18, but the frame height is adjusted to result in the specified rms
surface error. Note also in Figure 2-19 that we consider only the membrane/frame
combination and not the weight of the supports. Figures 2-18 through 2-20 indicate
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potential advantages to using more than three supports to limit load-induced deformations and the corresponding reductions in optical quality. In addition, one could possibly
use more supports to limit or correct for low-frequency, out-of-plane initial frame
deformations. These apparent advantages, however, must be weighed against the possible deleterious effects of real supports with finite flexibilities and the additional material requirements, complexity, and costs of more supports.
Finally, Figure 2-20 indicates the impacts associated with radius variations, but with a
constant frame cross section (h = I01.6 mrn), For the configuration (see inset Figure 2-20) considered, Figure 2-20 shows the maximum frame deflection or a function of
frame radius for several different support configurations. Here one sees the strong
effect of variations in radius and support number; however, the deflection sensitivity to
increased radius decreases with increased number of supports.

2.7 Some Thoughts on In-Plane Deformations
Up to this point, the discussions have not addressed the issues of net-in-plane frame
deformation. The issue has, however, been implicitly addressed in all of the NASTRAN
analyses and was not found .to be a significant issue. Furthermore, analyses that have
been done (Murphy and Sallis 1984; Murphy 1985) considered the net-in-plane deformation
tha t results from the membrane pretension.
In the single-membrane designs considered in this report, the in-plane deformation increments resulting from the application of a load to the structure that is perpendicular
to the membrane plane do not result in a significant structural response. * Further, in
the cases considered in this report, the combination of relatively high initial membrane
tension and relatively small axisymmetric deformation resulted in very little change in
the average membrane stress state, or the net load on the frame. This is because, for
the cases considered, the radial stiffness of the frame is quite small compared to that of
the membrane. This response, however, could be a concern if the membrane stiffness is
quite low, as with a low-strength polymer membrane, or if the radial stiffness of the
frame is quite high. For the symmetric double-membrane design, the in-plane frame
deformation is of little concern because essentially no effects are present that would
cause a significant net-in-plane deformation of the frame once the pretension is applied.
There is, however, rotation of the frame that interacts with the membranes that retard
the roll motion of the frame, as discussed earlier. Further, in either single- or doublemembrane designs, the bending flange effect of the membrane does affect the membrane
stress near the membrane; however, no net radial deformation of the frame will result
from this particular deformation mechanism.
In addition to the relatively low stiffness in the radial direction of the frame compared
to the membrane, another reason for these results is that in the absence of a membrane,
the in-plane frame deformation is significantly decoupled (in the linear approximation)
from the out-of-plane deformations and rotations (Murphy and Sallis 1984; Murphy 1982);
this situation is quite different from the strong coupling between rotations and out-ofplane deformations of the frame.

* A simple analysis presented in Appendix B illustrates the impact on the radial
membrane/frame interaction when large axisymmetric deformations that are
perpendicular to the plane of the membrane are considered. In Appendix B, the
membrane deformations are considered to be large enough for membrane diaphragm
stretching.
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2.8 A Potential Problem with Double-Membrane Modules
In all cases studied and discussed in this report, the membranes remained in tension under
the applied loads. From a design perspective this is a requirement because the membrane cannot sustain compressive loads. If a posi ti ve tension is not maintained everywhere in the membrane, the membrane will buckle in the region of zero tension and
unacceptable surface distortions will result. Further, the membrane/frame combination
will experience considerably different structural responses in the local region of zero
membrane tension. We have found from additional analyses, not discussed in great detail
here, that localized unloading of the membrane can occur in some situations. This unloading results primarily from frame rotation, which accompanies the out-of-plane frame
displacement between the supports under the applied loads. We have observed local
unloading of membranes in areas where very low initial tensions and three supports were
assumed. This issue should be investigated during the design process and is easily accomplished when using a computer code such as NASTRAN. Also, one can use the simple
analytical model described in Murphy (1985) to estimate when a load reversal will occur
for a specific module design and loading.
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3.0 STABILITY CONSIDERATIONS

3.1 General Considerations
The stretched-membrane module is an initially stressed structure with potentially large
net compressive loads in the frame. Because of these compressive loads, stability issues
become a concern. First, stability is a major design issue to appropriately size the frame
and other support elements and to optimize the system configuration to reduce the cost
and size of the structural elements required. Also, we will show later that the proximity
to the critical tension level determines the level at which initial imperfections and
deformations caused by lateral loading are amplified. This issue was partially addressed
in Section 2.1 where we showed how initial membrane tension affects the stiffness of the
membrane/frame combination subject to loading normal to the plane of the membrane
(see Figure 2-4). Moreover, the proximity to the critical tension level affects the degree
to which large nonlinear deflections start to dominate the deformation process. Further,
an understanding of the load-deformation response, as tension-induced instabilities are
approached, leads to a more complete understanding of the overall response process and
the potential collapse mechanisms.
Extensive work has been done to determine the critical buckling loads for structures
(e.g., the classical work by Timoshenko [1961] and more recent developments discussed
by Thompson and Hunt [1973 and 1983]). We will not attempt to summarize the large
data base available in the literature. We mention only that both purely analytical and
combined analytical and experimental procedures have been developed and are applicable
to studying the response of stretched-membrane modules. We will discuss the approaches
used in this analysis more fully later in this report.
We use a number of procedures to study the buckling process of the single-membrane
module. First, we employ the NASTRAN computer code <Schaeffer 1979) to determine
the buckling and postbuckling process for a specific ring frame, and also for a
frame/membrane combination. Also, we develop and demonstrate the validity of a
simple eigenvalue solution for estimating the buckling load of the frame/membrane
combination. Finally, as a check we employ the Southwell (Roorda 1965 and 1967)
procedure using the previously calculated prebuckling deformations (from NASTRAN) to
also estimate the buckling load.
The inverse Southwell procedure was quite helpful in studying the buckling response and
the impact on the amplification of initial imperfections and lateral deformations. The
inverse Southwell procedure is based on the pioneering, combined analytical and
experimental work of Southwell (Roorda 1965 and 1967), which was developed to allow a
structural analyst to estimate the buckling load amplitude for a given structure, load
distribution, and load amplitude. In Southwell's procedure the buckling load is based on
extrapolations from measured deformations under a specified load distribution but with
an amplitude that is considerably below the critical level for the structure. Conversely,
the inverse of this procedure can be used to determine the prebuckling deformation in
the structure if the buckling load can be determined from some other procedure. This
inverse process based on the Southwell procedure, combined with a simple eigenvalue
approach to independently determine the critical buckling load amplitude, allows the
calculation of deformations for induced load distributions or initial imperfections or
both. Appendix A gives the eigenvalue approach to determine the critical bifurcation
load for a single-membrane design. A similar approach can be used for double-membrane
designs, but a more comprehensive method based on variational procedures is presented
in Murphy (1985) for a range of design configurations.
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Discussion and use of the Southwell approach in this report are limited to situations
where the deformations are Iair ly small. This approach will be shown to be adequate for
our purposes here as this restriction is consistent with the analysis presented in Murphy
and Sallis (1984) and also consistent with well-designed membrane/frame combinations in
which the initial imperfections must be small. The limitation is also true for any
deformations that occur subsequent to the application of wind-induced lateral pressure or
weigh t, or tension loading of the module, to ensure adequate optical quality of the
structural system.
We can state the essence of linear Southwe 11 analysis in the fa 110\\: ing manner. If we let
the ordinate of a curve (see Figure 3-1, where a simple column structure subjected to an
axial load P, is illustrated) be the characteristic deformation divided by the applied load
on the structure and let the abscissa be the characteristic deflection 6 of the structure,
which has an initial deflection 6 0 when P=O. Then the slope of the curve so defined, in
the linear analysis, is the inverse of the critical load for the structure. Thus, if one can
predict either experimentally or with an accurate numerical structural code the
def lection of a particular structure for at least two load levels, then one can establish a
linear approximation of the critical bifurcation load for the structure with the assumed
loading distribution. Conversely, if the buckling load is known, as from an eigenvalue
approach, then the slope of the Southwell curve is determined, and only one load
deformation point is needed to define the prebuckling load deformation path. Note that
in Figure 3-1 the deformation of the beam that is described is essentially normal to the
application direction of the load and not the deformation under the load, which will
depend nonlinearly on the lateral deformation.
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Figure 3-1. Linear Southwell Plot for a Simple Beam Structure
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The bifurcation load mentioned above, for a given structure and loading pattern, is the
load at which more than one equilibrium configuration can exist. A state of neutral
equilibrium is said to exist at the bifurcation load.
If the structure has initial
imperfections in a mode shape similar to the buckled shape, then in general a true
bifurcation of equilibrium will not be observed but rather the deformation increases and
becomes unbounded as the critical bifurcation load, for the corresponding perfect
structure, is approached. A similar situation occurs if the prebuckling deformation
contributes to the buckled shape.
Note that the linear Southwell approach can give little insight into the postbuckling
description of the load deformation process other than the anticipated mode of
deformation. In general, the Southwell lines may not be linear as is assumed with
moderately small deflection theory, and as implied in Figure 3-1, but may be curved,
particularly near the critical bifurcation point. The Southwell analyses described here
and later implicitly assume that one can ignore nonlinearities in the Southwell lines at
least to a first approximation. This turns out to be a very good assumption for load
levels below about 60%-70% of the bifurcation load in the case studied.

