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Abstract: This work presents a new engineering analytical model that predicts the effect of both the
turbine yaw misalignment and the inflow wind veer on the wake flow distribution downwind of
a wind turbine. To consider the veered inflow, two methods were examined. In the first method,
the curled shape of the wake due to the yaw offset is initially modelled. The wake shape is then
laterally skewed at each height due to the wind veer based on the assumption that the turbine wake
is transported downstream by the incoming flow. The second method is a more realistic approach
that accounts for the effect of wind veer on the wind velocity direction and the yaw angle seen by
the wind turbine. This models the wake region in a local coordinate system defined based on the
wind direction at each height. A coordinate transformation is then performed to represent the wake
flow distribution in the global coordinate system attached to the ground. The results show that while
the two methods provide similar outputs for small variations in the wind direction across the rotor,
the difference becomes more evident with an increase in wind veer. High-fidelity simulations for a
turbine subject to a neutral atmospheric boundary layer were employed to validate model predictions
for different operating conditions.

Keywords: analytical wake model; wind veer; Coriolis force; wind turbine; wake steering; yaw angle

1. Introduction

Growing concerns about climate change and increasing energy demand have made
many countries set ambitious targets to develop the renewable energy industry to reduce
their carbon emissions [1]. These targets have motivated countries to develop their wind
turbine industry, and the wind energy capacity has grown four times larger in the 2010s
worldwide [2]. Decades of research in design and optimisation have taken horizontal-axis
wind turbine rotor technology to a relatively mature stage to achieve efficiency values
near the theoretical limit [3,4]. In recent years, attention has been redirected from the
rotor technology to wind-farm performance strategies to maximize their efficiency. One
of the major issues in wind farm control is the power loss in the wind turbines due to the
wake of upstream turbines, which causes 10% to 20% of total power loss in large offshore
wind farms [5]. Consequently, an accurate estimate of wake velocity deficit and the power
losses due to wake effects is a crucial element in wind farm optimization. Wind turbine
wake flows are known to be strongly affected by atmospheric operating conditions [6].
This is why the physics of the atmospheric flow and its interaction with wind farms was
highlighted as one of the three grand challenges facing the wind energy industry [7].

One of the major tools to understand the interaction of wind turbines with the at-
mospheric boundary layer is the turbulent-resolving numerical simulation techniques.
Nevertheless, these tools are expensive and time-consuming, so they are not generally very
useful for the active control of wind farms, which requires fast and accurate tools that can
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be implemented in the highly variable atmospheric conditions. Alternatively, analytical
engineering models derived from flow-governing equations (i.e., the conservation of mass
and momentum) have shown a great potential to characterise wind turbine wake flows for
a wide range of operating conditions with low computational costs [6].

The pioneering analytical model proposed by Jensen [8], and further developed in [9],
suggested that the velocity deficit in the wake of a wind turbine can be represented through
a top-hat-shaped profile, which was used for decades. Nevertheless, the assumption was
challenged by recent studies that showed that the top-hat shape is not a realistic repre-
sentative in the far-wake region, where downstream turbines are usually installed [10,11].
Alternatively, Bastankhah and Porté-Agel [10] suggested a Gaussian profile to represent
the velocity deficit in the wake of a wind turbine, and subsequent studies showed the
applicability of the model in the far-wake region, e.g., [12,13]. In an effort to increase the
model accuracy in the near-wake region, more recent works [11,14] suggested a super-
Gaussian model, which turns into the Gaussian profile in the far-wake region but provides
better results in the near-wake. Nevertheless, in most current wind farm sites, downstream
turbines are placed in the far-wake region, so both Gaussian and super-Gaussian models
produce fairly similar results, while the former has the advantage of simplicity.

One of the important atmospheric boundary layer flow phenomena that is often
ignored in engineering wake models for simplicity is the effect of vertical change in wind
direction, known as wind veer, which is mainly driven by the Coriolis force, as shown in
the seminal work of Ekman [15]. The amount of wind veer is highly dependent on many
factors, including earth roughness, atmospheric boundary layer stability, diurnal/nocturnal
periods, and seasons [16]. Recent studies have shown that this phenomenon is very
common in offshore wind sites, where measurements reported that some level of wind
veer is present as much as 70% of the time in a year [17]. The wind veer effect changes
aerodynamic load distributions along the wind turbine blade. More importantly, the wind
turbine wake cross section is skewed in the presence of the wind veer [18]. This is important
as it affects the overlapping area of the wake with downwind turbines and thereby their
power production. Although it is not agreed that the wind veer can positively or negatively
influence the power generation in a wind farm [19–21], it is known that the wind turbine
wake is substantially affected by the wind veer. In particular, the veer effect has become
increasingly relevant as the wind energy industry is growing and targeting larger sizes
of rotors. A larger ratio of the turbine rotor diameter to the atmospheric boundary layer
thickness leads to a greater vertical variation in the wind direction across the rotor due to
the wind veer [22].

