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Abstract

Wind turbines sometimes experience the turbulent windmill state during startup or shutdown.
This rarely happens during normal operation, so it has little effect on power curves or energy
production. However, for completeness we need to be able to model situations where the axial
induction factor exceeds 0.5. Classical momentum theory, which shows a relationship between
the thrust coefficient and the axial induction factor, is not valid in this region. Glauert plotted
some experimental data taken by Lock in the 1920s against this parabolic relationship and found
very poor agreement for operation in this high-induction state. He proposed a new empirical re-
lationship to fit the experimental data. Unfortunately, the new empirical curve does not account
for tip or hub losses. Others have proposed multiplying the axial induction factor by the loss
factor to correct the curve, but this still leaves a mathematical no-man’s-land between the classi-
cal curve and the modified version of Glauert’s empirical curve. The purpose of this paper is to
document the derivation of a new curve that accounts for tip and hub losses and eliminates the
numerical problems of the previous approaches.



The Problem

A review of several textbooks on wind turbine theory revealed that no one has addressed the nu-
merical discontinuity problem associated with the Glauert empirical relationship (Lock et al.
[1926], Glauert [1926]) between thrust coefficient and axial induction when tip losses are applied
to the turbulent windmill state. (See Burton et al. [2001], Eggleston and Stoddard [1987],
Manwell et al. [2002], and Spera [1994] for discussions of classical momentum theory and the
Glauert empirical equation.) Eggleston and Stoddard discussed the classical thrust coefficient,
Cr, versus induction factor, a, curve, which is shown in Equation 1 and Figure 1. The dotted
portion of the curve above the induction value of 0.5 represents the portion of the curve that vio-
lates the basic assumptions used to derive it.
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Figure 1. Classical C;— a curve when losses are ignored

Glauert fit a parabola to some experimental data of rotors operating in the turbulent windmill
state. This parabola touched the classical momentum curve at a = 0.4 and went through 2.0 for a
= 1.0. The curve, as documented by Eggleston and Stoddard, is given by the formula shown in
Equation 2 after solving for C7. Burton et al. used a line that is tangential to the theory parabola
to fit the data. The choice of the intersection determines the slope and fit of the curve. The
Burton textbook proposed an induction value of 0.326 for the intersection of the two curves. The
book also reported that Wilson and Lissaman chose a value of 0.368. A plot of the three empiri-
cal curves with the classical momentum theory curve and the test data is shown in Figure 2. We
digitized the test data from Figure 3.16 of Burton’s book. There is a large spread in the data,
which indicates that the thrust coefficient is not a simple function of induction factor in the tur-
bulent windmill state.
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Figure 2. Classical C;— a curve and Glauert’s empirical relationship when losses are ignored

A numerical problem arises when one applies the tip/hub loss correction factor, F, to the classi-
cal momentum balance equation (see Equation 3).

C,=4aF((1-a) 3)

Plotting this modified equation shows a gap between the momentum curve and Glauert’s curve
(Figure 3) for a loss factor of 0.9. This gap creates a discontinuity when a computer is used to
iterate for the induction factor. Eggleston and Stoddard modified Equation 2 to multiply the in-
duction factor by the loss factor. This modification to the Glauert empirical relationship lowers
the entire curve, but not enough to eliminate all of the discontinuity (see Figure 4).



Derivation

For the turbulent windmill state we need a curve that tangentially touches the classical momen-
tum curve and thereby eliminates the numerical no-man’s-land. The data Glauert used exhibit a
very wide scatter. The resulting equation was probably chosen to resolve the numerical problem
rather than to obtain a good fit for the data. (See Eggleston and Stoddard, p. 22 for a plot of the
data.) Therefore, choosing a parabolic curve that has the same value and slope for @ = 0.4 as the
classical equation with losses, and that goes through 2.0 at @ = 1.0, should be somewhat reason-
able. We can do this with simple algebra.

The derivative of Equation 1 (assuming fixed F for a given iteration) gives

€y _ 4r(-24). 4)
a

Ata= 0.4, Equations 3 and 4 become
C, =0.96F (5)

and

dc,

da

=0.8F . (6)
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Figure 3. Classical C; - a curve with losses (F = 0.9) included and Glauert’s empirical relationship
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Figure 4. Classical C;— a curve and Glauert’s empirical relationship
when losses (F = 0.9) are included in both equations

A general quadratic equation for thrust coefficient is

C,=b,+ba+ba’,

(7

where by, b;, and b,, must be selected to satisfy the conditions stated above. The slope of this

equation is

dC,
da

=b +2b,a.

At an induction factor of 0.4, Equations 7 and 8 become
C,=b,+0.4b,+0.16b,,
and

dC,
da

=b, +0.8b,.
When we equate Equations 5 and 9, we get

by +0.4b, +0.16b, = 0.96F .

Equating Equations 6 and 10 yields

b, +0.8b, = 0.8F .

At an induction factor of 1, we want our quadratic to be equal to 2, so

(8)
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C,=b,+b+b,=2. (13)
If we subtract Equation 11 from Equation 13, we get

0.6b, +0.84b, =2 —0.96F . (14)

Next, if we subtract 0.6*Equation 12 from Equation 14 and solve for b, we get

z5=%§—4F. (15)

Solving Equation 12 for b, yields

4 40
blng_bZ :4F—?, (16)

And solving Equation 13 for b, yields

%:2—a—@:§. (17)

We now have an equation that produces a curve that just touches the classical momentum equa-
tion at @ = 0.4 and goes through 2 at a = 1 (see Figure 5).
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Figure 5. Classical C;— a curve and the newly derived empirical relationship
when losses (F = 0.9) are included in both equations



Conclusions

We have shown that previous relationships between the thrust coefficient and the induction fac-
tor in the turbulent windmill state have produced numerical discontinuities in the induction itera-
tion with tip or hub losses. We derived a new equation that solves the discontinuity problem and
provides a reasonable approximation to the experimental data. Although it is not a perfect fit to
the data, it is probably as good as the original Glauert equation. This is the best-known method
to compute the induction in the turbulent windmill state. However, it does not account for the
spread in the data, which is a problem that needs further investigation.
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