3.2 Stability Considerations for Single-Membrane Concepts
Consider the buckling of a free-standing circular ring or a circular ring with a single
membrane attached to it that is coincident with the plane passing through the frame
torsional center, as illustrated in Figure 3-2a. The ring, to be discussed extensively
la ter, is ass£51med 2 to have a radius of R = 5.0 m, a 6 flexlfal rigidity of
Ely = 1.77 )( lO N· m , and a torsional rigidity of GK = 0.38 x 10 N· m • The membrane
is
steel
0.2 mm
(0.0 lOin.)
thick,
and
the
frame
has
an
in-plane
2
This stretched-membrane frame is identical to the frame
El x = 0.384 x 10 N· m.
discussed and studied extensively in Murphy and Sallis (I984). Appendix A discusses the
implications of attaching the membrane on the frame above or below its current assumed
position. For the purposes of discussing the NASTRAN numerical results, we will assume
that the ring or the ring/membrane combination will deform out-of-plane in the n = 2
mode (i.e., the lowest fundamental buckling mode), and when an initial imperfection is
introduced in the NASTRAN solution it is induced by four concentrated loads of equal
magnitude (of amount P = 222 N [50 lb]) but of alternating sign. * The alternating
concentrated loads are placed on the ring at 90 0 intervals in a direction that is normal to
the plane of the ring as shown in Figure 3-2b.
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In Appendix C, we discuss briefly in-plane buckling and show that the corresponding
critical membrane tension is considerably higher than that corresponding to out-of-plane
buckling for the frame/membrane combination. Because of this we can in many cases
consider the two buckling processes independently. The relatively high in-plane critical
loads for a frame/membrane combination result from the higher frequency buckled
shape, which is in turn caused by the membrane constraint. Thus, in general, for the
membrane/frame combination to buckle in the radial direction the appropriate
deformation mode number will be considerably higher than the n = 2 fundamental mode
for out-of-plane buckling. We have not investigated coupling between in-plane and outof-plane buckling modes, although we have seen no tendency for this to be a problem
based on the NASTRAN analyses to date, where only fixed (infinite stiffness) supports
are considered.
*This approach is computationally much more simple to implement in NASTRAN than
introducing displacement imperfections.
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Predicted results for both a radial loaded ring without a membrane and for a ring/
membrane combination are presented in Figure 3-3. The peak lateral (out-of-plane)
deflection, vmax' of the frame, which occurs midway between the supports, is a function
of total radially inward (or compressive) frame load illustrated in Figure 3-2. The n = 2
mode of out-of-plane deformation will result, as can be inferred by the loading described
in Figure 3-2. When a membrane is present, the compressive frame load corresponds to
the load that the membrane induces in the ring. When no membrane is present, we
assume that the compressive load on the ring is induced by a uniform circumferential line
load (dead load) in the radially inward direction that is parallel to the original membrane
plane. The data in Figure 3-3 illustrate a number of stability measures. The first
vertical line at 14,700 N/m corresponds to the bifurcation buckling condition for the
frame unconstrained by the membrane as predicted by both NASTRAN (Schaeffer 1979)
and the classical solution developed by Timoshenko (1961), respectively. As noted above,
the critical bifurcation load is the load at which more than one equilibrium configuration
can exist for an initially perfect ring. This vertical line indicates a bifurcation of
equilibrium at a constant tension load and implies a catastrophic collapse of the ring.
Moving now to the first convex upward curve at the left in Figure 3-3, the out-of-plane
ring deformation path for an initially imperfect ring subject to increasing tension loads is
illustrated. The crosses indicate specific NASTRAN-predicted solutions for peak lateral
def lection versus tension, and the dashed curve represents the prediction from the
Southwell procedure based on extrapolation from the first two discrete load/deformation
predictions obtained using NASTRAN.
As noted above, the Southwell solution
extrapolates information based on an initial imperfection of the structure and the initial.
slope of the load-deformation curve and uses this information to describe the
load/deformation trajectory and the critical load; this extrapolation also agrees
extremely well (wi thin 0.596) with the next two NASTRAN predictions. Further, an
ultimate collapse load for the frame results, which is quite close to either the solution
for the initially perfect ring as predicted by Timoshenko (1961) or NASTRAN.
The remainder of the discussion relating to Figure 3-3 corresponds to the ring/membrane
combination. A solid curve passes through the triangles, which represent discrete
NASTRAN-predicted maximum out-of-plane deformations for the initially imperfect
ring/membrane combination. The critical bifurcation load, calculated with NASTRAN
and linear eigenvalue theory, is 29,416 N/m. The dashed curve above the solid curve
represents the predicted deformation path using the Southwell procedure and the first
two NASTRAN predictions for the assumed loading condition. This Southwell path
follows the NASTRAN solution quite closely until a load of about 22,000 N/m (72% of the
bifurcation load) is reached.
The prediction for the bifurcation load, using classical linear eigenvalue theory and
where initial imperfections are assumed to be zero, is derived from the governing
membrane/frame deformation equations (see Appendix A).
For the n = 2 mode
ring/membrane combination, the classical eigenvalue bifurcation load at To = 29,416 N/m
is exactly two times the classical eigenvalue bifurcation (Timoshenko 1961) load of
14,708 N/m, which corresponds to the ring only. In fact, Appendix A shows that for any
mode shape the critical bifurcation load for the frame ring/membrane combination
[T(n)c.R/MJ is related to the critical bifurcation load of the frame ring only [T(n)c-R] by
the expression
'
T(n)c;R/M = T(n)C;R/(l - LIn) ,
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Peak Out-of-Plane Frame Deflection versus Radial Tension Load for
a Number of Frame/Single-Membrane Combinations