There has been a debate in the wind energy research community about how the
Coriolis force and also the wind veer impact wake flows at a farm scale. Some of the high-
fidelity numerical simulations (e.g., [23,24] ) showed a clockwise deflection of the wind
farm wake (viewed from above) in the Northern Hemisphere, while others (e.g., [25,26])
suggested an anticlockwise deflection. Van der Laan and Sørensen [27] showed that the
apparent difference in the wake deflection is mainly due to the fact that the Coriolis force
introduces two opposing effects on wake flow physics. On the one hand, the reduction in
the streamwise velocity in the turbine wake changes the balance of the Coriolis force with
other terms in the momentum equation and results in an anticlockwise wake deflection.
On the other hand, the increased level of turbulence in the wake promotes the mixing of
the low-velocity wake region with the high-velocity flow at the top, which in turn leads to
a clockwise deflection due to the wind veer. Therefore, depending on which effect is more
dominant, numerical simulations may suggest a clockwise or anticlockwise deflection of
the wake. Nevertheless, the focus of these studies was mainly on the deflection of wind
farm wakes at the hub height, and it is of great interest to study the impact of wind veer on
the three-dimensional wake structure of a single wind turbine.

The skewed shape of the wake cross section due to the wind veer was modelled by
Abkar et al. [28]. This was achieved by extending the Gaussian wake model [10] and propos-
ing a skewed Gaussian profile (rather than axisymmetric profile). The model assumes that
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lateral wake deflection is a function of the incoming lateral velocity at each height, and the
wake advection in the streamwise direction depends on the incoming streamwise velocity.
Although this is a relatively simplistic assumption, which neglects the complexities of
the turbulent flow in the wake, the model shows a reasonable agreement with the large
eddy simulation (LES) [28]. However, it is unknown how well this simplification works in
different ranges of wind veer and also if the wind turbine is subjected to yaw misalignment
implemented in wake steering techniques.

In recent years, wake steering techniques (i.e., intentional operation of yaw misalign-
ment to deflect the wake away from downstream wind turbines) have become a common
method in wind farm control [29–33]. This strategy improves wind farm operation as a
whole, rather than controlling each wind turbine as an isolated unit [34]. Both experiments
and numerical simulations [31,35–43], among others, showed that yawed turbine wakes
have a curled (kidney) cross-sectional shape, which is formed as a result of a counter-
rotating vortex pair shedding from yawed rotors. To develop an analytical model that
predicts this curled shape, Bastankhah et al. [44] modelled the wake edge as a thin vortex
sheet, and its deformation was mathematically found with time by solving the vortex
transport equation. This time evolution is then mapped to a spatial one using a characteris-
tic convective velocity. The predicted wake shape is finally incorporated into a modified
Gaussian profile to predict the wake flow distribution. Nevertheless, this model (called
the vortex-sheet curled model hereafter) only predicts the effect of yaw offset on the wake
structure and does not account for the vertical wind veer. Very recently, LES results from
Narasimhan et al. [45] for a yawed turbine subject to wind veer have showed that the wind
veer introduces an asymmetry in the curled shape of the wake. They showed that the
vorticity generated by the wind veer can be removed to obtain results in agreement with
those reported by [44] in the absence of veer. This suggests that the effect of wind veer on
the wake flow distribution can be separated from the one caused by the yaw offset.

This paper contributes to this area of research by providing a detailed analysis on two
different methods that can be used to include wind veer effects in analytical wake models.
Model predictions will be compared and validated against the LES data.

The paper is structured as follows. The modelling development is described in
Section 2, where the vortex-sheet curled model [44] is used as the starting point and the
vertical wind veer element is then added and modeled through two methods. Section 3
discusses the LES setup. Section 4 then presents the model outputs compared with the LES
simulations, and finally, conclusions are made in Section 5.

