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Abstract. In this work, we explore the spanwise velocities in the wake of a yawed wind turbine.
In the curled wake model, these motions are induced by a collection of vortices shed from the
rotor plane. The direction of the vorticity generated by yaw is aligned with the main ﬂow
(streamwise) direction. The streamwise vorticity induces velocities in the spanwise directions.
These are the motions responsible for creating the curled wake mechanism. In this work, we
explore a more accurate formulation for this mechanism, using a vortex cylinder. Under certain
assumptions, the new and original curled wake models yield the same mathematical formulation.
Also, both models predict an elliptic distribution of vortex strength, where the main diﬀerence
is the location of the vortices.

1. Introduction
When a wind turbine is yawed with respect to the inﬂow velocity, a curled wake proﬁle is
produced. The curled wake mechanism has been explained in the literature as a collection of
counter-rotating vortices shed from the rotor plane [1, 2, 3, 4]. This explanation is analogous
to the formation of vortices along the span of a wing and has been shown to agree well with
numerical simulations and experimental measurements [4]. Previous work on the wake of a
yawed wind turbine used a rigid, semi-inﬁnite vortex cylinder representation of the wake. This
model was ﬁrst introduced by Coleman at al. [5], and diﬀerent improvements followed [6, 7, 8].
However, the generation of the vortices is not well understood, and there is room for new
explanations to better understand the curled wake mechanism and improve current models. In
this work, we use a vorticity formulation to understand how when the wind turbine is yawed, a
streamwise component of vorticty is generated. This component of vorticity induces velocities
in a plane parallel to the rotor, deforming the wake and creating the curled wake shape.
The original explanation of the vortices created by a wind turbine in yaw states that a
collection of vortices is distributed along a straight line, going from the bottom to the top of
the rotor [1, 2, 3, 4]. These vortices are aligned with streamwise direction and are convected
downstream. Figure 1 (left) shows a schematic of this mechanism. If we think of the wind turbine
wake as an inclined vortex cylinder, the projection of the tangential vorticity component onto
the streamwise direction yields a collection of vortices along the circumference of the rotor.
Figure 1 (right) shows a schematic of this mechanism. In this paper, we will show how the two
methods are consistent and mathematically similar.
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Figure 1. Schematic representing lines of streamwise vorticity from a yawed wind turbine with
the induced velocities downstream. On the left, the original explanation of the mechanism is
illustrated [1, 2, 3, 4]. The right ﬁgure shows the new mechanism proposed.
2. Formulations
2.1. Notations
Throughout the document we refer to x as the streamwise direction, y as the spanwise direction,
and z as the wall-normal direction. The coordinate system is illustrated in Figure 2. We deﬁne
the yaw angle with respect to the streamwise direction as θyaw . The wind turbine is yawed about
the z-axis.
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Figure 2. Coordinate system used in this document: (a) 3D perspective with the deﬁnition of
θ in the rotor plane, (b) top view, and (c) view of the wake normal to the x direction.
In this work, we focus on the streamwise component (x) of the vorticity vector. This vorticity
component is responsible for moving the wake in the spanwise directions. These motions cause
the deformations that create the curled wake.
2.2. A line vortex in the streamwise direction (x)
The velocity vector induced at point x by a point vortex at location x0 is given by:
u(x) =

Γ ex × (x − x0 )
2π x − x0 2

2

(1)
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The vorticity distributions are regularized (or equivalently, the velocity ﬁelds) using the following
Lamb-Oseen kernel:


Kσ (x, x0 , σ) = 1 − exp −x − x0 2 /σ 2
(2)
where x is a control point, x0 is the location of the vortex, and σ is a regularization parameter.
Introducing the Lamb-Oseen regularization and the Cartesian coordinates leads to the following
components of velocity:


−(z − z0 ) Γ
−((y−y0 )2 +(z−z0 )2 )/σ 2
,
1
−
e
2π ((y − y0 )2 + (z − z0 )2 )


(y − y0 ) Γ
−(y−y0 )2 +(z−z0 )2 )/σ 2
,
1
−
e
uz = ΓWσ (y, z, y0 , z0 ) =
2π ((y − y0 )2 + (z − z0 )2 )
uy = ΓVσ (y, z, y0 , z0 ) =