where n corresponds to the buckling mode number corresponding to the number of waves
around the circumference of the ring.
Although the eigenvalue and linear Southwell approaches are helpful in providing
information about the critical bifurcation load and the prebuckling deformation, the
postbuckling behavior is not described. Figure 3-3 shows that the NASTRAN solution
does not predict a catastrophic collapse of the membrane frame assembly as is implied
by the linear analysis but rather predicts increasingly large and nonlinear deformations as
the membrane tension increases, up to and beyond the critical bifurcation load. The
membrane also offers restraint (i.e., increased system stiffness) to collapse and,
therefore, in a sense protects the assembly from a catastrophic failure. This restraint
occurs because the membrane provides a self-limiting feature whereby large out-of-plane
deformations are inhibited by restoring forces from the membrane.
The concave downward curve to the far right in Figure 3- 3 shows the Ni\S TR)\N predictions for an initially perfect ring/membrane comb ina tion. In this comb ina tion, there are
no out-of-plane loads applied to cause initial imperfections. We calculated points on this
concave curve in the following manner. First, we placed a set of out-at-plane distortion
loads (as in Figure 3-2) on the ring and applied the tension. Then we reduced the out-of-
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plane loads to zero and allowed the ring/membrane combination to seek its preferred
equilibrium shape.
Hence the results show that for loads below 29,400 N/m, the
ring/membrane returns to its initial undeformed configuration when one removes the outof-plane loads. When we applied a tension load above 29,400 N/m and removed the outof-plane loads, the compressive tension loads, whose peak amplitude as a function of
tension is defined by the concave curve, maintained a distorted configuration in the n =
2 mode. As tensions increase beyond the bifurcation load, the NASTRAN solution for the
imperfect ring frame and the perfect ring frame combination, respectively, are
asymptotically close at high tensions and differ only by a few millimeters of deflection
for the membrane/frame combination studied and for any given membrane tension
level. Another feature of these two curves is that if we look at the point at which a
predicted bifurcation of equilibrium will occur for the initially perfect system (at about
29,400 N/m), the resulting critical load is quite close to the eigenvalue solution
(29,416 N/m) for the ring/membrane combination (Eg. 3-1). Thus NASTRAN and the
simple eigenvalue approach from Appendix A and Eq. 3-1 give essentially the same
answer for the critical bifurcation load.
We should emphasize that the predicted load deformation trajectories illustrated in the
preceding curve correspond to the n = 2 mode. This n = 2 configuration, where the
concentrated loads induce a simulated initial imperfection, simulates a situation in which
the membrane/frame combination will deform before one installs the frame/membrane
combination on the supports.
Hence this n = 2 mode will superimpose on other
deformation modes that are caused by external pressure, weight loads, and constraints.
The n = 2 mode, which in addition to being the fundamental (most likely to occur because of the smallest required load) buckling mode, is the mode that would most probably
correspond to the largest imperfection and hence leads to the largest amplification of an
initial imperfection. A similar set of corresponding curves with different amplitudes and
at corresponding higher tension loads would result if the deformation were constrained to
follow the n = 3 mode (i.e., as in a situation where the module is uniformly pressure
loaded and where three supports are present like those described in Murphy and Sallis
[1984 J).
Figure 3-4 illustrates another stability analysis. In this analysis, a membrane under a.
tension load, which is larger than the buckling load of the ring alone (14,700 N/m without
the membrane) but smaller than the bifurcation load (29,400 N/m) corresponding to the
ring/membrane combination, is applied to the frame. Again, the n = 2 mode of deformation is investigated in this figure, and the membrane deflection is plotted as a function of
radial coordinate along lines of constant circumferential coordinate (8). Note that the
deformations described in Figure 3-4 are no longer small, and the assumptions relating to
linearity and linear Southwell analysis will no longer hold.
Figure 3-4 illustrates three lateral loading cases for the ring/membrane combination that
has the same geometric properties as the combinations described in Figure 3-3. The
lowest set of solid curves (A) corresponds to the case where an initial imperfection is
introduced with four concentrated loads of 222 N (50 lb) each, as described in Figure 3-2b. The upper set of solid curves (B) corresponds to a uniform pressure loading
(90 Pa) on the membrane. Finally the upper set of dashed curves (C) corresponds to the
combined loading that is assumed for cases A and B (i.e., concentrated frame loads and a
pressure load).
Figure 3-4 illustrates two major points. First, the solutions for the two loading cases (A
and C) are not linearly additive. This is verified by noting, for any given radius and
circumferential coordinate (e.g., e = 0 and r = 5.0), the difference between the top dashed
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Single-Membrane Deformation versus Radius at Several Circumferential
Sections Corresponding to the n = 2 Frame Deformation Mode

and top solid curve (marked D) and comparing it with the difference between the solid
curve for case A and the abscissa (marked E). If linear superposition were applicable,
then the solution for pressure loading only could be linearly added to the solution for the
concentrated load only and these two relative differences would be equal.
The second major point illustrated is that when the tension load on the ring is greater
than the buckling load corresponding to the ring only, the deformation of the frame will
exceed the membrane deformation. That is, the membrane deformation must remain
within the two extremes of the frame deformation when the ring-only buckling load is
exceeded. This is because the frame no longer is able to carry the lateral load by itself,
and the membrane must assist the frame in carrying the load; to do so the frame must
deflect out away from the membrane. If the membrane did deflect outside the frame
cross section at any location, the frame must support the membrane, which it cannot
do. Thus, when the tension on the ring is greater than the ring-only buckling load, the
frame must distort significantly to allow the frame and membrane to work effectively
together. Conversely, when the membrane tension load is below the frame's buckling
load, the frame tends to support the membrane by itself. Thus, for a wind-induced
pressure or weight load on the membrane, the frame deflects less (more) than the
membrane for tensions below (above) the frame-only critical load. Hence, the design
tension for the single-membrane concept should be kept below the frame-only critical
load level. This is especially true when three frame supports are used and it is possible
that the n = 2 mode of deformation will not be restrained. Such an approach, however, is
not required for the double-membrane design since the in-place stiffness of the
membrane is coupled into the frame directly.
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3.3 Stability Considerations for Double-Membrane Concepts
All the double-membrane examples that were analyzed and are discussed later used the
same frame as the single-membrane example discussed previously.
The double
membranes were also assumed to have radial attachments (see Figure 2-3). These
analyses again considered the n = 2 mode shape with four 224-N oo-u», evenly spaced
out-of-plane loads to set the initial deflections (see Figure 3-2). Figure 3-5 shows the
out-of-plane deflection results and some of the results for the single-membrane cases
previously shown in Figure 3-3. The first two sets of curves on the left correspond to the
frame-only and the single membrane/frame combination cases. The curve with the
highest tension levels (farthest to the right) has two O.254-mm (0.01 O-in.) steel
membranes. The curve second from the right represents a case in which the thickness of
the two membranes was reduced to 0.0587 mm (0.00231 ln.) to demonstrate the effect of
reducing the stiffness of the membranes. * Thus, for these two examples, the addition of
the second membrane increases the buckling load significantly above that of a single
membrane. For the membranes, 0.254 mm (0.010 in.) thick, this relative increase is
2.83 times the single-membrane critical buckling load, and for the reduced membrane
stiffness example the corresponding factor is 1.79. Note that the relative out-of-plane
stiffness as indicated by the deflections at zero tension are essentially proportional to
the buckling loads for the various cases. That is, the ratios of the zero tension
deflections indicate that the- 0.01 double-membrane system is 2.78 times stiffer than the
single-membrane system and, correspondingly, the double membrane 0.0587 mm
(0.00231 in.) thick is 1.78 times stiffer. ** Figure 3-5 also shows that the level of
deformations and the tension range over which these deformations remain small are
greatly extended beyond the region associated with the single-membrane concept and
frame-only concept.
The two vertical lines at about 52,000 and 82,000 N/m tension levels, respectively, in
Figure 3-5 indicate the predicted critical buckling load for the double-membrane concepts. In Figure 3-5, a circled asterisk on the abscissa indicates for each of the cases the
critical bifurcation tension load for initially perfect double-membrane structures, calculated by simple eigenvalue theory. Note that the NASTRAN-predicted critical tension
loads and the simple eigenvalue bifurcation tension loads are in extremely good agreement. For the case shown, the NASTRAN predictions for the critical buckling load are
based on deformations and tension levels that are quite close to the actual respective
critical tension level. Hence, the extrapolation used by NASTRAN procedure should be
quite accurate.
Figure 3-5 shows several interesting features not previously anticipated. Specifically,
considering the load deformation trajectories for the double-membrane concepts, the
transition region going from small to large deformations is more abrupt than the corresponding region for the single-membrane design. In fact, for the double-membrane case,
the load deformation trajectory is similar to the trajectory corresponding to the frame*From a practical perspective the operational tensions will result in unacceptably high
stresses in the membrane. However, this artifice illustrates the effect of low-membrane
stiffness that occurs when polymer membranes are considered.

** Note

that for double-membrane modules
can occur at very low initial tension levels
tension points, described in Figure 3-5 and
extrapolation from low-tension data points

unacceptable load reversals in the membrane
as is discussed in Section 2.8. Hence the zerolater in Figure 3-6, are actually determined by
where no load reversal was experienced.
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Peak Out-of-Plane Deflection as a Function of Tension for Several
Single-and Double-Membrane Designs Corresponding to the n = 2 Frame
Deformation Mode

only case where a catastrophic collapse occurs at the critical bifurcation tension load.
We do not know at this time whether the abrupt critical portion of the deformation
trajectory for the double-membrane cases represents a true singularity in the stiffness
matrix, such as might occur when the membrane locally unloads and attempts to sustain
a compressive load, or if in fact the deformation trajector ies would bend over (concave
with respect to the abscissa) and avoid a catastrophic collapse as occurs with the singlemembrane design. Further study is needed in this area if postbuckllng behavior is of
interest. However, the simple eigenvalue approach and the extrapolation based on the
NASTRAN analysis for the critical bifurcation level are in good agreement. Hence, the
prebuckling deformations and the regions prior to the point where large deformations
become dominant appear to be accurately predicted.