2. Methodology
2.1. Model Development

As mentioned in the previous section, the vortex-sheet curled model [44] only con-
siders the effect of yaw misalignment on the wake. The model suggests that the velocity
deficit ∆u at a certain streamwise distance x from the turbine can be calculated as:

∆u
uh

= C(x) exp
[
− (y− yc)2 + (z− zh)

2

2σ2

]
, (1)

where uh is the inflow velocity at the turbine hub height zh, C is the maximum velocity
deficit at each x, y is the lateral distance from the rotor centre, z is the height above the
ground, yc is the lateral wake centre location, and σ is the wake width. The basic assumption
of the vortex-sheet curled wake model is similar to the Gaussian model [10]; that is the
velocity deficit profiles in the wake of a wind turbine can be expressed as a Gaussian
distribution as in Equation (1). Nevertheless, this equation has two significant differences
from what was proposed in the original Gaussian model [10] for unyawed turbines. The
first difference is in the σ parameter (the wake width), which, in the curled wake model, is
calculated as:

σ = kx + 0.4ξ, (2)
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where k is the wake expansion rate, and ξ is the wake shape function. The first term in the
above equation (i.e., kx) that is also present in the wake model for unyawed turbines [10]
denotes the wake expansion due to turbulence and energy entrainment from the outer flow.
The second term (i.e., 0.4ξ) describes the wake shape deformation due to the presence of
the counter-rotating vortex pair in wakes of yawed turbines. The wake shape function
ξ is found by solving the vortex transport equation for the wake edge, modelled as a
two-dimensional vortex sheet. According to this model, the wake of a yawed turbine is
characterised by a universal curled shape, which depends on only two dimensionless pa-
rameters: dimensionless time t̂ and rotation rate χ. These parameters are further described
in the next section (Section 2.2).

The other difference between the vortex-sheet curled wake model [44] and the original
Gaussian wake model [10] is the fact that the location of the wake centre yc is considered
to be different from the rotor centre due to the lateral wake deflection. The value of yc is
further modified in the current study to incorporate the veer effect. This approach is based
on assuming the wake is transported downstream by the incoming streamwise velocity
and is also deflected laterally by the lateral inflow wind velocity, as suggested by [28].
Accordingly, an additional deflection term is added to the lateral wake centre location (yc)
to take the veer effect into account. This method is called Method I hereafter, and it is
explained in more detail in Section 2.3. This simplistic approach assumes that the wind veer
can be studied separately from the yaw offset. This is an inaccurate assumption, as the wind
veer changes the effective yaw angle experienced by the turbine at each height. Therefore,
a more physically realistic approach (called Method II hereafter) is to consider the effect
of wind veer on the variation in the wind velocity direction and the yaw angle relative
to the turbine. Consequently, in Method II, the effective yaw angle of the wind turbine
varies with height. The modification of the vortex-sheet curled wake model in Method II to
account for the veer effect is elaborated in Section 2.4. Finally, a comparison between the
output of the two methods is made in Section 2.5 for different values of wind veer.

2.2. The Vortex-Sheet Curled Wake Model

As our modelling in this work is built on the vortex-sheet curled wake model [44],
the key input parameters and equations of this model are summarised here for the sake of
completeness. Additionally, a flowchart is provided in Section 2.4 that provides a visual
summary of the below inputs and equations.

The model input parameters are the yaw angle β, the turbine thrust coefficient CT , the
rotor radius R, the hub-height inflow velocity uh, the incoming streamwise velocity vertical
profile uin(z), the friction velocity u∗, the streamwise and lateral distance from the turbine
(x and y, respectively), the height above the ground z, the hub height zh, the tip–speed
ratio λ, and the wake expansion rate k. The model employs Equations (3)–(12) to estimate
the wake width (Equation (2)) at each location, which is eventually used to determine the
velocity deficit profile ∆u in Equation (1).

A summary of the model steps are as follows. For more details, an interested reader is
referred to the original work [44].