(3)
(4)

where Vσ and Wσ are regularized kernels of the Biot-Savart equation for the y and z direction,
respectively.
2.3. Curled Wake Model: Original formulation
The original formulation in the curled wake model [4] assumes a vorticity distribution shed from
a line across the rotor along the z direction (see Figure 1). The circulation distribution is deﬁned
as:
dΓ(z)
z
= −Γ0 √
,
(5)
dz
R R2 − z 2
where R is the turbine radius, and z is the coordinate along the axis, about which the turbine
is yawed. The spanwise velocities are the summation of all the vortices. This can be expressed
as a continuous integral:


R

z

dz 
−R
R R2 − z  2
 R
z
Wσ (y, z, 0, z  )Γ0 
dz  .
uz (y, z) = −
−R
R R2 − z  2
uy (y, z) = −

Vσ (y, z, 0, z  )Γ0

(6)
(7)

These are the spanwise velocities responsible for creating the curled wake shape.
2.4. Semi-inﬁnite vortex cylinder formulation
We now propose a new formulation based on a vortex cylinder. The semi-inﬁnite vortex cylinder
model introduced by Coleman is used [5]. The intensity of the vorticity sheet is tangential to
the rotor and noted γt . A rigid wake assumption is used: the wake does not expand and keeps
its cylindrical shape. This model has been later extended and applied to study wind turbines
in yaw [9, 7, 8].
The vorticity in a plane normal to the free-stream direction, which from our assumption is
also normal to the wake direction, forms an ellipse of parametric coordinates:
ye = R cos θ cos θyaw ,

ze = R sin θ

(8)

where θ is a parameter going from 0 to 2π. The parameter, θ, corresponds to the azimuthal
position in the rotor plane, and the coordinates, ye and ze , are the projection of the rotor
circumference (R cos θ, R sin θ) in the plane under consideration.
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At the rotor, vorticity is shed along the wake direction (mainly inducing swirl) and in the
tangential direction (mainly inducing axial induction). We focus on the tangential vorticity, γt ,
which is the predominant component. The projection onto the x direction is:
γx = γt sin θyaw sin θ

(9)

The relationship between Γ0 and γx is given by:
γt =

Γ0
2 R sin θyaw

The rotor disk circumference is located at:
xr = −R cos θ sin θyaw ,

yr = R cos θ cos θyaw ,

zr = R sin θ.

(10)

Using this notation, the velocity ﬁeld induced by the streamwise part of the vorticity, γx , at any
point (i.e., x, y, z) of the domain is the superposition of all the vortices along the circumference:

R 2π
(zr − z)
Kσ dθ,
γx (θ)
4π 0
A1 (A1 − A2 )

R 2π
(y − yr )
uz (x, y, z) =
Kσ dθ
γx (θ)
4π 0
A1 (A1 − A2 )

uy (x, y, z) =

with



A1 =

(x − xr )2 + (y − yr )2 + (z − zr )2 ,

(11)
A2 = x − xr

(12)

2.5. Inﬁnite vortex cylinder formulation
The inﬁnite model corresponds to the far wake of the semi-inﬁnite formulation. The twodimensional representation of the vorticity presented in Equation 1 can directly be used by
distributing the vortex points along the ellipse coordinates given in Equation 8:

uy = R

uz = R

2π
0

γx (θ)Vσ (y, z, R cos θ cos θyaw , R sin θ) dθ

(13)

γx (θ)Wσ (y, z, R cos θ cos θyaw , R sin θ) dθ

(14)

2π

0

We use the following transformation, z  = R sin θ and dθ = dz  /(R cos θ), and split the integral
into two parts.

uy = γt sin θyaw



R
−R




Vσ y, z, cos θyaw R2 − z  2 , z 




z

dz 
+Vσ y, z, − cos θyaw R2 − z  2 , z 
2
2

R −z
 R



Wσ y, z, cos θyaw R2 − z  2 , z 
uz = γt sin θyaw

(15)
(16)
(17)

−R




z

+Wσ y, z, − cos θyaw R2 − z  2 , z 
dz 
2
2

R −z

(18)

These formulas show the velocity induced by the inclined vortex cylinder in a plane normal to
the streamwise direction.
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2.6. Link between the diﬀerent formulations
The two formulations presented lead to a similar ﬁnal form containing one integration. This
integration should be performed numerically to obtain a ﬁnal solution. Now, we show the
equivalence between the equations that deﬁnes the original formulation of the curled wake model
[4] and the new formulation. The original curled wake formulation yields the following spanwise
velocity component (the z component is similar):
uy = −

Γ0
R



R

z
Vσ (y, z, 0, z  ) 
dz 
2
2

−R
R −z

(19)

and the new formulation yields:
uy = −

Γ0
2R



R
−R









z

dz 
Vσ y, z, cos θyaw R2 − z  2 , z  + Vσ y, z, − cos θyaw R2 − z  2 , z 
R2 − z  2
(20)