3.4 Stability and the Impact on Initial Imperfections
The curves in Figure 3-5 also indicate the relative out-of-plane deflections for various
designs in which a given out-of-plane load causes the initial deflection. Note that the
out-of-plane deflection for the single-membrane case is the same as the initial deflection
corresponding to the frame-only case at low-tension levels, whereas for the doublemembrane cases the def lections at low tensions are less and depend on the membrane
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stiffness. This is because the out-of-plane buckling load (made by the addition of a single
membrane) improves as a result of the direction changes of the tension load; therefore
the membrane does not modify the out-of-plane stiffness of the single-membrane design
at low tensions. For the double-membrane case, the additional improvement is the result
of an increase in the out-of-plane stiffness caused by the torsional coupling as discussed
previously in conjunction with Figures 2-7 through 2-9. This results in a more significant
improvement (reduction) in the out-of-plane deflections at low tensions for the doublemembrane than for the single-membrane case when the initial deflections (i.e., at zero
tension) are caused by a wind-induced pressure or weight load.
However, when
considering the effect of manufacturing errors, this trend is not as significant since the
initial deflections are fixed. To demonstrate this point, we derived and present in
Figure 3-6 a set of curves for the two double-membrane designs starting with the initial
deflection of the single-membrane design, which is described in Figure 3-5. Now note
that all the designs start out at the same out-of-plane deflection and improve less
dramatically in the tension range where an actual design may operate. For example,
consider the various design cases at 17,500 N/m tension. The benefit in decreasing the
expected amplification of initial imperfections by selecting a double-membrane design
rather than a single-membrane design is about one-half as great as the corresponding
benefit in supporting an applied load. Selecting stiff membranes rather than flexible
membranes yields even less additional improvement. Therefore, we expect that the
greatest benefit of the double-membrane design is to reduce the deflections caused by
wind-induced pressure and weight loads.
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In Appendix 0, we present a more extensive discussion of initial imperfections and show
that the amplification factor is a function of the tension ratio, defined as the operating
tension in the membrane divided by the critical bifurcation tension. The use of this
amplification factor also leads to reasonable approximate design models to predict the
lateral response of stretched-membrane modules. The analysis presented in Appendix 0
is directed at single-membrane designs but can be extended to double-membrane designs
as well. One important feature is that the amplification of initial imperfections depends
on the shape of the imperfections as well as the amplitude. Thus the amplification
depends on the mode shape of the imperfection and the tension level as well as the
nearness of the tension level to the critical tension level corresponding to the mode
shape of interest.
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4.0

DESIGN IMPLICATIONS AND RECOMMENDED AREAS FOR FURTHER
INVESTIGATION

4.1 Implications for the Design of Stretched-Membrane Modules
The single most important structural design parameter for the stretched-membrane
module is the out-of-plane flexural rigidity of the frame. The frame torsional rigidity is
much less important when double membranes, which have reasonably high stiffness, are
used and when the attachment of the membrane to the frame is relatively stiff. The
torsional rigidity, however, is very important when a single membrane is used, although it
is not quite as dominant a factor as the flexural rigidity. Torsional rigidity also becomes
more important when low-stiffness membranes or low stiffness attachments or both are
used in double-membrane designs. Such a situation may arise with polymer membranes
that typically have very low moduli, or when a soft attachment of the membrane to the
frame such as wi-th the hydraulic/bladder approach as described in Murphy (1983) is used.
The attachment approach as noted previously can heavily influence the module performance since it represents the structural interface between the frame and the membranes
and thus significantly controls* the effective structural system stiffness. This is especially true for the double-membrane designs. Thus, attachments affect the level at
which the membrane can enhance the bending stiffness of the frame through roll resistance and through the direct flange bending stiffness effect described previously. Fur-'
thermore, the attachment limits the ability of the membrane to add stability margin to
the module structure and, thus, indirectly controls the amplification of initial imperfections and load-induced deformations with double-membrane concepts. When using stiff
membranes, hard bonds or welded attachments relative to the radial-only constraint
attachment can add 25% or more out-of-plane stiffness for some single-membrane designs and 40% or more out-of-plane stiffness for some double-membrane designs.
The double-membrane reflector module is generally structurally superior to the singlemembrane concept, since this approach most effectively couples the membrane stiffness,
to the frame and, therefore, uses the membrane material to pick up part of the additional applied loads. However, care must be exercised to ensure that no localized
unloading of the membrane will occur. Most of the structural benefit of the doublemembrane approach accrues by directly enhancing the roll resistance of the frame. For
instance, the double-membrane concept can more than double the effective out-of-plane
bending stiffness of the module compared to a single-membrane design. Further, from a
weight perspective, the double-membrane concept offers a more efficient structural
stiffening effect than a corresponding increase in flexural rigidity. Moreover, the double
membrane can add significant stability margin to the module stability and thereby inhibit
the amplification of initial imperfections as well as the out-of-plane deformations caused
by wind-induced pressure and weight loading. Although the single-membrane designs
should probably be limited to tension levels that are well below the ring-only buckling
load for reasons discussed previously, no such limitations are readily apparent in the
double-membrane designs. From a design and fabrication perspective, the doublemembrane concept makes it possible to use an open cross section (e.g., a standard
C-section) since low torsional rigidity is permitted. This allows not only some savings in

*See also Appendix C where a simple model describing the coupling between the
attachment and the membrane is discussed.
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weight but also potential ease of attachment and handling when affixing the membrane
to the frame.
Studying the stability effects of the membrane/frame structure has led to several
insights, even though we know that the early designs will have tension levels that are
well below the critical stability limits. The previous analysis indicates that the nearness
to the critical tension level dictates the amplifications of initial imperfections in the
frame and affects the degree to which large nonlinear deformations begin to dominate
the deformation process. The analysis also demonstrated that the membrane adds significantly to the overall stability of the membrane/frame configuration so that the critical
bifurcation load is significantly raised above that of the frame-only configuration. The
single-membrane design does not appear to have a catastrophic collapse mechanism
though amplification of lateral deformations and initial imperfections can proceed to
undesirable levels if a careful design procedure is not followed. Further, for the singlemembrane system, the critical bifurcation tension level is approximately double that of
the frame only. For the double-membrane system the critical bifurcation tension level
can be a factor of five or six times that of the frame only depending on the membrane
stiffness and the stiffness of the attachment approach used.
Although we have not studied the effect of different material stiffnesses and densities
thoroughly, the results to date indicate that the lighter materials may offer a significant
cost and performance advantage. This is because the frame deformation is primarily
dominated by weight effects. In the cases investigated, an aluminum frame/membrane
combination of the double-membrane design concept offered approximately a three-toone weight advantage for the same performance as a steel design. * Although the cost of
aluminum is approximately one-third that of steel, approximately one-third the weight of
aluminum material is required for the design. In addition, significant benefits in handling, shipping, and fabrication might accrue with this lower weight.
One major design consideration for stretched-membrane modules is the initial tension in
the membranes. A number of factors will control the tension, design criteria. Design
factors that will favor lower tension levels include limitations on the membrane material
thickness and strength, the frame weight, and the tendency of increased tensions to
amplify the initial out-of-plane frame deformations. The design limitations caused by
the properties of the membrane materials coupled with the available material thickness
are a straightforward consideration, though one must exercise care to allow a sufficient
safety margin for stress concentrations near attachments and welds.
The lower tensions lead to lower stiffness requirements, and lesser potential gross and
local frame-buckling problems while resulting in lower overall frame weight. Frame
weight can typically account for more than half of the concentrator weight. Similarly,
since the amplification of initial imperfections is closely related to frame stability, as
shown above, lower initial tensions can reduce the corresponding amplifications to lower
levels for a given frame design, or allow for a lighter frame design for a specified maximum permissible frame deformation.
Higher initial membrane tensions can greatly abate the potential wind-induced flutter
problem and the attendant fatigue problem. Also, higher initial membrane tensions can
significantly lessen the potential problems associated with nonuniform wind-induced
pressure loading and in-plane loading problems, as well as greatly reduce the potential
*Note that we assumed the same membrane thickness in the above analysis.
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problems associated with load reversal in double-membrane concepts. Further higher
initial tensions reduce the required axisymmetric optical surface control caused by wind
loading and, in the case of double-membrane designs using a dynamic vacuum control,
can significantly lessen the required parasitic power since the amplitude of the breathing
mode can be significantly lessened.
Another benefit of higher initial tensions is that the effect of nonuniform tension states
caused by large axisymmetric deformations and diaphragm stretching can be greatly
lessened. * Such nonuniform tension states result in nonuniform membrane surface
curvatures and thus optical distortions. With high initial tensions both the absolute
tension increases for a given pressure load and the variations in tension relative to the
average membrane tension are less than will occur for low initial tensions; thus the
potential optical distortions will be decreased significantly. Note that for most of the
cases considered in this report, diaphragm stretching is not a significant problem; however, in designs with relatively high-pressure loadings and low tensions, diaphragm
stretching can become a significant problem. Finally, if diaphragm stretching is significant additional tension loads on the frame will result. With higher initial tensions, the
frame will experience much lower relative tension increases on the frame.