1. An approximation for the initial wake shape ξ̃0 is calculated based on the rotor
radius R, and the ratio of the expanded stream-tube area to the projected frontal area of the
rotor A∗ is calculated as:

A∗ =
1 +

√
1− CTcos2(β)

2
√

1− CTcos2(β)
, (3)

and
ξ̃0 ≈ R

√
A∗. (4)

2. The dimensionless time t̂ is determined as:

t̂(x, z) ≈ −1.44
uh
u∗

R
ξ̃0

CTcos2(β)sin(β)[1− exp(−0.35
u∗

uin(z)
x
R
)]. (5)
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3. The normalised wake centre location ŷc can be found as:

ŷc =
(π − 1) ˆ|t|3 + 2

√
3π2 t̂2 + 48(π − 1)2|t̂|

2π(π − 1)t̂2 + 4
√

3π2 ˆ|t|+ 96(π − 1)2
sgn(t̂)− 2

π

t̂
[(z + zh)/ξ̃0]2 − 1

, (6)

and the lateral wake centre location can be derived as:

yc ≈ ŷc ξ̃0. (7)

4. The polar angle θ at each location is defined as:

θ = tan−1 z− zh
y− yc

. (8)

5. The initial wake shape ξ0(θ) is determined as:

ξ0(θ) = R
√
(A∗)

|cos(β)|√
1− sin2(β)sin2(θ)

. (9)

6. The wake shape function can then be found as:

ξ(θ, x) = ξ0(θ)ξ̂(θ, t̂), (10)

where ξ̂(θ, t̂) can be estimated either analytically [44] or through the following empirical
estimation:

ξ̂(θ, t̂) = 1− a[c1(t̂)cos2θ + (c2
ˆ(t)χsin2θ + c3

ˆ(t)cos3θ)

+ (c4(t̂)χ2cos2θ + c5(t̂)χsin3θ + c6(t̂)cos2θ + c7(t̂)cos4θ)], (11)

where a and c1, c2, c3, c4, c5, c6, c7 are empirical coefficients and can be obtained through
the equations provided in the Appendix A. Moreover, χ is the rotation rate and can be
obtained as:

χ =
1

λsin(β)
. (12)

7. The wake width can be obtained as stated in Equation (2).
8. The σ̃2, which is an approximation of σ2, can be obtained as:

σ̃2(x) = (kx + 0.4ξ̃0)(kx + 0.4ξ̃0cosβ). (13)

9. The maximum velocity deficit C(x) can be calculated as:

C(x) = 1−

√
1− R2CTcos3(β)

2σ̃2(x)
. (14)

10. Finally, the wake velocity deficit can be determined based on Equation (1).

2.3. Curled-Skewed Wake Model—Method I

In the following, we discuss how the vortex-sheet curled model is modified in Method
I to account for the veer effect. As mentioned earlier, this method is based on the assumption
that the effect of veer on the wake can be separated from yaw misalignment. We assume
that the yaw angle is constant and does not change across the rotor, and the lateral wake
deflection due to the lateral velocity component vin(z) (shown in Figure 1 by blue arrows)
of the incoming flow can be calculated as [28]:

∆y(z) ≈ vin(z)∆t = vin(z)(x/uin(z)) = x tan(α(z)), (15)
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where ∆y is the wake deflection due to the veer effect, uin is the streamwise component
of the incoming velocity, and α is the wind veer angle at each height z. Figure 1 shows
a schematic of the curled wake indicated by red color due to the yaw misalignment in
comparison with the curled-skewed wake shown by blue as a result of the combined
effect of yaw and veer. It is worth noting that, akin to prior works (e.g., [18,28,46]), for
convenience, the current study defines the coordinate system with respect to the wind
direction at the hub height. Therefore, the wind veer angle and vin are assumed to be zero
at the hub height, as shown in Figure 1.

Figure 1. A schematic of the turbine and different wake shapes. The black circle shows the rotor disk,
the red solid curve shows the curled wake shape due to yaw misalignment, the blue dashed curve
shows the curled-skewed shape due to the combined effect of veer and yaw, and the blue arrows
show the lateral wind velocity component, which varies with height.

If the veer term in Equation (15) is normalised by the initial wake size and is added to
the wake centre location, the normalised lateral wake deflection due to veer can be obtained
as x tan(α(z))/ξ̃0. Thus, if this term is added to Equation (6), the overall normalised wake
defection, i.e., a combination of lateral deflection due to the yaw misalignment and due to
wind veer, is given by:

ŷ(x, z) =
(π − 1)| ˆ|t|3 + 2

√
3π2 t̂2 + 48(π − 1)2|t̂|

2π(π − 1)t̂2 + 4
√

3π2 ˆ|t|+ 96(π − 1)2
sgn(t̂)

− 2
π

t̂
[(z + zh)/ξ̃0(z)]2 − 1

+
xtan(α(z))

ξ̃0
. (16)

If the above equation is inserted in the curled wake model and is used instead of
Equation (6), the output can show the effect of yaw and veer together. A flowchart is
provided in Section 2.4 to show these steps visually, together with other models/approaches
discussed in this paper. While implementing the approach discussed above is rather
straightforward, it is a remarkable simplification, as it overlooks the impact of the wind
veer on the turbine yaw angle.