Comparing the formulas, we can see that they are similar. There is an integration along
the z direction
with an exponential weighting. By making the approximation that ye =

cos θyaw R2 − z  2 ≈ 0, Equation 20 collapses to be the same as Equation 19. It is remarkable
to see that such diﬀerent approaches yield a similar set of equations with some approximations.
The reason why this approximation holds is because the strength of the circulation is strongest
near the ellipse apex, (|z| ≈ R). This approximation is useful to show the similarity between
the two methods. However, the results show that these diﬀerences will produce diﬀerent wake
proﬁles, and the formulations are not equivalent without the approximation.
The link between the two-dimensional vorticity models can be established by lumping the
vorticity onto the the z axis (this is the same as y = 0). At a given coordinate of the ellipse,
ze , the lumped vorticity at ±ye is γx Rdθ. The vorticity has the same intensity on both sides of
the z axis, and thus the lumped vorticity on the z axis is twice this value. Using θ = arcsin z/R
and dz = R cos θdθ leads to the following lumped distribution of vorticity along the z-axis:
dΓx
z
z
= 2γt sin θyaw √
= −Γ0 √
,
2
2
dz
R −z
R R2 − z 2

(21)

where it is observed that an elliptical distribution similar to the one presented in the curled wake
model, i.e., Equation 5, is obtained. The above expression may be interpreted as the projection
of the ellipse vorticity onto the z-axis. This projection, and the sinusoidal variation of the axial
vorticity, is such that most of the vorticity is concentrated at the two apex, z = ±R, with a
diﬀerence of sign on each side of the y-axis. The models are thus consistent and justify the
simpliﬁed view of an elliptic distribution of vortices discussed in the literature [3].
3. Testing the new formulation in the curled wake model
We now test the new formulation for the spanwise velocities inside the curled wake model
[4]. In Figure 3, results from the original curled wake model and the new curled wake
formulations are compared to large-eddy simulations (LES) from Howland et al. [1] and the
original implementation of the curled wake model [4]. The new model compares well with the
original formulation and to the large-eddy simulations. Although general features of the ﬂow are
well captured by both models, there are some diﬀerences. The main diﬀerence is that the new
formulation shows a more compact wake. It is not clear where this diﬀerence is coming from,
but it seems that the wake expansion should be taken into account. Also, the new formulation
is derived from an actuator disk. In the comparison, we use LES with an actuator line model.
This could be a source of discrepancy between the two models.
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Figure 3. Comparison of streamwise velocity contours between large-eddy simulations of a
wind turbine in 30o yaw, the original curled wake model, and the new model. The streamlines
show the spanwise velocities. From top to bottom: downstream locations of 3D, 5D, and 8D.
From left to right: the curled wake model, LES, and new model.
4. Discussions
The new curled wake model formulation presented in this work used the transverse velocity ﬁeld
from the vortex cylinder model. The new curled wake model uses the spanwise velocities from
the vortex cylinder model in conjunction with the momentum transport equation to estimate
the evolution of the streamwise velocity. The vortex cylinder model may be used to obtain the
velocity in the streamwise direction, yet the results would be unrealistic. Indeed, the vortex
cylinder model predicts a constant streamwise velocity within the vortex cylinder, a result
contradicted by the LES results presented. The rigid wake assumption unrealistically freezes
the geometry of the wake. The vorticity surface is not force free; in reality, the ﬂow advects the
vorticity surface, but this is prevented by the rigid-wake assumption. The curled wake model
relaxes this assumption while solving for the moment transport in the streamwise direction. The
curled wake model could further be improved by considering the motion of the vorticity surface
as well. This will be considered in future work.
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5. Conclusions
A new formulation of the curled wake model was introduced, inspired by a rigid vorticity wake
model. The link between this new formulation and the original formulation was shown by
considering the limit of the elliptical model. The two models provide a consistent formulation.
The elliptic vorticity distribution used in the original formulation of the curled wake model is in
agreement with the projection of the cylindrical vorticity distribution onto the yaw axis. The
original formulation of the curled wake model seems to compare better to the results from LES.
One possible explanation is that the vortices start out as a cylinder close to the rotor, and as
they move downstream they form a shape that corresponds more to the vortices aligned with
the yaw axis. Future work will consist of investigating the eﬀect of having a ﬁnite number of
blades on the model, and comparing the evolution of the vortices downstream.
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