4.2 Structural Response Issues Requiring Further Investigation
The preceding analysis and discussion provided many insights into the structural response"
and design of stretched-membrane reflector modules. We addressed many of the major
structural and optical response issues with both simple and more rigorous analysis methods (l.e., NASTRAN). Researchers are currently undertaking prototype testing to confirm many of these analyses and the insights derived, and initial experimental results are
documented in Wood (l986a and 1986b). Numerous other issues have not been studied or
have not been studied sufficiently and will take on increased significance as the designs
become more refined, and as we approach the optimum reflector module configuration.
Ultimately, these secondary issues may drive the fine details of the design.
In the first category of issues that we have not studied are the problems of in-plane
weight and support effects, which will lead to completely nonsymmetric loading and
deformation conditions between the supports, and radial thrust or hard point effects
caused by the strut supports that connect the frame to the center column post. The
attachment of the frame to the support struts may also lead to concentrated moments at
this interface, which we have not studied. In addition, researchers have not assessed the
effects of nonuniform pressure loads nor have they considered local frame-stability
issues such as wall "crippling." Furthermore, researchers have not considered a sufficient range of radial stiffness effects of the frame in the analysis to date. This last issue
may be particularly important when we consider soft membrane and soft attachment
concepts because of the potential coupling with the in-plane buckling that we have
studied only briefly. Also, the radial stiffness effect will come into play when localized
membrane unloading becomes a concern.
Included in the second category of issues that we have only partially addressed are the
effects of highly compliant membranes, low stiffness attachments, and the in-plane
buckling response of the frame using these concepts. In addition, the amplification of
*See Appendix B for an approximate analytical description of the effect. A much more
rlptaileci descr iption of this effect is giv p n in R forthcoming publicatlon (Murphy).
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initial imperfections corresponding to different modal shapes, which are amplified at
different levels according to the tension in the membrane, have not been studied sufficiently. Of particular interest is the manner in which deforma t ion induced by external
loads couples with initial imperfections (we have shown in previous discussions that at
high tension levels, deformations induced by different loadings cannot be linearly superimposed). Furthermore, we have not sufficiently studied the use of more than three
supports to straighten initially imperfect modules and to also prevent troublesome modes
of deformation.
Another issue of particular importance, which needs more study, is the potential unloading of membranes as the frame rolls and reduces the tension load in the membrane.
This problem emerged in some of the sensitivity studies of double-membrane designs
where the tendency to locally unload the membrane was predicted to occur for some
designs (especially with low initial tensions and low flexural rigidities). Such a situation
is not acceptable in real designs because the membrane will locally buckle or "crinkle"
upon load reversal. We believe that insights into the problem can be attained with correct analysis methods. Also, more analysis in the following areas would help us arrive at
an optimal design: more extensive trade-offs and variations considering different materials along with their associated stiffnesses and weights; differences in frame radii; and
the impact of support strut design, including the associated weight and material requirements.
Last, the problem of the dynamic response of the stretched-membrane module, including
the gross structural response of the frame/membrane combination and local dynamic
flutter conditions in the membrane, has not received sufficient attention to date. These
dynamic issues are the subject of ongoing study. The gross structural dynamic response
investigations, which are focusing on the critical vibration frequency corresponding to
the membrane/frame combination, are being carried out at the University of Nebraska.
Further, SERI currently has a contract with Colorado State University to study the
fatigue and attendant flutter conditions that may exist in membranes because of transient wind-loading conditions in the field. The potential flutter problem is manifested by
traveling surface waves and the reflection of these transient waves from hard points
where the membrane is attached.
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5.0 CONCLUSIONS

The work provided in this document addresses a fairly broad range of structural response
issues corresponding to stretched-membrane modules under various loading environments. Although the information presented here does not represent a complete picture
of the response of the stretched membrane, it does represent a significant step in that
direction. We believe that the trends presented here will help to effectively guide the
design process and to build adequate but not necessarily optimal designs. Clearly, more
work is needed to extend the knowledge base required to build optimally designed
stretched-membrane modules.
Based on the above analysis, we have reached the following conclusions:
• Stretched-membrane/frame combinations respond quite differently to external loads
than can be inferred by studying the decoupled frame and membrane independently.
Thus the coupled membrane/frame problem should be considered to ensure an accurate
description of its response.
• Nonlinear analysis methods are required to accurately predict the structural/optical
response of stretched-membrane modules to the anticipated loading. The small strain,
large deformation assumptions used in the approximate analyses appear to be adequate
based on the agreement with the NASTRAN results.
• For the cases considered in this study, out-of-plane deformations of the membrane/
frame combinations were found to vary nearly linearly with load applied normal to the
nominal plane of the membrane surface, while significant nonlinear response with
membrane tension was found for the out-of-plane deformations.
• Out-of-plane frame flexural rigidity is important for both single- and doublemembrane concepts. Frame torsional rigidity is not as important an issue with doublemembrane concepts, but it becomes increasingly important when single-membrane
concepts are used and when low-stiffness membranes or low-stiffness attachments of
the membrane to the frame are used.
• The method of attaching the membrane to the frame can affect the performance of
the module significantly, especially with double-membrane designs because the double
membrane can both enhance the bending stiffness and the roll resistance of the frame.
• The double-membrane systems provide a very efficient structural system. From a
weight perspective, the second membrane can, in fact, offer a more efficient structural stiffening effect than a corresponding increase in flexural rigidity with a singlemembrane concept. This occurs since the double-membrane design couples the membrane stiffness into the problem in a more effective way than is possible with singlemembrane designs. In addition, the second membrane adds significant stability margin
to the reflector module and thus can inhibit the amplifications of initial imperfections
as well as out-of-plane deformations caused by wind and weight loading.
• For the cases considered in this study, weight effects dominated out-of-plane deformations. Hence, the use of lower density frame and membrane materials were found to
have the potential for significant performance improvement. Further, for these cases
the performance improvement was found to be more responsive to decreases in weight
than to a corresponding increase in material stiffness.
• There are significant potential benefits to using more than three frame supports, which
must be traded off against the additional cost and complexity of using more than three
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supports. The potential benefits include dramatically reduced we ight for the reflector
module and the possib ili ty of correcting for e lim ina t ing or abating the initial out-ofplane displacement imperfections and their subsequent amplification •
• Stability considerations are important when considering the amplification of both
initial imperfections and the amplification of the deformations that result from external loading by wind and weight environments. Compared to the frame alone, the
membrane/frame combination, whether of the single- or double-membrane design, will
have a greatly enhanced stability margin under radially directed loads. This is true
when considering both in-plane and out-of-plane frame deformations. Moreover,
double-membrane concepts increase the stability margin significantly above that for a
single-membrane design. Further, we demonstrate how the know ledge of the critical
buckling tension level, which can be derived from the simple analyses presented herein,
can result in some simple design tools.
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APPENDIX A
AN EIGENVALUE APPROACH TO DETERMINING
THE CRITICAL BIFURCATION TENSION LOAD
FOR A SINGLE-MEMBRANE MODULE DESIGN
The equilibrium equations for the ring/membrane (single-membrane) combination used
here predict the membrane tension at which a bifurcation of equilibrium for the assembly
will occur. From Murphy and Sallis (1984) the appropriate ring frame equilibrium
equa tions can be expressed as

~I(V'~t

, _

¢") _ ~K(ep'

for out-of-plane bending and
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for frame twist.
The prime (') represents differentiation with respect to the
circumferential coordinate B, and EI, GK, and R represent the frame out-oi-plane
flexural rigidity, the torsional rigidity, and the mean radius, respectively. a is the
membrane radius, and o is the distance of the membrane attachment from the frame
cross-section torsional center (see Figure A-I). To is the membrane operating tension, v .
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Figure A-i.