2.4. Curled-Skewed Wake Model—Method II

The second method is based on the fact that the yaw angle ’seen’ by the turbine
(hereafter, the effective yaw angle, γ) depends on the wind veer and therefore must change
with height. The effective yaw angle γ at each height z is given by:

γ(z) = β + α(z), (17)

as shown in Figure 2. In the original vortex-sheet curled model [44], the streamwise
direction is assumed to be parallel to the wind direction. In the case of wind veer, however,
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the wind direction changes with the height. Therefore, in Method II, the curled model is
written with respect to a local Cartesian coordinate system (xv − yv), where the xv-axis is in
the direction of the incoming wind velocity at each height, and yv is the horizontal direction
normal to xv, as shown in Figure 2. For each point in the absolute (x− y) coordinate system
(i.e., attached to the ground), where the x-axis is in the direction of the incoming wind
velocity at the hub height, the corresponding values of xv and yv can be computed from:

xv = xcos(α(z)) + ysin(α(z)), (18)

yv = −xsin(α(z)) + ycos(α(z)). (19)

Figure 2. A schematic of the absolute coordinate system, which is independent of the veer angle
(x− y), and the local coordinate system, which is dependent on the veer angle (xv − yv).

In Method II, similar Equations (1)–(14) are used to calculate the parameters for the
vortex-sheet curled model at each height. There are, however, some notable differences
with respect to the original vortex-sheet curled model. First, the effective yaw angle γ(z)
(defined in Equation (17)) is used instead of the yaw angle β in equations. Moreover, as
discussed earlier, for each point in space, values of xv and yv are used in the vortex-sheet
curled model instead of x and y. Finally, the uh value in Equation (5) must be substituted
by uin(z) since we use the curled model at each height with a different yaw angle. We
would like to highlight a physical limitation of this approach. It essentially uses the vortex-
sheet curled model on a horizontal plane at each height, whereas the original model was
developed for the whole wake with its three-dimensional properties, including the wake
rotation and the presence of a counter-rotating vortex pair. Due to the complexity of
governing flow equations and the problem in hand, we were not able to mathematically
solve equations and re-derive the vortex-sheet curled model for a vertically varying wind
direction. Therefore, despite the fact that this assumption may introduce some uncertainty
in model predictions, Method II seems to be a reasonable approach, and it enjoys a more
robust physical basis compared to Method I.

Figure 3 provides a visual summary of the steps for all three versions of the vortex-
sheet curled model, namely, the original yaw-only model [44] and the two yaw and veer
models (Methods I and II) proposed in this work. As the figure shows, there are a number
of turbine and inflow parameters that are required for all methods (the grey box). The
input parameters, including the yaw angle β and the coordinate system x and y, are the
same for both the original model (Section 2.2) and Method I (Section 2.3), while Method
II (Section 2.4) uses the effective yaw angle γ as the input rather than β as well as local
coordinate system xv and yv. Finally, as mentioned above, Method II uses uin(z) rather than
uh in Equation (5). In addition to the input parameters, there are a number of parameters
that form the curled wake model platform and were introduced by [44] (the blue boxes).
Accordingly, all three methods start with the calculation of A∗ in Equation (3) and use the
curled wake platform to end up with the velocity deficit values in Equation (1). The green
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arrows should be followed for the original curled wake (i.e., yaw only) model, the orange
arrows represent Method I, and the yellow arrows show Method II. Note the difference
between Method I and the other two methods at this stage as the former uses a modified
version of lateral wake centre deflection given in Equation (16) rather than the one based
on Equation (6).

Figure 3. A flowchart showing the vortex-sheet curled wake model, curled-skewed wake model
(Method I), and curled-skewed wake model (Method II).

2.5. Comparison between Method I and Method II

In this section, we compare predictions of the skewed-curled wake model based on
both Methods I and II for a turbine with a thrust coefficient, CT , of 0.66 and a yaw angle β
of 25◦. To make a fair comparison, the same inputs mentioned in Table 1 are used for both
methods, where the wake recovery rate k is estimated by 0.6u∗/uh [44].

Table 1. Input parameters for the analytical model.