Frame and Cross-Section Detail Showing Displacements and
the Corresponding Directions and Applied Loading
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is the frame out-of-plane displacement increment, * 1> is the frame rotation about its
torsional center, and a is the angle the membrane makes with the horizontal at its point
of attachment. (), brings the .coupling effect of the membrane into the frame Eqs. A-I
and A-2, and when it is set to zero Eqs, A-I and A-2 degenerate to the classical ring-only
equations.
If we now assume that in the buckled configuration the ring/membrane combination

deforms in a harmonic displacement pattern, and that at the critical membrane tension
the system is in a state of neutral equilibrium, then we can define displacement
increments by
v

= Cl

cos (nS) ,

(A-3)

¢

= C2

cos (nS) ,

(A-4)

and

where symmetry conditions determine the relative form of v and ¢ for the nth buckling
mode. C 1 and C 2 are constant coefficients, and n corresponds to the modal buckling
shape.
The expression for a (the slope of the membrane at the frame attachment) can be
determined from Eq. 17 in Murphy and Sallis (1984), which describes the shape of the
membrane for the nonhomogeneous boundary condition. Thus, for a single, uniform
harmonic frame displacement field defined by Eqs, A-3 and A-4, a is described by

l(r)n cos (ns ) f2TI (v + o e) cos mjJdlj1 ,
(A-5)
a
0
where w is the membrane deformation, normal to the surface, in the vertical direction,
and r is the radial coordinate. This equation reduces to
-d
(), = --dw
d I - = -d
r r-a
r

- TI

(A-6)
where !J. is defined by
!J. _ {O, if no membrane is present

-

(A-7)

1, if a membrane is present.

Substituting Eqs, A-3 through A-6 into Eqs. A-l and A-2 will yield
2

[An

+

t::,.

R

C

l
1 - ToA!(l
- - -1]-Rna) R

+

(A

+

1 + T0 A £R A)c
n 2

=0

,

(A-8)

and
l
R lC
[ (A + 1)n 2 + T Bn -t::,.
+ [2
n + A + T B(l + ~o6)]C = 0 ,
a
a R
a
a
2

(A-9)

*Note that here, as in Murphy and Sallis (1984) and Murphy (1985), we are considering
out-of-plane and rotation deformation increments relative to the initially flat
compressed frame/membrane combination.
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where A, A, and B are defined by
(A-IO)

B = Rap
GK

= A(!)(£)

(A-I!)

R R '

and

EI •
GK

(A-I2)

A = -

Now the condition of neutral equilibrium at which a bifurcation of the equilibrium state
can occur is given by the value of the tension (To)' which results in the determinant of
the coefficients of C 1/R and C 2 in Eqs, A-8 and A-9 being zero. Setting the determinant
of the above two equations to zero results in a quadratic expression for To:: T(n)c'R/M
(i.e., the critical bifurcation tension for a ring with or without a membrane) given by

i

2
{[(A + 1)0 + ToA *n~][(A + 1) + ToA ~J
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a
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Equation A-I3 can be cast in the following quadratic form:

DT 2 + ET
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0

- F

=0

(A-14)

,

where the critical bifurcation tension for a ring with or without a membrane T(n,p)coR/M
is given by To' which can be expressed by
,
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The NASTRAN results discussed in the main body of the report were run with the tension
load applied to the frame torsional center (l.e., P :: 0). We will discuss the corresponding
case first since the resulting solution will approximate the more general solution that is
valid as long as 0 is small. For P :: 0, Eq, A-I5 will result in
4

T = T(n 0)
= T(n)
= ~
n
o
'c;R/M
c;R/M
R3 [ (02

2

- 2n + 1
+ A)(l _~)

]

= T(n) c;R

(1 _~) ,

(A-17)

where T(n)c'R is the critical compressive load on an identical frame loaded at its
centroid to 'which no membrane is attached. T(n)C'R as defined by Eq. A-I7 can be
written as
'
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T(n)

=

. c;R
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(A-18)

Note that Eq, A-18 is identical to Timoshenko's (1961) corresponding (ring-only) solution
given for the n = 2 case.
For the p = 0 case, the membrane provides a stiffening effect on the ring/membrane
assembly that results in a critical buckling load, which is greater than the ring-only
buckling load by a factor of 2.0 for the n = 2 case and a factor of 1.5 for the n = 3 case.
Furthermore, for small values of p/R, the attachment offset causes an additional small
stiffening effect that one can see by expanding Eqs, A-15 and A-16 in terms of (p/R).
Such an expansion when linearized in (p/R) results in
(A-19)
where

[(~

Q =

+ l)Lin - (n

2

+

~)

-

(~n2

+ 1)(1 + Lin)]/[(n

2 + ~)(l - ~)] • (A-20)
n

Comparative buckling ratios (i.e., corresponding to the buckling tension for the frame
with a membrane, divided by the buckling tension for the ring/membrane combination
when p is zero) are presented in Table A-I using the accurate form Eq. A-15 and the
more limited approximation Eq. A-19, respectively. The effect of the offset is seen to
be quite small, and the approximation (Eq, A-19) is quite adequate for the case
considered.

Table A-I.

Critical Membrane Tension Loads for Several
Geometric Configurationsa
2

3

T(n)c;R(N/m)

14,720

66,353

T(n)c;R/M(N/m)

29,439

.99,529

0.99394
0.99382

0.99327
0.99305

1.0130
1.0130

1.0117
1.0118

n

[T(n,p)c;R/M]/[T(n)c;R/M]
Frame/membrane combination
Equations A-15 and A-17
Equations A-19 and A-17
Ring-only case, Li = 0
Equations A-15 and A-17, Li = 0
Equations A-19 and A-17, Li = 0

a For EI = 1.77 ~10 6 Nv m 2, GK = 0.38 x 106 Nvrn 2 , R
p/R = 7.62 x 10 .
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APPENDIX B
A NONLINEAR AXISYMMETRIC MEMBRANE/SUPPORT FRAME
LOAD DEFORMATION RELATIONSHIP

We can use an approximate but simple geometric/strength-of-materials approach to
determine a nonlinear load deformation relationship for a uniformly loaded prestretched
circular membrane with a compliant support frame. The current approximate analysis
applies to a single-membrane frame/membrane combination. Uniform strain in the
membrane is assumed for axisymmetric deformation. The result, which predicts lateral
deformation response for the membrane, is in reasonably good agreement with classical
nonlinear elasticity solutions (see Murphy, forthcoming) and can be used for design and
system trade-off studies, as well as to predict the overall effect on membrane tension.
Results also show that a relatively large amount of axisymmetric deformation is required
before the uniform tension state of the membrane is significantly altered. The model
predicts a differential pressure, center deformation relationship given by
(B-O

and an incremental tension IJ To' deformation relationship given by
liT

o

=

a(K )~(Wo)2
m3 a
(1 + Km/K > '
R

(B-2)

where
,

IJp
a
W
o
Km
K

=
=
=
=
=
0 =
IJT o =

f

uniform pressure increment loading
radius of membrane
center deflection of membrane
radial stiffness of membrane
radial stiffness of support ring
pretension in the membrane
increase in membrane tension caused by the application of IJP.

We can interpret the terms in Eq, B-1 in the foll~wing manner. The first term
corresponds to the membrane lateral stiffness (4To/a ) times the deflection wo' The
second term is the so-called nonlinear diaphragm stir fness

times the membrane center deflection wo ' This second stiffness term arises from the
in-plane strains induced by the out-of-plane deformation. The two stiffnesses act in
parallel; the lateral membrane stiffness results from a change in the membrane's shape
that is not accompanied by a change in strain in this approximation (only a change in
shape), and the diaphragm stiffness results from stretching of the membrane/frame
combination in its plane, which in turn results from large lateral deformations. The
membrane stiffness dominates until the distortion becomes quite large, at which point
the diaphragm stiffness becomes significant, adding appreciable rigidity to the system.
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The second term for the diaphragm stiffness agrees with the classical solution for an
initially untensioned membrane as developed by Tirnoshenko (1961) for a rigid frame (i.e.,
when KR ~~). This term is also easily derived using the principle of minimum potential
energy assuming a uniform increment in the strain state over the entire membrane as in
Roorda (1965). When arriving at the expression for the diaphragm stiffness, we assumed
that a displacement function for the membrane had the form of a shallow spherical
surface. Its form in terms of the radial coordinate r, the membrane radius a, and the
center deflection w 0 is
(B-3)

The in-plane membrane stiffness Km is given by
Et
K =
m

(B-4)

a(l-",)'

where E is Young's modulus, t is the membrane thickness, and
respectively, corresponding to the membrane.

is Poisson's ratio,

\l

The ring stiffness enters into the expression for the diaphragm stiffness because it acts
in parallel with the diaphragm response. The ring stiffness can be expressed by
if the ring is loaded through
its center of torsion
(B-5)*

1 +

Aa
I

if the ring is loaded
eccentrically (see Figure

h2

e-n ,

Y

where ER is Young's modulus, AR is the cross-section area, R IS the mean radius (za), Iy
is the out-of-plane bending moment of inertia, H is the farthest distance of the cross
section to the neutral axis of the ring, and h is the distance from the ring neutral axis to
the membrane attachment (see Figure B-l), respectively, all corresponding to the ring
support frame.
We can approximate the membrane tension increment f1 To' which is determined by
evaluating the strain increment (assumed to be uniform over the surface) in the
membrane corresponding to only the diaphragm deformation. The resulting strain
increment t1f.. is given by
1
a-o
1 2
0
2 w 2
f1f.. z -

a

J

0

(1 + - w )dr - 1
2 r

z

-

-

a

+ - (~)
3 a

'

(B-6)

where 6 is the edge deflection of the membrane, which can be related to the strain
through force equilibrium by
(B-7)

*Though the current analysis is derived for a single-membrane structure, the fundamental
difference for a double-membrane structure will be in the additional frame stiffness
caused by the coupling with the second membrane.
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i
Then solving Eqs. B-6 and B-7 for I1E and eliminating -o resu lts
ts 10
a

I1E =

~ (W o )2
3 a

1 + Km!K R •

(B-8)

Figure B-2 illustrates the response of the ring/frame combination described by Eqs. B-1
and B-2. It is seen that for high tension, low pressures, low frame stiffness, or low
membrane stiffness the diaphragm stretching of the membrane/frame combination has
little effect, and the load deformation response is nearly linear. This occurs because
high initial tensions will dominate small tension increments caused by in-plane stretching
of the membrane/frame combination. Further, for small membrane-stiffness and low
frame-stiffness conditions, rather large out-of-plane deformations are required before
any appreciable in-plane strains and tension increments can occur. Thus, it is seen that
the load deformation relationship can be nearly linear for a fairly wide range of
parameters.
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loading of 50 N/m corresponds to the approximate maximum loading
from a 9-m/s wind.]
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APPENDIX C
IN-PLANE BUCKLING OF RING/MEMBRANE COMBINATION

The critical bifurcation tension of a ring frame onto which a single initially tensioned
membrane is mounted can be modeled to a first approximation as a compressed ring on
an elastic foundation. Meck (1969) defined the governing buckling equation for a ring
subjected to a varying radial load [p(e)], but with a mean compressive force N, in terms
of the radial displacement (u) and ring radius (R):

EI

X( tt"

--- U

2
R

+ 2u tt

+ u )' + N(t'
u
+ U )t + N'( u "

+ u) -

P '2
R =

(e-n

o ,

where as before the (') superscript denotes differentiation with respect to 8. E and Ix are
the frame modulus and the in-plane bending moment of inertia, respectively. If the
membrane stiffness can be expressed as Kn, analogous to an elastic foundation modulus
for a given modal shape, then

EI ( u "t, + 2u It + u"J' + N('t
--u
+ u )' + N'( u "
R2
X

+ u ) + K u '2
R
n

=0

•

(C-2)

In addition, if the displacements are small with respect to the radius, then N' will be
small compared to N and the third term can be omitted (Timoshenko and WoinowskyKrieger 1959). The appropriate buckling condition can be written

EI x (

--- u
R2

'"

I

+ 2u

, ,

+ u

) ,

(' ,

+ N u

+ u

) ,

,

2

+ Knu R

=o •

(C-3)

Letting the compressive force N be denoted by (ToR), the critical tension load for an
assumed modal deformation of the form
(C-4)

u = a cos nS

can be descr ibed by

EI x (n2 _ 1)
(To ) cr;in-plane = R3

+

RK n
n2 - 1

(C-5)

The first term of Eq. C-5 corresponds to the buckling load for the ring only, and the
second term results from the stiffening effect of the foundation (or the membrane/
attachment assembly).
Kn is the radial stiffness of the membrane/attachment
combination, which is composed of the membrane radial stiffness Km(n) acting in series
with the attachment radial stiffness Kat' Hence Kn can be written
K (n )

K

at m
= -------.,----,,K
+ K (n ) ,
n
at
m

K
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where Km(n) denotes the membrane stiffness corresponding to the nth radial mode of
deformation.
Two limiting cases for Kn, corresponding to a rigid attachment of the membrane to the
frame and a low stiffness attachment, are particularly interesting and result in

for Kat
for Km

+

lXl

+

lXl

(C-7)

respectively.
To evaluate Eqs. C-5 and C-6, we must determine Km(n) as a function of modal
deformation number n by considering the plane stress problem for the membrane and
determining the stiffness that corresponds to the displacement of the membrane edge
radially according to modal shape in Eq, C-4. * By using complex potentials as in Murphy
(1985), the solution is obtained in a straightforward, albeit somewhat tedious, manner
(see Solkolnikoff 1956). The appropriate stiffness for a radial constraint is

E
K (n ) =

m

t

m m

a

2

- 1
2n - 1 + \)
n

(C-8)

~-----=----

Here Em' t m, v, and a represent the modulus, thickness, Poisson ratio, and radius,
respectively, all corresponding to the membrane.
Eq, C-5 shows that for reasonably high values of K m , the minimum value of To will not
occur for n = 2.
For example, the ring/membrane combination considered in the
discussion of Figure 3-3 results in the critical in-plane buckling loads given in Table C-l
that corresponds to various levels of attachment stiffness, where Eqs. C-6 and C-7 are
used by Eq, C-8.

To compare, note that the fundamental out-of-plane buckling mode is characterized by
n = 2 and a critical tension of (To)cf;in-plane = 29,8000 N/m.
I

*We assumed that for each n, the corresponding displacement field can be linearly
superimposed upon the uniform prebuckled deformation. Hence, we are not concerned
with out-of-plane membrane deformations or buckling here.
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Table C-l. Critical In-Plane Buckling Parameters for
the Ring/Membrane Combination Shown in
Figure 2-19
Attachment

Stiffness
Kat (Pa)

1.0
1.0
1.0
1.0

x

x
x

x

35
1°
9
1°
7
105
10

2.45
2.32
7.21
7.87

x
x

x
x

6
106
105
104
10

Notes
tm

E

= 0.254 mm

= Em = 207 G Pa

"m = 0.3
R

= 5.0

m

Ix = 1.86
Km(n)

=

1.05

x
x

.
LO- 6 m 4
2
7 ( n -1 )

10

2n-O. 7
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17
16
11
4

9.09
8.57
5.92
2.16

x

x
x

x

7
107
107
107
10
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APPENDIX D
AMPLIFICATION FACTORS FOR INITIAL IMPERFECTIONS
AND LATERAL LOADING CORRESPONDING TO SINGLE-MEMBRANE DESIGNS

Ds l Amplification of Initial Imperfections
The stability analysis presented in Section 3.0 of this report provides a context from
which we can describe the amplification of initial imperfections that are present in the
frame before attaching the tensioned membrane to it. Once we can define the critical
tension level corresponding to a bifurcation of equilibrium, we can use the Southwell
approach to estimate the amplification of the initial imperfection, whether or not it is
generated by an initial out-of-plane displacement in the frame or an out-of-plane
external load applied to the frame. We can use the Southwell approach to predict what
that amplified displacement is as a function of the ratio of the membrane tension load to
the critical bifurcation tension load. Using the Southwell approach, the amplification of
the initial [Ao(n)] imperfection, corresponding to the nth mode, is described by the
following equation (McGuiness 1961):
Ai (n)

Ao(n)

=

1.0

(D-l)

1 - To/T(n)c;R/M

where Ai(n) is the amplified deformation corresponding to the initial frame imperfection
Ao(n) of the nth mode, To is the working tension in the membrane, and T(n)c.R/M is the
cr'itical membrane tension corresponding to a bifurcation of equilibnom of the
frame/membrane assembly as defined earlier in Eq, A-17 corresponding to the nth
mode. Note that Eq. 0-1 is valid for a case in which the out-of-plane imperfection is
defined by a single mode of deformation.
The accuracy of the approach will be acceptable only up to a point because the
amplification Eq. 0-1 based on the Southwell procedure is singular at the critical system
bifurcation tension (for the corresponding mode), and it becomes increasingly less
accurate as the singularity is approached. However, if the membrane tension load is
sufficiently below the critical level of interest, then reasonable accuracy should occur as
can be inferred from Figure 3-3. In fact, we will show that the approach is useful for
tension levels up to about 60%-70% of the critical bifurcation load for the
frame/membrane assembly, at least for the case illustrating the n = 2 mode. Thus, a plot
of the predicted value of the amplification factor [Ai(n)/ Ao(n)] versus the ratio of
operating tension (To) to critical tension [T(n)c-R/MJ using e itfier the NASTRAN results
or the Southwell approach (Eq. 0-1), demonstrates good correlation (see Figure Dvl ), We
anticipate that the tension level at which the two curves start to diverge will decrease as
the initial imperfections increase.
Imperfections in general cannot be described by a single mode shape but rather are most
accurately described by a linear superposition of a number of harmonics, although certain
modes will certainly dominate. The Southwell approach can still apply to a system
experiencing a more general deformation pattern as described in the work of Ariaratnam
(1961) and Roorda (1967). This study takes a linear modal approach in which the total
imperfection field wo(e) is described by a series of modal contributions f (8) given by the
following expression:
n
(D-2)
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Figure 0-1.