Input Parameter zh(m) uh(m/s) k u∗(m/s) λ

value 90 8.54 0.03 0.45 7.5

It is worth noting that the yaw angle is assumed to be positive if the rotor is misaligned
in the anticlockwise direction, seen from above. Figure 4 shows contours of the wake
velocity deficit ∆u normalised by the incoming hub height velocity uh at x = 6D. Results
are shown in Figure 4 for a range of wind-direction variations across the rotor, selected
based on atmospheric field measurements [17]. The value of ᾱ is the variation in the
wind direction across the rotor (i.e., from bottom tip to top tip), where ᾱ = 0.05, 0.1, 0.15,
and 0.2 ◦/m. These are equivalent to 6.3, 12.6, 18.9, and 25.2 ◦/D, respectively, where
D = 126 m for the National Renewable Energy Laboratory (NREL) 5-MW turbine [47] used
in this study. The figure shows that for small and intermediate values of ᾱ ≤ 0.1 ◦/m (i.e.,
ᾱ ≤ 12.6 ◦/D), both methods predict relatively similar wake shapes, and their difference
shown in the bottom subfigure is fairly small. However, more considerable differences can
be observed for larger variations in the wind direction across the rotor, and their difference
is no longer negligible for an inflow with strong veer of ᾱ = 0.2 ◦/m (i.e., ᾱ = 25.2 ◦/D).
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Figure 4. Contours of the normalised velocity deficit ∆u/uh based on both Method I (top subfigure)
and Method II (middle subfigure) at x/D = 6 for a turbine with a yaw angle of β = 25 ◦ and different
veer angle variations ᾱ across the rotor. The bottom subfigure shows the difference (E) in model
predictions based on the two methods.

3. Large-Eddy Simulation Setup

We compared model predictions against the results of the LES performed with the
Simulator for Wind Farm Applications (SOWFA) [48], which is a computational tool based
on the Open FOAM CFD toolbox [49], together with the Fatigue, Aerodynamics, Structures,
and Turbulence (FAST) turbine simulator tool [50]. Details about the simulation, techniques,
and validation processes can be found in [29,51–53]. The simulated turbine was the NREL
5-MW turbine [47], where the hub height and the rotor diameter were 90 m and 126 m,
respectively. Three different yaw angles, β = 0◦, 25◦, and −25◦, were modelled in this
work, and the boundary layer was set in the neutral condition. The studied location was
the Anholt wind farm site (56.5975° N, 11.1742° E), with the domain size of x = 10,000 m ×
y = 5040 m × z = 2960 m, where x, y, and z represent the streamwise, lateral, and vertical
directions, respectively. In this location, the Coriolis parameter was fc = 1.20 × 10−4 rad/s.

The inflow was provided through a precursor technique, where the simulation was
first run without the turbine. These data were used in the turbine simulation as the inflow
boundary conditions, while the downstream boundaries were considered as outflow [29].
The air density and aerodynamic surface roughness were set at 1.225 kg/m3 and 0.03 m,
respectively. In the LES data analysis, the streamwise velocity values on the vertical plane
(y− z) located at two rotor diameters upstream were used as the reference velocity for
the velocity deficit contours, and the streamwise velocity of the incoming flow at the hub
height was uh = 8.54 m/s. It is worth noting that when the streamwise velocity values at
two rotor diameters upstream were compared with the velocity values at the same y, z
locations at three, four, five, and six rotor diameters upstream, the mean squared error
was less than 0.002. Therefore, we use the inflow data at two rotor diameters to follow the
industrial standard for velocity measurements at upstream locations [54].

Figure 5 shows inflow profiles of the time-averaged streamwise u and spanwise v
velocity components, as well as the wind direction α. As seen in the figure, the wind veer
changes from α = 3◦ at the bottom tip to α = −2◦ to the top tip, as a result of the Coriolis
force (ᾱ = 0.04 ◦/m = 5 ◦/D). This amount of wind veer was chosen as the one that
generates a ’typical’ wind-direction variation across the rotor for a neutral atmospheric
boundary layer; stronger than ’weak’ wind veer angle variation (ᾱ < 0.02 ◦/m) and smaller
than ’substantial’ variation (ᾱ = 0.07− 0.25 ◦/m) [17,18,22]. It is worth noting that a neutral
atmospheric boundary layer is simulated in this work, but a more significant veer angle
variation across the rotor is expected to be observed in a stable boundary layer as discussed
in prior studies, e.g., [46]. For the veer range simulated in the LES, both Methods I and II
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provide rather similar predictions, as shown in Figure 4. In the remainder of this study, we
thus employ Method II due to its more robust underlying assumptions and compare its
predictions with the LES results for the wake of yawed turbines subject to inflow veer.