Ring Lateral Deformation Amplification Factor versus Operating/Critical
Tension Ratio (n =2)

where fn(e) is the displacement function, which is assumed to be orthogonal to all other
fj(e) for J :: n, Then the total displacement w(e) at some load can be described by
a>

- I

w( a) -

'\.

Ao(n)

1 - To/T(n)c;R/M

f (a) •
n

Certain terms of w(e) will dominate since not only will certain modes of the
imperfection be predominant but the critical tensioning ratio will have a filtering
on mode shapes where T(n)c.R/M greatly exceeds To; and an amplification effect
modes for which T(n)c;R/M IS close to Towill occur. An illustration of this
follows.

54

(0-3)

initial
effect
on the
effect

TR-2338
Table D-1 illustrates the implication of the Southwell predictions on the design of a
ring/membrane combination when considering initial imperfections.
This table
corresponds to a ring/membrane similar to the one discussed previously that is somewhat
more rigid with an increased critical bifurcation load. The ring frame has initial
imperfections, characterized by two simultaneous out-of-plane mode shapes
corresponding to n = 2 and n = 3, respectively. The 5-m radius frame operates under a
nominal membrane tension of 17,500 N/m and has a critical bifurcation load for the
frame/membrane combination of 35,000 N/m in the n = 2 mode and 112,000 N/m in the
n = 3 mode. The maximum initial vertical displacement of the frame for the n = 2 mode
and the n = 3 mode are 4 and 2 mm, respectively. Atone-half the critical load for the
n = 2 case, the maximum out-of-plane deformation for the n = 2 case would double
whereas it would only increase by 19% for the n = 3 case because the n = 3 mode results
in a much higher critical bifurcation load than occurs for the n = 2 mode. Hence, the
operating tension is a much smaller percentage of the critical bifurcation level for the
n = 3 mode than it is for the n = 2 mode. The rms surface errors corresponding to the
nonaxisymmetric frame and membrane deformation implied with the modal shape and
denoted as ~2 (Murphy and Sallis 1984)* are also given. As could be anticipated from the
results in MUrphy and Sallis, since the displacement doubles, the rms surface error
average also doubles. However, for the n = 3 case, the maximum displacement increase
was 19% and therefore the rms surface error increase will be only 19%.
The implication of the results in Table D-l is that the frame should be designed so that
the nominal operating load (tension) in the membrane will be less than some factor below
the critical bifurcation load for the n = 2 mode, since the n = 2 mode is the lowest
fundamental buckling load of the ring. Clearly the actual operating tension should be a

Table 0-1. Amplification of Mode Shapes
R

= 5.0

n=2

m

n

=3

To (N/m)

17,500.00

17,500.00

T(n)c;R/M (N/m)a

35,000.00

112,000.00

vmaxOnitial) (rnrn)
v ma x (rnrn)

4.00

2.00

8.00

2.38

62(initial) (mrad)

1.13

0.69

62 (rnrad)

2.26

0.82

a The frame was assumed to have an operating-tocritical tension ratio of To/T(n)c;R/M = 1/2.

*The rms surface error 62 is calculated by considering the area averaged square of the
slope error as measured from the desired configuration. For the purposes of discussion
here we can consider the desired configuration as flat. The initial imperfection in the
frame introduces an incremental "scalloped" surface contour since the edge of the
membrane must follow the contour displacement relative to the flat configuration of the
deformed frame.
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function of the accuracy attainable in the frame itself before adding the membrane. If
this cannot be determined a priori, so that a surface error can be determined from it and
the tension levels adjusted accordingly (so that acceptable error levels result), then we
recommend that in general the design should not go above roughly 25% of the critical
tension corresponding to a bifurcation of equilibrium for the membrane/frame
assembly. At 25% of the critical bifurcation load, the tension in the membrane would
only magnify the initial imperfections by roughly 33%. In any case, it would seem
prudent to always design the frame so that the operating tension is no more than 50% of
the critical bifurcation load (at n = 2) since (ignoring for the moment the optical
imperfections) this is a rather standard structural design approach, and because at loads
above this level, the n :: 2 initial imperfections will more than double.

D.2 Approximate Amplification Factors for Lateral Loads
Designers can also use the Southwell approach in certain cases to estimate the lateral
frame deformations corresponding to pressure loading within certain limitations. *
Consider the pressure loading normal to the frame, which in turn is supported
periodically at three equispaced, circumferentially placed vertical supports as defined in
Murphy and Sallis (1984). Then, the Southwell approach can be used in conjunction with
an analysis that considers only the lateral loading and deformation of the frame such as
in Timoshenko (1961) to determine a correction (amplification) factor accounting for the
frame compression. Since the total lateral pressure load on the membrane must be
transmitted to the frame, the load resultant of the frame can be approximated by an·
equivalent uniform line load. The line load can then be viewed in turn as an equivalent
frame imperfection that the tensioned frame will amplify. To illustrate this approach,
consider Figure 0-2, which plots the peak lateral frame deformation as a function of
tension ratio in the membrane for different pressure levels. The tension ratio is defined
as the operating tension in the membrane divided by the critical bifurcation tension of
the membrane/frame combination for the particular mode under consideration. In
Figure 0-2, the mode corresponds to n = 3 because the frame is supported in its operating
condition at three equidistant points as discussed at length in Murphy and Sallis (1984).
Note that T(3)C'R/M (= 99,529 N/m) is the critical load correspgnding
n = 3, for the
frame with radlUs R- = 5.~ m, a ilexural rigidity of EI = 1.77 x 10 N· m 2to
, and a torsional
rigidityofGK=O.38xI0 N·m.
The initial lateral displacement corresponds to the no-tension lateral displacement as
given by McGuiness (~96l), which is subjected to a uniform live load distribution of
magnitude P L (= oPoR ) applied laterally to the plane of the ring and distributed around
the circumference of a ring that is supported at three equidistant points. The resulting
expression (McGuiness 1961) for the n :: 3 case is given in terms of tabulated parameters
Al and A2 by
5
PLR3(~
A2) _ nPo5 (3.261 + 0.35892)
vmax(T o = O)ln = 3 n 4 4EI + ---4
------4
GK
(4)3
EI
GK

= 8.445

x

10- 5 Po ,

(0-4)

*The limitations relate to how closely the tension approaches the critical bifurcation
level.
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Figure 0-2.

Predicted Maximum Frame Displacement Midway between the
Supports as a Function of Tension Ratio for Two Lateral
Pressure Loading Conditions

where P L is related to the applied lateral pressure Po by
(D-5)

PL = 1TP oR2 •

Then the total displacement, accounting for the tension To" is found by combining
Eqs. D-1 and D-4 to give
vmax(T o = 0)
8.445 x lO-Spo
for n = 3
(D-6)
vrnax(To) = 1 _ To/Tc;R/M = 1 _ T
o!99,S29
where Tc R / M(3) (= 99,529 N/m)
corresponding ring.

is calculated

from

Eqs. A-l?

and

A-I8

for

the

Although the assumption of uniform net load on the ring in the simple approach is not
valid (the uniform load assumed is equal to the average of the true load that can have
minimum-to-peak variations of more than a factor of 2 as seen in Murphy and Sallis
[1984]), quite good agreement exists between Eq, D-4 and both the NASTRAN and the
analytical solutions. Thus for the case studied, the lateral deformation of the frame is
not sensitive to the distribution of the lateral load induced by the membrane.
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