Figure 5. (a) The streamwise u and (b) the lateral v mean velocity components of the incoming
velocities, normalised by uh (c) Vertical profile of incoming wind direction α. The top tip and the
bottom tip of the turbine are shown with dashed lines.

4. Results

Figures 6–8 show contours of the normalised velocity deficit ∆u/uh in the wake of
turbines with β = 0◦, 25◦ and −25◦ for both the LES data and analytical model predictions.
The turbine thrust coefficient for each case is computed from the LES data based on the
definition given in [44]. This results in CT = 0.7, 0.66, and 0.66 for cases with β = 0◦, 25◦,
and −25◦, respectively. Other input parameters of the analytical model are the same as
those presented in Table 1.

The results show in all three cases that as the wake is advected downstream, it is
deflected to the negative y values (i.e., clockwise deflection) above the hub height and to
positive y values (i.e., anticlockwise deflection) below the hub height, causing a skewed
shape due to the incoming wind veer. This is in agreement with the previous experimental
and numerical studies on wake flows subjected to veered inflow [18,46,55,56]. In addition
to the wake deformation caused by the wind veer, for yawed cases (Figures 7 and 8),
a curled wake shape is formed because of the counter-rotating vortex pair behind the
turbine [35,36]. Due to the lateral component of the thrust force in the case of yawed
turbines (Figures 7 and 8), a noticeable lateral wake deflection at the hub height can be also
observed, and the sign of this deflection expectedly depends on the direction of the yaw
angle.

Comparing Figure 7 (β = 25◦) with Figure 6 (β = 0◦) shows that the combined effect
of yaw and veer yields further lateral wake deflection above the hub height and reduced
wake deflection below the hub height. On the other hand, in Figure 8 (β = −25 ◦), the
lateral deflection effect of yaw and veer are in the same direction below the hub height
while at levels above the hub height their effects are in opposite directions. This finding is
particularly important from an operation perspective, as in the veered inflow condition,
the lateral deflection of the yawed turbine wake can be exaggerated or reduced depending
on the yaw angle, the amount of veer, and the height from the ground.

It should be also noted that there is some discrepancy between the analytical model
and the LES data, especially in the region near the turbine (x/D = 4), which has been also
reported in previous works based on the Gaussian wake model [10]. This can be explained
by the fact that velocity deficit profiles do not follow a Gaussian distribution in the wake
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region near the turbine [41,57]. It can be seen that the model over-predicts the wake centre
velocity deficit at x/D = 4.

Figure 6. Contours of the normalised velocity deficit ∆u/uh based on both LES (top subfigure) and
the analytical model (bottom subfigure) at x/D = 4, 6, 8, and 10 for a turbine with a yaw angle of
β = 0◦ for ᾱ = 0.04 ◦/m, or, 5 ◦/D. The square mark denotes the wake centre location.

Figure 7. Contours of the normalised velocity deficit ∆u/uh based on both LES (top subfigure) and
the analytical model (bottom subfigure) at x/D = 4, 6, 8, and 10 for a turbine with a yaw angle of
β = 25◦ for ᾱ = 0.04 ◦/m, or, 5 ◦/D. The square mark denotes the wake centre location.

Figure 8. Contours of the normalised velocity deficit based on both LES (top subfigure) and the
analytical model (bottom subfigure) at x/D = 4, 6, 8, and 10 for a turbine with a yaw angle of
β = −25◦ for ᾱ = 0.04 ◦/m, or, 5 ◦/D. The square mark denotes the wake centre location.

The analytical model and the LES results for the wake region are also used to evaluate
the accuracy of the model to compute the available power for a downwind wind turbine.
Figure 9a shows a schematic of a hypothetical turbine that is positioned behind the turbine
for the three yawed cases (β = 0◦, 25◦, −25◦) with ᾱ = 0.04 ◦/m (or, 5 ◦/D), simulated in
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the LES. The streamwise wind velocity averaged over the frontal area of the hypothetical
turbine is denoted by ud and is used to estimate the available power ratio given by:

P
P0

=

(
ud
uh

)3
, (20)

where P is the available power for the hypothetical turbine, and P0 is the available power
for an unyawed turbine subject to the hub-height incoming velocity uh. Figure 9b shows
a comparison between the generated power of the hypothetical turbine predicted by the
model versus the LES. As expected, the results show that the power generated by the
hypothetical turbine is higher if the upwind turbine operates under yawed conditions
given the lateral deflection of the wake. In addition to the normalised power, there is also
a good agreement for the wake-centre velocity deficit C (calculated from Equation (14))
between the LES and the analytical model.

Figure 9. (a) A schematic of a virtual turbine placed downstream of a turbine in different yaw
angles. (b) The normalised power generation by the virtual turbine together with the maximum
velocity deficit at different streamwise distances from the turbine.

The focus of this paper is to investigate how the wind veer deforms the curled shape
of a yawed wind turbine wake. The other potential effect of the wind veer however can
be the lateral deflection of the wake centre at the hub-height level due to the turbulent
mixing with the flow at the top of the turbine, as shown in previous wind farm studies,
e.g., [27] and discussed in the introduction. It is of interest to use our LES data to examine
whether the veer can introduce any noticeable wake deflection at the hub height for a
single turbine. Figure 10 shows contours of the normalised streamwise velocity u/uh on
a horizontal plane at the hub height behind a single unyawed turbine for three different
veer conditions; ᾱ = 0 ◦/m, ᾱ = 0.02 ◦/m, or, 2.5 ◦/D, and ᾱ = 0.04 ◦/m, or, 5 ◦/D.
The trajectory of the wake centre is also shown with a dashed line in the figure. One
can observe that the presence of the wind veer does not lead to any noteworthy lateral
deflection at the hub height level for small and intermediate values of wind-direction
variation across the rotor. Therefore, our LES data suggest that the wind veer is mainly
responsible for the deformation of the wake cross section, causing a skewed wake shape,
for a single wind turbine rather than deflecting it at the hub-height in a horizontal plane. It
is, however, essential to perform LES in future studies for a range of stable boundary layers
with stronger variations in wind direction across the rotor to have a more comprehensive
conclusion.
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Figure 10. Contours of the normalised streamwise velocity u/uh downwind of an unyawed turbine
on a horizontal plane at the hub height for ᾱ = 0 ◦/m, ᾱ = 0.02 ◦/m, and ᾱ = 0.04 ◦/m. The dashed
lines indicate the wake centre trajectory.

5. Summary

In this paper, a fast-running engineering model is developed to describe how the
wake structure is affected by both the inflow wind veer and the turbine yaw misalignment.
Intentional operation of wind turbines under yawed conditions has recently become a
common wake-mitigation strategy. The wind veer is also an important feature of the
atmospheric boundary layer [17,58]. The developed model is thus expected to be useful for
wind farm optimisation purposes, as it provides a more realistic estimation of the wake
velocity deficit. The current work is built on the recently developed vortex-sheet model [44]
that predicts the curled shape of the wake under yawed conditions. Two methods are
studied to extend this analytical model and include wind veer effects on turbine wakes.
Method I assumes that the effect of wind veer and yaw offset on the turbine wake can
be modelled separately. In Method II, we take into account the fact that the wind veer
changes the effective yaw angle seen by the turbine at each height. Model predictions are
first obtained on a local coordinate system aligned with the wind direction at each height.
The three-dimensional wake flow field is then reconstructed by applying a coordinate
transformation. The results showed that there is a large difference in outputs (≈20%) of
the two methods for cases with strong wind veer. However, at low and medium wind
direction variations across the rotor (ᾱ < 0.1 ◦/m, or, 12.6 ◦/D), the discrepancy is less
significant (<5%). This work suggests that Method II is a more physically realistic method,
and it is recommended for wind farm control applications. Model outputs are validated
against the LES results for a turbine immersed in a neutral atmospheric boundary layer
with three different yaw angles. It is also shown that the model is able to accurately predict
the available power for a hypothetical turbine located at various downwind positions.
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Appendix A

This appendix contains the empirical coefficients for Equation (11). The interested
reader is referred to [44] for further information.

ci(t̂) = aitanh
t̂ni

bi
(A1)

a = 1.263cos(0.33χ) (A2)

Table A1. Coefficients of the Equation (A1).

Term 1 2 3 4 5 6 7

ai 1/2 −1/3 −1/4 −1/6 5/16 −5/48 7/48
bi 4a 8a 8a 16a 16a 16a 16a
ni 2 3 3 4 4 4 4
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